Solutions for Homework Set I1

Math 546 version
1. Durrett Chapter 1 Exercise 2.4

Proof: For (i) Since for any continuous function, and any open sets B € R, f~(B) is
open, thus f~*(B) now using Theorem 2.1 in Durrett finishes the proof.

For (ii) Let F be the o— algebra that makes all the continuous functions measurable,
we want to show that it contains all the open sets. Let f be a projection function on the
first coordinate, i.e., f(z1,--+,x,) = z1. Obviously, f is continuous. Suppose that there
is an open set B not in F. Then since f is a projection function, f(B) is open, therefore
in 3(R), contradiction, which proves our claim. Now by definition, R? is the smallest o—

algebra contains all open sets, therefore, the proof is complete.

2. Durrett Appendix Exercise 4.3
Proof:(i.) Since

/Ig — pldp < /Ig+ — ¢ ldu+ / g™ — ¢ |dp
it suffice to prove the result when g > 0. By Exercise 4.2 in appendix, we can pick n large
enough so that if E,,, = {z : m/2" < f(z) < (m+1)/2"} and h(z) = >, (m/2")1g, .
then [(g — h)du < €/2. Since

oo
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we can pick M large enough so that /S5 u(Enm) < €/2. If welet ¢ = M i (Enm)

then
/lg—w\duz/g—hdu+/h—sodu<6-

(ii.) Pick A,, that are finite unions of open intervals so that u(A,,AFE, ) < eM~? and
let

q(z) = la,,

M=
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Now the sum above is = Z;?:l Cjl(a;_.a;) almost everywhere (i.e., except at the end points

of the intervals) for some ag < a; < ---,< ay and ¢; € R.
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(ili.) To do that, we can let the continuous function r; be 0 on (a;_1,a;)¢ ¢; on [a;_; +
d;,a; — 6;], and linear otherwise. If we let r = 2?21 rj(x) then

k
[lata) = @) = 35,
j=1
Pick 4, so that d,¢; < €/k finishes the proof.

3. Durrett Appendix Exercise 2.1

(3.1) Durrett Appendix Exercise 2.1

Let C = {{1,2},{1,3}} and let z; be the probability measure defined by P(1) = 1 —¢,
P(2) =1+t P(3)=1+t P(4)=1—tforany ¢ € [0,1/4]. All these measures agree on
C, but are different on o(C), since o(C) is all subsets of {1,2,3,4}.

(3.2) Durrett Chapter 1 Exercise 4.4

For any A; € 0(X;), Vi, since f(z) = g1(x1) - - - gn(2,,) and

/Rgl(X1)da?1---/Rgn(Xn)dxn: 1

91(X4) 9n(Xn)
1% X Ay fR g1<X1)d331 ngn<Xn)dxn
0(%) [
Ay fR gl(Xl)dxl ' An fR gn(Xn)dxn
= P(Xje4) -PX,€A,)

P(Xi €A, X, €A,) = / dzy - - dz,
A

dz,

Since ——9:iXa)

T o (X dm; is a density function of X;. This finishes the proof.
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4 Durrett Chapter 1 Exercise 5.3

(i) Since f(Uy), f(Us),. .. are independent and have E'|f(U;)| < oo
This follows from the weak law of large numbers.

(ii) By Chebychev,

2
P (|In —1I| > 7”%) < %var(]n) = ng“f) where wvar(f) = /f2 — </ f)




Extra Credit

We assume |f| < L and that f has mean zero.

First we show that Ee** is maximized by 36_, + 36,

Notice that (assuming we can interchange the integral and derivative)

LEer = f_LL LT (z) = A f_LