How to Teach Math 105

 Lecture/Lab/Recitation Format

(Prepared by Joe Ferrar, June, 2003)
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1.
Course Description: 


a) Catalog description of Math 105/6/7 Sequence: Development of basic ideas of arithmetic, algebra, and geometry as appropriate for elementary school teachers


b) Description of Math 105: Development of basic ideas of arithmetic as appropriate for elementary teachers. (Note: This manual has been written under the assumption that proposed changes in requirements for prospective elementary teachers will be adopted as of Autumn Quarter, 2003. In particular it is assumed that all such individuals will take the entire 105/106/107 sequence, and that the content of 106 and 107 will be adjusted to include all coverage of geometry and measurement and probability.)

2.
Audience.


The audience consists almost exclusively of prospective elementary teachers, though occasionally students from other majors enroll. Students majoring in Special Education have been required only to take 105, all others will be required to complete 105,106 and 107. 

Historically, this has been viewed as a rather antagonistic audience, most of whom enter the course satisfied that they know all the mathematics they need to know to teach elementary school (most have completed two or three years of high school mathematics). In general the students are willing to work hard to succeed in the class, and in recent years student attitudes seem to have improved.

3.  
Follow-up courses:


Recent changes in the 105/106/107 syllabi have 106 as a course entirely devoted to geometry and measurement, while 107 will be a new course including probability and a variety of other topics useful for elementary teachers.

4.
Text:

Mathematics for Elementary Teachers, A Contemporary Approach. Musser, Burger, Peterson. 6th Edition

5.
Purpose of the course


The obvious goal is to prepare students with generally weak mathematics background to be able to teach mathematics effectively in the elementary school. Students aiming to teach mathematics in middle school also are required to take this course as part of a 30 hour mathematics requirement. Recent experience has shown that entering students can quite reliably perform most of the arithmetic algorithms encountered in the elementary school. Few have difficulties adding fractions, for instance. What is missing in any awareness of why arithmetic operations are defined as they are, or that properties of these operations are consequences of the definitions. Most of these students have difficulty solving even simple word problems without a “template”. Thus, the real purpose of the course is to assist students in developing a “mathematical context” in which the topics of the elementary school make sense (and can be rationally explained to pupils)  and to develop the students' problem-solving skills to a level that will make them comfortable assigning nontrivial word problems to their pupils.

6.
The NCTM Standards:

The Standards are perhaps the single strongest influence on current “mathematics education reform” in elementary and secondary schools. Your students will hear much about the Standards in their education courses and when they get into the teaching profession. Nearly all textbooks for school mathematics attempt to follow the Standards closely. A brief summary is printed on the first page of the text. The complete text of the Standards gives strong support to the use of hands on activities (manipulatives) in introducing new topics to elementary school pupils, and suggests strongly that students be encouraged to learn via small group interactions. One could probably best introduce these ideas to Math 105 students if all instruction were to take place in small sections. In reality, it appears that most instruction will take place in lecture/lab/recitation mode. It will be important for the course to be structured so as to make sure that students have some significant exposure to manipulatives and small group instruction.

7.  
Integration of lecture, lab, and recitation.


Room assignments for Math 105 follow the typical OSU pattern of MWF large lecture room assignments and TR small recitation room assignments. The department arranges that all Math 105 lab/recitations take place in a room provided with tables, allowing us to use the room effectively to have students work in small groups on short "lab" activities. An extensive collection of hands-on materials which are typically available in elementary school classrooms are shelved in cabinets in the lab/recitation room. Two models of time division between lab time and recitation time have been in use for 105. One model assigns lab activities to either Tuesday or Thursday, and utilized the other of these days for recitation (discussion of homework problems). A second model divides each Tuesday/Thursday session into a lab activity followed by a homework discussion session. An advantage of the latter arrangement is that the students get into a cooperative mode with their tablemates during the lab session, and this leads naturally into homework discussion among students within the small group, rather that into formal sessions led by the TA. This model also allows for use of the lab to introduce a new topic on the day immediately preceding its discussion in lecture (except Monday). A sample of lab activities appropriate for use in Math 105 is included at the end of this manual. (Note: I have found it necessary to include a numerical score for participation in lab/recitation activities in my final grade totals to force students to attend and participate.)

8. 
Exams and Quizzes


This audience, as with many of our audiences, favors skipping class on Friday to get a long weekend. For the most part, they can ill afford to do so. A pattern of two midterms (on Fridays) and quizzes on all other Fridays does a good job of counteracting this tendency. (Note: Time spent on lab activities and discussion of homework is arguably more valuable for this audience than straight lecture. Quizzes given during lecture time, rather than lab/recitation time, maximize available time for lab/recitation activities).

Suggested Syllabus

Math 105

 Week


Section

Suggested Homework

Related Labs

1 :The number concept/counting                                             1, 2




2.1


1.2B: 7




2.2


2.1B: 3, 4, 6, 9, 12a)b),24, 




2.3
   


26, 30, 32, 33




2.2B: 4, 8, 16

                                             2.3B: 2, 3, 4, 6, 11, 18

Note: i)  Chapter 1 of the text provides a discussion of problem solving and a list of problems to be solved. I have found it much more useful for the students to assign the problems in the arithmetic context needed for their solution (e.g. if the solution requires fractions, assign it while studying fractions, etc.). This reinforces the idea that new number contexts are "invented" to allow solution of problems which cannot be handled by less sophisticated number systems. It also makes students think about the inherent limitations they will encounter in finding interesting problems when teaching problem solving to students in the lower grades.

ii) Section 2.1 is a straightforward recital of definitions from set theory which are useful if talking about the arithmetic of whole numbers. My admittedly sketchy perusal of the content of some elementary school textbooks indicates that this set vocabulary is not used in the classroom, though it is used in teachers' guides. A reasonable way to address this is to start the discussion of mathematics in Math 105 with the idea of counting, i.e. with section 2.2, and pull vocabulary from Section 2.1 when it is useful in context, e.g. 1-1 correspondence when discussing counting, subset when discussing inequalities, union when discussing addition, etc.


iii) Once the subset idea has been introduced, one can discuss problems that involve counting subsets, hence Pascal's Triangle is a natural and interesting entity here.

2.
Addition and Subtraction of Whole Numbers                 
3, 4, 5, 6




3.1


1.1B: 4, 7, 13, 14, 19




4.2(pp. 153-157)
1.2B: 11, 15




4.3


3.1B: 1, 2, 4, 9, 10, 11, 12, 16







4.2B: 1, 7, 9, 23, 25, 26







4.3B: 1a), 2a), 3a)c), 6b), 7a)

Note: Though the text does not introduce the inclusion/exclusion relation, it really fits in well here, particularly since it involves discussion of counting set unions when the sets are not disjoint and relates to Venn diagrams (Section 2.1). It also is related to the additive property of probability (Section 11.2, Math 107)

3.
Multiplication and Division of Whole Numbers  

  7, 8


3.2
1.1B: 5, 6, 8, 9, 12



l.2B: 4, 9


4.2(pp. 158-163)
3.2B: 1, 3, 5, 12, 13, 16, 17, 18


4.3
4.2B: 2, 16, 31



4.3B:9a)c), 10, 11

Note: The text takes "repeated addition" as its definition of multiplication, which seems to be consistent with the way multiplication is taught in the schools. It is worth discussing, in terms of applications, why this product counts repeated unions, as well as areas, rectangular arrays and cartesian products. Students seems to consider each such "alternative definition" of multiplication as a new and different entity, even though they believe the same algorithm gives the correct answer in all cases. They give little or no thought to basis of these amazing "coincidences".

4. Ratios/Percent/Odds                                                 15, 16

                   7.3
7.3B: lc)d)f), 4, 5, 7c), 8a)b)c), 




 7.4


     12, 14, 17, 22, 24, 25




        11.3


7.4B: 4, 7, 8, 9, 11, 12,  14, 15, 16,



      20,21




        11.3B: 10, 11, 12

Note: The text takes ratios to be, essentially, alternative notation for fractions, and derives conditions for equality from equality of fractions. A good case can be made, however, that the ratio concept should precede the fraction concept, since it is fundamentally a whole number concept that presumable owes its continued usage to the fact that it is more easily understood than the concept of fraction. Of course, there are many ratios which can be interpreted in terms of fractions only with some verbal contortions, for examples the comparison of 2 apples and 3 oranges, which has little to do with 2/3. The discussion of equality of ratios in terms of equal "relative sizes" seems to resonate with these students, and handling it here makes the later discussion of equality of fractions more understandable. Teaching ratios as whole number concepts makes it possible to introduce interesting concepts such as percent and odds earlier in the curriculum than would be possible if one had to wait for pupils to master the fraction concept. The down side of introducing them now is that it is difficult for the students to think about ratios independent of the fraction concept since that concept is built into the text's discussion.


5. Combinatorial Counting

2,6




11.2(500-502)
11.2B: 2, 3, 4, 5, 9, 10a)b),11a),12a)b),




11.4
  

     13a)b)c),15a)b)c)






      
11.4B: 5, 6, 7, 8, 15, 16, 21, 22

Note: Advanced counting techniques are included here to allow us to ask and answer challenging problems which are inaccessible by simple counting techniques but which require only whole number arithmetic for their solution. This allows, for instance, computation of odds of card hands. Tree diagrams are a very useful tool in identifying certain problems as being solved via multiplication, and lead naturally to the fundamental counting principle, which provides yet another useful problem solving technique. Again here, taking this subject out of the text's order can lead to confusion, since a casual reader of the text could easily assume that counting techniques are synonymous with probability theory, rather that a tool of the theory. Pascal's triangle provides an accessible illustration of the connection between counting, addition of natural numbers and multiplication, since it can be generated solely using any one of these.

6.
Number Theory


9,10

5.1
5.1B:  2, 3, 4a)c)d)f)g)h)i), 6,   




5.2
      


9, 10,18, 22, 28, 30

 




5.2B: 1, 6, 7, 9, 14, 15, 16, 19

Note: This is the one chapter covered this quarter which is difficult to motivate from an "applications" point of view, though we see later that the GCF is useful in reducing fractions and the LCM in adding. It seems best to sell this material based on historical interest in such questions and the fact that pupil find abstract questions about number theory fascinating, yet accessible. The existence of calculators makes the sections on divisibility tests a bit passe. However, it is interesting to discuss the question of why such tests really work. A discussion of why the Euclidean algorithm works usually elicits interest from the better students in the class. An interesting challenge to the lecturer: explain at these students' level why factorization into primes must be unique! Actually, it is a difficult task to convince most of these students that uniqueness is even in question.
7. Fractions
11,13


6.1
6.1B: 2, 5, 7, 10, 13, 20, 22, 24


   6.2
6.2B: 2, 3, 4, 6a)c), 12, 16, 17, 19,




6.3



20, 24b)c)







6.3B: 1, 3, 4, 6, 7d)e)i), 13, 19, 22, 23, 26

Note: Though the text handles the discussion of addition of fractions carefully, students are so wedded to the algorithm for addition--get a common denominator, add numerators--that it is often difficult to get a discussion going about why one should get a common denominator. Even working with simple models, they want to picture a common denominator and then think about what to do next. This has to be cured before the discussion of multiplication begins.

8.
Decimals/Positive Real Numbers
12



7.1


7.1B: 1, 6, 7, 9, 14



7.2


7.2B: 1, 3, 6a)b), 9, 10, 12, 14, 



9.2



15a)d),18, 22, 24, 27, 30






9.2B:1, 2, 3, 5, 22, 28

Note: The text is very cavalier in showing that every repeating decimal represents some fraction, since it assumes that multiplication of a repeating decimal by ten moves the decimal point one place to the right. While such an observation is justified earlier in the chapter for terminating decimals, it cannot be justified for repeating decimals without a much more extensive discussion of what is meant by multiplication of a whole number and a repeating decimal. It is not clear how one can handle this matter in terms accessible to the 105 audience.  One should perhaps emphasize first that every "infinite" decimal can be associated with the point on the number line approximated increasingly accurately by the successive "terminating" decimals obtained by truncating the original infinite decimal. This makes it natural to introduce real numbers as coordinates of points on the number line and to observe that every (positive) real number corresponds to an infinite decimal and conversely. Within the real number context, it is natural to inquire whether the rationals are distinguishable in terms of properties of their decimal expansions (i.e. repeating decimals) even though the arithmetic of real numbers remains a mystery. Surely we need to do better in discussing real numbers than to follow the text's reasoning: Among all infinite decimals, only repeating ones represent rational numbers. Therefore, there must be some new numbers (represented by non-repeating, infinite decimals.) This reasoning leaves open the obvious question of why we would expect an arbitrary infinite decimal to represent a number at all.

9. Integers
14




8.1


8.1B: 2, 3, 4, 6, 7, 9, 11, 14,



8.2
 


 15,17, 19, 20, 25a)



8.2B: 1, 3, 5, 6, 9, 19, 20, 



 
22, 23, 24, 28

10. Rational Numbers




9.1


9.1B: 2, 5, 7, 8, 9, 10, 11, l3, 16, 




   



18, 23, 24, 25

Note: If time is a factor in covering both integers and rational numbers, one can quite easily handle the two topics simultaneously, since the only real issues are how to deal with signs, and the rules for signed addition and subtraction can be motivated by "chip" or "number line" models equally well for rationals as for integers (provided one is allowed to work with partial chips.  Students are always puzzled by the fact that the product of two negatives is a positive. It is well worthwhile discussing several different settings in which this rule seems to make good sense.

Sample Final
Math 105

1.  a) What does it mean to say that a set S has 4 elements?


b) What does it mean, in terms of 1-1 correspondences, to say that the number of elements in a set S is less than the number of elements in a set T? 

2.
a) In the set model of addition, what does 3 + 5 mean?

b) Give examples of sets S and T for which n(S(T) ( n(S)+n(T)



S = 



T=

3.  a) What is the actual value of the digit 3 in 4316?

b) What is the actual value of the digit 3 in 51.273?

4.
In the Hindu-arabic numeration system, 372 means ____ hundreds, _____tens and ____ ones. However, in carrying out the subtraction algorithm to compute 372-84, we think of 372 as ____ hundreds, _____tens and ____ ones. 

5.  a) If we are representing numbers by bundling sticks, 37 is represented by _____ bundles of ten and _____ single sticks, and 24 is represented by _____ bundles of ten and _____ single sticks. 

b) In illustrating the sum 37+24 in terms of the bundles described in part a), we first see 37+24 represented by _____ bundles of ten and _____ single sticks. 

c) After rebundling the sticks in b) where necessary to get them in the form required for a base ten representation, we get 37+24 represented as _____ bundles of ten and _____ single sticks. 

6.
a) Briefly explain, in terms of the set model of multiplication, why this rectangular array is a picture of the product 4 ( 3.


*    *    *    *


*    *    *    *


*    *    *    *


b) What property of multiplication of whole numbers could be illustrated by the array in part a)?

7.
Find the quotient and remainder when 54 is divided by 23 without using the standard division algorithm or a calculator. Show work. 

8. 
a) In the usual interpretation of a fraction as part of a whole, how would we describe the meaning of 2/3 of an object?

9.
Solve the equation     2/7 x = 3/4  for x without dividing. Show work.

10.
Draw a region model which would be useful in explaining why 1/3 ( 2/3 = 2/9. (No words necessary here)

11.
a) Evaluate 3/4 ( 7/8 = _____________________(Give the answer as a fraction) 


b) Express 3/4 and 7/8 as decimals (Show work--no calculator) 



3/4 = _______     7/8 = ________

c) Multiply the two decimals in part b) using the standard rules for multiplication of decimals. (Show work).


d) Write the decimal in c) in expanded form. 

e) Write the decimal in c) as a fraction in form a/b, where b is a power of 10, and
show that this fraction is equal to the fraction which you wrote in part a) of this problem.


12. Find a decimal approximation for the fraction 9/7 which differs from 9/7 by no more than 1/1000. (Show work--no calculator here)

13. Draw and label a number line model that would be useful in explaining why -2 + 5 = 3. (No words necessary here).

14.a) Write down the line of Pascal's triangle that gives information about the number of subsets of a 5 element set.


b) How many three element subsets does the set {a,b,c,d,e} have?________

c) How many subsets does the set {a,b,c,d,e} have altogether?________ Briefly explain how you got this number.


d) How many proper subsets does the set {a,b,c,d,e} have altogether?________ Briefly explain how you got this number.

15. 25 cars sold recently by Joe's used car lot have either anti-lock brakes or four wheel drive. 16 of these cars have anti-lock brakes and 13 have four wheel drive,


a) Use the inclusion-exclusion relation to decide how many of the cars have both anti-lock brakes and four wheel drive.

b) Draw and label a Venn diagram illustrating the situation.

16.Suppose that three balls, one red, one white and one blue, are in a jar. One ball is drawn from the jar, set aside, and a second ball is drawn.


a) Draw a tree diagram which illustrates the possible outcomes (RB, WB, etc.) of this experiment.


b) How many outcomes show one red and one white ball?

17. Sue Smith is a member of a14 player soccer team. Six team members are to be chosen at random to start the game on Friday.

a) How many different starting teams are possible?


b) How many different starting teams include Sue Smith?

18.
a) What does it mean to say that 7 is a factor of a whole number n?

b)
Show that 7 is a factor of 0.

c)
Show that if 7 is a factor of n and 7 is a factor of m, then 7 is a factor of m+n

19.
Suppose that the whole number n has prime factorization

n=235476.

a) Show that 20 is a factor of n

b) How many different whole numbers are factors of n?

c) What is the greatest common factor of n=235476 and m=225772?

20. Find the greatest common factor and the least common multiple of 68 and 306.

Lab 1

Numeration

Introduction: Our Hindu-Arabic system of creating symbols to represent counting numbers is a base ten system, probably reflecting the fact that we have ten fingers which we can use in counting small sets of objects. If we set out to "think deeply" about the way numbers can be manipulated (compared, added, etc.) by simple manipulation of their Hindu-Arabic symbols, it is sometimes difficult since we have the processes deeply ingrained in our minds from our elementary school days (a good thing!). To get around this problem of too much familiarity, we will sometimes look at number symbols (numerals) in bases other than ten, but otherwise identical to the Hindu-Arabic system. In this lab you are asked to think about how you could use bundling sticks to translate from the base ten numeral for a number to the base six (or five or four) numeral for the same number, without using addition or multiplication (which our elementary school students wouldn't know at the time they are learning Hindu-Arabic numerals). 

Equipment: bundling sticks (popsicle sticks will do), rubber bands.

From the box of bundling sticks, count out twenty-seven sticks. Think of these as a set of sticks which you will use to find the Hindu-Arabic numeral for twenty-seven.


a)  Form as many bundles of ten sticks each as your set will allow


Record the result, using digits from 0 to 9:

     [image: image1.wmf]

The rule for finding (base ten) Hindu-Arabic numerals tells us that the number of elements in this set of sticks is thus 27ten (note how similar the name of the number--twenty-seven--is to the names of the digits in the numeral!)
b) Unbundle your twenty-seven sticks, and suppose you want to find the numeral for twenty-seven, but in base six rather than base ten. (Now we only have the digits 0 to 5 to work with!)


Break up your set of sticks into as many bundles of six as possible. Result:

     
[image: image2.wmf] 

What is the base six numeral for the number of sticks in your stock?_______         (Notice that in this case, the name of the number (twenty-seven) is completely unrelated to the names of the digits in its base six numeral. It seems reasonable to assume that the words in our counting chant were not finalized in the mathematical vocabulary until some version of a base ten numeral system had come into widespread use.)

 
You have just solved the problem: 27ten = ??six.


c) Use a similar procedure to solve:




18ten  = ____ five



32four = ____ ten
Lab 2

A counting exercise--Pascal's Pizza

Introduction: In this week's homework, you've been asked to count two kinds of "strange" mathematical objects--the number of 1-1 correspondences between two sets, and the number of subsets of a given set. As the sizes of the sets vary, the numbers you get form interesting and useful number patterns. Of course, to use such problems in a primary class you would have to pick real-world problems, without words like sets and subsets, which give the same results. In this lab, we begin to investigate an interesting number pattern called Pascal's Triangle, and we start with a real world problem (which was inspired by a Pizza Hut commercial several years ago). We will revisit the triangle regularly throughout the quarter, and will rephrase it as a question about sets after we see it in a couple of other real-world situations. We will finally use it to solve some interesting probability problems at the end of the quarter.
Pascal's Pizza Parlor makes a variety of pizzas, all of which come with cheese. 

1. If he offers only two additional toppings, namely sausage and pepperoni 


a) How many different 1-item pizzas (that is, cheese plus one topping) can he make? List the possibilities.


b) How many different 2-item pizzas can he make (assume that one topping cannot be used twice)? List them.


c) How many different 0-item pizzas can he make?

2.  Now suppose that he has sausage, pepperoni and mushroom toppings available


a) How many 1-item pizzas can he make? List the possibilities.

b) How many 2-item pizzas can he make? List them.

c) How many 3-item pizzas can he make?

3.  Complete the following chart by listing and counting the possibilities, where the column labeled "Toppings" tells how many different toppings Pascal has available.

[image: image3.wmf]
4.  Often the numbers in the table you filled in above are arranged a bit

differently, as below, where the top 1 counts the number of 0-topping pizzas that can be made if 0 toppings are available. Complete the first 6 rows of this triangle, which is called Pascal's Triangle. 

[image: image4.wmf]

Do you see some symmetry in this triangle?  Describe it.

Lab 3

Addition with Manipulatives

Introduction: Base ten Hindu-arabic numerals are particularly useful in doing operations with large numbers, since we can quite easily find the sum of any two numbers without ever leaving the world of numbers. Of course, we want to find sums only because they help us solve real problems in the world of sets.  Because the operation of addition is actually created to find the answer to "combine and count" problems, we can see how the addition process works by looking at sets which represent the numbers we want to add, combining them, counting, and looking to see how the sum numeral is related to the two summands. As we've seen before, it is easy to create sets from bundling sticks.  Another nice representation of groups of tens, hundreds, and thousands is provided by Dienes (base ten) blocks. We think of Dienes blocks as sets of small cubes. Then a straight block consists of ten small cubes "glued" together, a flat block consists of ten tens (hundred), and a large cube consists of ten hundreds. In this lab, you'll use both bundling sticks and Dienes blocks to investigate the algorithm for addition

Equipment: Bundling sticks, Dienes blocks

1. a) Represent 27 with bundling sticks. It takes ______ bundles (of ten) and ______ single sticks. Represent 18 with a different collection of bundling sticks. It takes ______ bundles (of ten) and ______ single sticks.


b) Combine the two sets of sticks you have selected and bundled (i.e. take a union of the two sets). After rebundling to assure that  no more that 9 of any size bundle remains, you have _______ bundles and ________single sticks.


c) What rebundling, if any, did you do in this process?

d) This process just demonstrated that 27 + 18 = ______.


e) Using the "standard addition algorithm" you know from school, compute




 27




        +18
f) Did you have to "carry" to complete e)?  How is this related to part c)?

2. Solve the addition problem  122four + 31four = _______four using bundling sticks, rebundling and counting. (Do not convert to base 10 and add). Describe the process you used and the trades you made. 
3. a) Represent 273 with Dienes blocks. It takes ______ small cubes, ______ straights and _______ flats. Represent 1740 with Dienes blocks.

b) Combine the two sets of Dienes blocks to represent the sum of 273 and 1740 (we are thinking of each block as a set of one, ten, one hundred, or one thousand small cubes here). Make necessary trades until no more that 9 of any shape is used. What you end up with represents __________in  base 10.


c) You have shown, by counting and trading, that 273+1740 = _______.


d) Would you like to do this problem using bundling sticks? Why or why not?

Lab 4

Counting Set Unions 

Introduction: We first encountered addition of whole numbers as representing the number of elements in a set which arose from the combination (union) of two smaller sets. In this lab, we look more closely at this idea, and see that it does not quite fit all situations we might wish to study. At the end of the lab we discover the precise relation between the number of elements in the union of any two sets and the numbers of elements in the two sets. Called the inclusion/exclusion relation, it is important in solving a large class of real world problems.
Equipment: Unifix cubes (5 red, 6 other); Poker chips (8 red, 4 other); two loops of yarn

1. Place all cubes and chips on your table.


a) Count the set of cubes. The number of cubes is _______


b) Count the set of red objects. The number of red objects is _______


c) We might expect from the definition of addition of whole numbers that when you count the combined set of cubes and red objects on your table, you would get the sum of the numbers in a) and b). Do you?_______

If not, is the sum of the numbers in a) and b) too large or too small?


___________How much too large or too small?_________Can you explain why the sum didn't give the right answer?_________________


_________________________________________________________


Hint: To help you in answering the previous question, you might want to take the two loops of yarn and arrange the cubes and red objects so that all cubes are surrounded by one loop of yarn and all red objects are surrounded by the other. (Push the objects that are neither red nor chips aside). Look carefully at the way the loops divide up the objects.

2. Suppose we try the same exercise with the set of all chips and the set of red objects.  

Number of red objects + number of chips=__________

Total number of objects that are red or chips=_________

Are the results similar to what you found in problem 1?_______

3. If your counting and arithmetic was correct, in both problem 1 and problem 2 the sum of the numbers of elements in the two sets was larger than the actual total number of objects in the combined sets. The error term was accounted for by the set objects which were in both sets (included inside both yarn loops, if you used the hint.) This set is called the intersection of the two sets. If we used C to represent the set of cubes and R to represent the set of red objects, the formal set notation for the intersection would be C(R.

The actual value of the sum n(C)+n(R) is given in problem 1 by:


n(C)+n(R)=n(C(R) + _________.


Check that this formula works also in problem 2.


This formula, in general, is called the inclusion/exclusion relation.
4. Create your own two sets, one with five elements, one with seven elements which have the property that when the two sets are combined, a total of ten elements result. Describe the sets. 

Check to see whether the inclusion/exclusion relation is correct for your sets.

5. In the light of the inclusion/exclusion relation, what condition on the sets S and T is necessary for our definition of addition: n(S)+n(T)=n(S(T) to actually be correct?_________________________________________

Lab 5

Subtraction with Manipulatives

Introduction: As is the case with addition, the algorithm we learn for subtraction is based on an interpretation of subtraction in terms of sets. For subtraction, the "take away" interpretation, combined with representation of the numbers with bundling sticks or Dienes blocks, shows exactly why we "borrow" at certain stages of a subtraction problem and not at others. Looking at a subtraction problem in another base should help solidify our understanding of the subtraction process in base ten.
Equipment: Bundling sticks, Dienes blocks

1. 
a) Represent 23 with bundling sticks, putting a rubber band around each bundle. 


b) To illustrate the subtraction problem 23 - 15 as a take away problem. we have to remove from the collection of bundles and single sticks you made in part a) ______ tens and ______single sticks. What must you do to accomplish this?__________________________________________


c) After removing the bundles and sticks you are left with _______ tens and _____ single sticks.

d) This process just demonstrated that 23 - 15 = ______.


e) Using the "standard subtraction algorithm" you know from school, compute





23




        -15

f) Did you have to "borrow" to complete e)?  How is this related to part b)?

2. Solve the subtraction problem  112three - 22three = _______three using bundling sticks, unbundling and counting. (Do not convert to base 10 and subtract). Describe the process you used and any unbundling. 
4.  a)Solve the problem 1272 - 457=______ using Dienes blocks. Describe how you did it.


b) What trades did you make? How do these trades appear in the "standard subtraction algorithm" you learned in school?

Lab 6

Pascal and paths

Introduction: In Lab 2 (Pascal's Pizza) we were introduced to Pascal's Triangle in terms of counting pizzas. In "real life" the entries of the triangle appear in several quite distinct settings. The common thread lies in counting subsets of sets--the entry in the third position from the left in the row beginning 1  5 ...  counts the number of two element subsets of any five element set, for example. We use the symbol 5C2 to represent this number. In this lab, we look at another setting in which the entries of Pascal's Triangle appear--counting paths from home to school. This setting is particularly useful because it suggests a simple way of using addition to compute the entries of one row of the triangle from the entries of the preceding row. So if we know the entries of the fifth row, and the necessary addition rule, we can find the sixth row--a much easier process than actually listing and counting all the pizzas as we did in Lab 2! 

1. Copy the six row Pascal triangle (up to and including the row 1   6  ...  ) from Lab 2.

2. John and Sue go from home (H) to school (S) each day by various  

[image: image5.wmf]
routes.  The one thing consistent about the routes is that John's route always passes by the fudge shop (F) and Sue's route passes by the ice cream parlor (I).  They always stick to the streets shown on the map, and always take the shortest route possible (which requires that they always walk right or up).

[Key observation: if the distance from home to school is n blocks, and every route goes to the right exactly r blocks, then the total number of possible routes is nCr. Think about why this is true!]


a) How long is John's route to school?_____ blocks


b) How long is Sue's route?______ blocks


c) Is there any route that both John and Sue might take?


  ________  Explain.

d) Every route from home to school passes either the fudge shop or the ice cream parlor. Why?

e) How many different routes could John take?_______ (This should be the same as the number of routes from home to the fudge shop. Why?)


f) How many different routes could Sue take?_______ (This should be the same as the number of routes from home to the ice cream parlor. Why?)


g) Circle the answers to d) and e) somewhere side-by-side in Pascal's triangle. The sum of these answers is ______


h) Find and circle the total number of routes from school to home in Pascal's triangle (near the two other circled numbers). 

3.  Repeat exercise 2 for the map:

[image: image6.wmf]
What pattern is there among the circled numbers?

Use this pattern to produce the seventh row of Pascal's triangle from the sixth row just using arithmetic.





___ ___ ___ ___ ___ ___ ___ ___

Lab 7

Models for Multiplication

Introduction: For multiplication of multidigit whole numbers, as for addition, it is helpful for students to have a way to visualize why the standard algorithm for m(n should be expected to give an answer to the question: How many elements are there in the union of m disjoint n element sets. In this lab we look at how the multiplication algorithm can be illustrated by rectangular arrays, in particular using graph paper as a convenient way to represent arrays. In part B of the lab we look at a rather neat way of interpreting rectangular arrays to find the product of two two-digit numbers, but note that it is not useful in illustrating why the standard algorithm works. If we are interested in teaching the standard algorithm, as I think we should be, we should move beyond this interpretation in favor of the interpretation in part C.

A. Illustrating the product  6 ( 14 on graph paper.


a) On a sheet of graph paper, outline a rectangular array of squares consisting of 6 rows and 14 columns. Seen as a collection of 6 sets, each containing 14 squares, according to the definition of multiplication this array contains 6 ( 14 squares. We want to understand this array as a picture of the multiplication algorithm:



2



14



(6

         84


b) The rectangular array you have outlined contains ______ bars of ten 


c) In addition to the bars of ten, the array contains ______ ones.


d) Looking at b) and c) you see that 6(14 is made up of ______ tens and _____ ones.


e) To interpret the answer 6(14 in base ten we have to do some rebundling of the ones in d). This rebundling, and recombining of tens bundles, leaves us with _____tens and _____ ones, so the total number of sticks is ______.  (Notice that this procedure has done the multiplication without any use of the algorithm, but certainly we do not want our students to have to take out graph paper and follow this procedure every time they need to multiply).


f) To see the connection of this process with the algorithm, notice that the ones in c) actually form a rectangular array with _____ rows and _____ columns, so the number of ones can be interpreted as the product ______(______. Similarly, the tens bars in b) form a rectangular array with ______ rows of bars and _____ columns of bars, so the number of tens can be interpreted as the product ______ ( _____.  This allows us to interpret d) as ____(____ tens and ____ (_____ ones. 


g) Look at the final result in f) together with the process in e) and compare it to the algorithm worked out in a). Do you see the connection?

B.
Illustrating the product 23(27 on graph paper.

a) On a sheet of graph paper, outline a rectangular array of squares consisting of 23 rows and 27 columns. We want to understand this array as a picture of the multiplication algorithm for 23(27 shown at right:











1  2

  27












(23











  81











540











621

b) The rectangular array you have outlined contains ______ squares of ten tens (hundreds).















         

c) In addition to squares of one hundred, the array contains ______
         
     (horizontal or vertical) bars of ten and _____ ones. 






d) Looking at b) and c) you see that 23(27 is made up of ______
          

hundreds, ______ tens and _____ ones.

e) After suitable rebundling and recombining to make the result fit the requirements of our base ten system we get _____ hundreds,  _____tens and _____ ones, so the total number of sticks is ______.  This must be the product 23(27.


NOTE: We have now a graphical way to do our multiplication problem, but unfortunately, if we compare the numbers that we get in part d), they don't seem to have anything much to do with the numbers we got in the algorithm in part a), so this approach doesn't seem to help us in selling the algorithm to our students.

C. 
Another look at the array in B.


a) Find a line you can draw though the array you outlined in part B which divides the array into two arrays, one with 81 small squares, the other with 540 (these are the numbers that do appear in the algorithm).


b) The 81 square array is a picture of _____ ( _______ while the 540 square array is a picture of ______ x ______.  Looking at the product 23(27 this way, and considering that we already know how to do one-digit times two-digit products, allows us to picture why the general algorithm will give the correct answer to 23(27.


NOTE: Once the students understand graphically why the algorithm works, we want them to get away from the graphical methods and compute products entirely algorithmically.

Lab 8

Properties of Multiplication

Introduction: The basic properties (commutative, associative and distributive) which govern the use of multiplication in relatively complicated expressions are most easily illustrated visually using geometric models (rectangles and rectangular solids). In turn, the interpretations of the related models in terms of products give us the formulae for areas and volumes.

Equipment: interlocking cubes

1. a) Using the cubes provided, form five rectangular sheets with sides of length 4 and 3 (the unit being the length of the side of the original cube).  Combine these sheets to form a rectangular solid of length 5, width 4, height 3.  Explain why (without actually counting or multiplying) the solid contains exactly 5 ( (4 ( 3) cubes. (If the cube were taken to be the unit of volume measure, this would give the standard formula for the volume of a rectangular solid: length ( (width ( height)). Keep this rectangular solid for part c).

b) Using cubes, form 5 (4 columns of length 3, and combine them to form a rectangular solid of height 3.  Explain why this solid contains exactly (5 ( 4) ( 3 blocks.


c) Notice that the solids built in a) and b) are the same size and shape, so they must both contain the same number of cubes.  What property of multiplication does this illustrate?

2. Using the cubes, form a sheet with 3 rows of 7 blocks.  This sheet is an area model of the  multiplication ___(___ .  Now rotate the sheet 90 degrees.  You now see a model of the product ___(___ .  Since the same sheet is a model for two different products, this provides an illustration of what property of multiplication? (If the top of a block is taken as the unit of area, the area model illustrates the reason behind the formula for the area of a rectangle: length (width)

3. 
a) Using cubes, form a 3 by 4 sheet and a 3 by 6 sheet.  The first sheet is an area model of the multiplication ___(___ while the second is a model of ____(____.  Combine the two sheets to form one rectangular sheet, without breaking the original sheets apart.  What are the dimensions of this sheet?__________  This sheet is an area model of ____ ( _____.


b) Since the area of the new sheet must be the sum of the areas of the two smaller sheets  we see that 3 ( 4 + 3 ( 6 = _________.


c) What property of arithmetic does this illustrate?

Lab 9

Factors and Primes

Introduction: In terms of multiplication, prime numbers are the building blocks of all whole numbers larger than one. In this lab we look, in a hands-on way, at the number of ways a given whole number can be written as a product of whole numbers. Because of the relationship between multiplication and rectangular arrays, this question can be phrased in terms of floor plans of rectangular houses. In other applications, the setting may be quite different, but the idea remains the same: every whole number larger than 1 is either prime, or can be built up from primes.

Equipment: Cubes

1. In Blockland all houses have rectangular floor plans and are one story high.


a) If we are given 6 blocks, there are 2 distinctly different ways of building a 1-story house with these blocks (just rotating a floor plan does not give a "distinctly different" house):


[image: image7.wmf]

Using blocks to actually construct models, determine how many different 1-story houses can be made from


2 blocks________    3 blocks _______  4 blocks _____5 blocks _______ 7 blocks ________ 8 blocks ________ 12 blocks ____24 blocks_______


b) Which of the numbers in the previous problem have only one model?


These are the first few prime numbers.  Notice that there is also only one 1-block house, but 1 is not called a prime for special reasons we will not go into.  The numbers that allow more than one model are called composite numbers. 

2.   For each of the numbers in part 1, there is a at least one model which has a side of prime length.  This is true for any number. Complete the following table (if you haven't already made a model for some of these numbers, either make one or visualize one).













(PTO)


Number
  Prime side  Other side         Number
  Prime side  Other side


2

2
    1


10



3





11



4





12



5





13



6





14


7





15


8





16


9





17


Compare your answers with your neighbors. If they do not agree, figure out why.

3.  Factor trees.


For each whole number which is not prime, we can make a labeled tree diagram which contains all the important information about its factors. For the number 12, the diagram is built as follows. 



a) Label the "root" of the tree diagram with the number 12. 



b) Write 12 as a product of two whole numbers less than 12, and label two branches of the tree diagram with these "factors". Say 2 and 6. For each of these branches, repeat the process, if possible (the branch labeled 2, for instance, cannot branch further since 2 can't be written as a product of two smaller numbers, as you saw in part 1).



c) Continue the process until no further branching is possible.





2


12





6


i) Draw the labeled tree diagram for 24.


ii) What kind of numbers do you see at the ends of all branches of the completed tree?________


iii) Compute the product of the numbers at the ends of all branches of the completed tree? ________


iv) This process illustrates that 24 is a product of prime numbers. Think about the process in general. What would you conjecture about the factorization of an arbitrary whole number?

Lab 10

Greatest Common Factors

Introduction: In Lab 9 we looked at the problem of factoring whole numbers into primes. A different factorization problem occurs often in "real life", and is of particular interest as we move into our study of fractions since it is related to the problem of reducing fractions. This is the problem of finding the largest whole number that is a factor of two given whole numbers--called the "greatest common factor (GCF)" of the two numbers. For small numbers, Cuisenaire rods provide a visual way to illustrate the GCF concept. For larger numbers,  a method of finding a GCF  based on the factorization of the two numbers into primes is a much better alternative. 
Equipment: Cuisenaire Rods
1. Make a train of red rods (red rods placed end-to-end) which has the same length as a dark green rod. Can you make a train of red rods which has the same length as a black rod? ______ To express what we have observed we will say that "red is a factor of dark green" and that "red is not a factor of black".  Test whether the following statements are true or false.


a) red is a factor of orange ____


b) orange is a factor of red ____


c) black is a factor of black ____


d) light green is a factor of brown ____


e) light green is a factor of blue ____


f) purple is not a factor of orange ____


g) purple is a not factor of brown ____

2.  Rather than saying "red is a factor of dark green" we could also say that "dark green is a multiple of red". Among your ten different rods, which ones are


a) factors of dark green?


b) factors of brown?


c) factors of blue?


d) multiples of light green


e) multiples of blue








3.  Since red is a factor of purple and red is a factor of dark green, we say that red is a common factor of purple and green. Which rods are common factors of


a) dark green and brown?


b) dark green and blue?


c) brown and blue?

4.  For each part of exercise 3, name the longest rod which is a common factor. ________ This rod is called the greatest common factor (GCF) of the two rods.

5.
If each rod is given a numerical value according to how many white rods are necessary to equal the length of the rod, we have illustrated in part 4 the GCF of three pairs of whole numbers. List the pairs and their GCF's. ____________________________________________________________________________

6. 
For large numbers, it is obviously impractical to try to compute GCF's using rods. One standard method of handling these cases is via prime factorizations. For example:


a) We know from Lab 9 that 24= 23 ( 3. What is the prime factorization of 36?______ 


b) Looking at the prime factorizations of 24 and 36, what is the highest power of 2 which is a factor of both 24 and 36 (a "common factor" of 24 and 36)?____  What is the highest power of 3 that is a common factor of 24 and 36?______


c) From the two observations in ii) how do you think GCF(24,36) could be written as a product of primes? ______ 


d) Check your conjecture in iii) by listing all factors of 24 and checking each one to see if it is a factor of 36. What is the actual GCF?


e) Use the prime factorization method to find GCF(60,42).

Lab 11

Fractions

Introduction: If we were to use a ruler with only whole number subdivisions to measure the width of a pencil, we would have a problem. The concept of "fraction" in arithmetic was introduced in arithmetic in part to allow more accurate measurement than that provided with a whole number ruler. Of course, in English vocabulary "fraction" means "a part of a whole", and the numerical term fraction originated from that--fractions provide measurements for part of a whole object. Children learn quite early the meaning of a "sixth" as representing one of six equivalent parts into which an object is divided, or of a "fourth" as one of four equivalent parts. Once they know what one sixth means, it is easy to explain what two sixths, or five sixths, means (by counting the sixths.) In this lab, we look at how fractions can be represented by Cuisenaire rods, and how addition and subtraction can be introduced in this context.

Equipment: Cuisenaire rods

1. Representing fractions:

a) If you wanted to use cuisinaire rods to explain the concept of a "fifth" to a child, what rod would you choose to represent the whole number "one" (i.e. the "unit" for this discussion)? _____________ Which rod would you choose to represent a "fifth"? ______________ How would you explain to the child why this rod represents a "fifth"?

In this setting, what rod would you chose to represent "three fifths"?__________. 

What other rod could you choose for your unit and still be able to represent one "fifth" by a rod?___________ With this unit, which rod would represent a "fifth"? __________

Somewhere along the path of mathematical history, it was decided that the fraction "two-thirds" would be represented by the symbol 2/3, that "five-eighths" would be represented by 5/8, and so on.

b) If the dark green rod is chosen to be the unit rod, what rod represents 1/6?___________  5/6?__________ 1/2?___________ 1/3? __________ 2/3? __________

2. Adding and subtracting fractions 


a) If the dark green rod is chosen for the unit, how would you demonstrate that 2/3 + 1/6 = 5/6 using rods? (There should be no mention of common denominators in this discussion.)


b) If the dark green rod is chosen for the unit, how would you demonstrate that 2/3 - 1/6 = 1/2 using rods?  What approach to subtraction are you using here?


c) Solve the problem 4/5 - 1/2 using rods.


What rod did you choose for a unit?_________ Why?


What rod did you use to represent 4/5?


What rod did you use to represent 1/2?

Lab 12

Pythagoras' Theorem

Introduction: The Theorem of Pythagoras, which perhaps was first discovered by Chinese mathematicians and much later rediscovered by Pythagoras, tells of a very interesting relationship between the areas of certain squares related to a given right triangle. In this lab we will do an experiment that should convince us that the theorem is true, at least for the right triangle you will find on sheet A. While each right triangle is purely geometric, the implications of Pythagoras' Theorem for arithmetic are particularly startling and lead  to further extending of our number system beyond the system of fraction.

Materials: Sheet A (a right triangle and the squares on its three sides), Sheet B (large square with side the sum of the legs of the triangle on sheet A)

1. Carefully cut out the triangles and squares on sheet A. You will need one square of each size and eight triangles.

2. Use the triangles and squares you have cut out to precisely cover, without overlap, the large square on sheet B

a) with a set of shapes including the larger square from sheet A? (Keep this configuration and continue with a new sheet B)

b) with a set of shapes not including the larger square?

3. Assuming that you have successfully done both a) and b) in part 1, remove one triangular tile from each square. What can you say about the areas of the two remaining regions.

Continue removing triangular triangles from both regions until only square tiles remain. What must be true of the areas of the remaining square tiles?

4. 

[image: image8.wmf]

If the right triangle here were congruent to those on sheet A above, what does Part 3 tell us about the relationship between the areas of the three squares in this picture?


Do you recognize this as a picture which often accompanies the discussion of Pythagoras’ theorem in high school geometry texts?

Lab 13

Computing areas with fractions

Introduction: Among the many uses we make of whole numbers is the computation of areas of various regions. The starting point for teaching area measurement is the development of the area formula for rectangles: area = length ( width. If the length and width of a rectangle are whole numbers l and w, this formula is easy to understand, since we can draw horizontal and vertical lines dividing the rectangle into unit squares-- l columns of w squares each--and recognize this as a rectangular array model of the product l ( w, so there are l ( w square units in this rectangle. It is something of a minor miracle that in the more complicated setting of fractions, with a product motivated by the "part of a part" approach to multiplication, the same formula works. The activities in this lab are intended to convince you that the product formula for areas really does give the correct area in the case of fractional length and width. 

As a starting point, of course, we have to agree on what we mean by the area of a rectangle: after choice of a unit length, we take our unit of area to be a 1 by 1 square, and we define the area of a rectangle to be the fraction of the unit square it fills (of course, this fraction could be bigger than the original unit square). 

Equipment: Graph paper

1.  On the graph paper sketched below, suppose that the unit of length is the darkened segment.



[image: image9.wmf]       


a) With your pen, outline a square on this graph paper that has area 1. How many small squares are there in this "unit square" ?_________  What fraction of the unit square is one small square?___________


b) Within the unit square you have outlined, shade a rectangle with sides 3/8 and 5/8._________  How many small squares are ​​​​​​shaded? _______ What is the area of the shaded rectangle as a fraction of the unit square? _________  Compute the product of 3/8 and 5/8 using the product formula for fractions ​​​​​​​___________  Compare these answers. 

c) Compare the size of the product in part b) to the size of the factors.  Which is smallest?_______ Does this surprise you?_______  Would you expect it to surprise a child who had experience multiplying whole numbers but was just learning to multiply fractions?________ Why?

Would an area model like this help in explaining this phenomenon to a child?

d) On another sheet of graph paper, make unit square like the one above, and use it to find the area of the rectangle with width 1/2 and length 3/8. Area = _______ square units. Again compare this area with the product 1/2 ( 3/8.

e) Repeat this exercise to find the area of a rectangle with width 5/8 and length 11/8. Area = ______ square units. What difficulties arise in this problem that did not arise in the earlier examples?

f) Compare the sizes of the product in e) with the factors. Now the results look a bit different than in c). Do you see what the pattern is here?

Lab 14

Modeling integers

Introduction: From the point of view of arithmetic, the whole numbers have two serious deficiencies, namely, while we can add or multiply any two whole numbers and get a whole number, we cannot in general subtract any two whole numbers or divide any two whole numbers. With the introduction of the set of fractions we resolved one of these deficiencies--we can now divide any two whole numbers (in fact any two fractions) unless the divisor is zero. The question of subtraction remains. The expansion of the whole number system to the system of integers is designed to resolve this problem.

The chip model of the integers is based on the idea of positive numbers representing assets and negative numbers representing debts. In the model, a black chip represents one unit of an asset (1) while a red chip represents one unit of debt (-1). Thus, if I have one black chip and one red chip I have the same amount (0) as if I have no chips at all. Said otherwise, in the chip model one red cancels one black.

Equipment: Red and black chips

1. 
a) What integer is represented by three red chips?____

         three red and two black chips?_____

b) 3 red chips and 4 black chips is equivalent to _______ black chips.

c)  How many different ways are there to represent 5 with red and black chips?  Display three different representations of 5.

2. As with whole numbers, we may want to think of addition as meaning "combine and count". In this setting, set up the problems below in the chip model and use cancellation to arrive at the correct sum:



2 + 3 = ____   -2 + -5 = _____
  -4 + 1 = _____

3.
Again following the pattern established with whole numbers, we may want to think of subtraction as "take-away". If we wanted to subtract -2 from 4, we would want to "take away" two red chips from our representation of 4.  If 4 is represented by four black chips there are no red chips to take away.  How can we represent 4 in a way that uses 2 red chips?  ________black, 2 red. If we take away 2 red chips, what is left?______ What does this suggest that the answer to 4 - (-2) should be?_______ 

Use this technique to solve:


-4 - (-3) = ______
1 - 3 = _______
-3 - (-5) = ______

4. 
If we think of multiplication in term of the "set of sets" model how would we represent the product 3 ( (-2) in terms of chips?


This suggests that 3 ( (-2) = ________


Use this technique to solve: 


4 ( (-3) = ______     6 ( (-1) = _____    0 ( (-2) = ______

    Lab 15
Ratios
Equipment: Dice

A.  Experiment:  Roll two dice and record their sum.  Perform this experiment 24 times.  Put your results together with a partner’s, and summarize using a bar graph how often each outcome occurred.


________________________________________________________

Sum: 1    2      3
  4
 5
6
7
8
9
10
11
12

What is the ratio of the number of 7’s to the total number of rolls?___:___

What is the ratio of the number of 5’s to the total number of rolls?___:___

Which do you think is more likely to appear, a sum of 7 or a sum of 5?__________

B.  Analysis: Among all possible outcomes of the experiment of rolling two dice (of different colors), list on scratch paper all those showing a sum of 2 (=1+1). Of 3 (=1+2, =2+1). Of 4. etc.  Record your results in the table below.









Ratio

Sum          # Representations of sum       
    # Rep: 36
2

3

4

5

6

7

8

9

10

11

12

Compare the computed ratio for the sum 7 to the experimental ratio for sum 7 (Part A).  Do they appear to be about equal?    

_______Do the same for the sum 5.______

Lab 16

More ratios
Equipment: Brown bags containing 20 poker chips each (in each bag the distribution of colors should be the same, e.g. 3 red chips in each).
Brown bag experiment (DO NOT LOOK INSIDE YOUR BAG!!!): Draw a chip from the bag and record its color, then return the chip to the bag and shake the bag. Do this ten times.


a) For each color drawn record the ratio  # : 10  where #  is the number of chips of that color you drew.

b) For each ratio, find an equal ratio   _____ : 20.

c) Considering the information in parts a) and c), how many chips of each color do you think there are?


d) Repeat the drawing process, taking 10 more draws.  For each color drawn, record the ratios ?:20 where ? is the number of chips of the color you drew in your 20 draws.

e) Now what would you guess to be the number of chips of each color in the bag?

f) Your instructor will summarize the results for the whole class.  Based on these totals, has your guess about the number of chips of each color changed?


g) NOW look in your bag.  Did you guess correctly?

h) For each color of chip in your bag, list the odds in favor of drawing a chip of that color. 
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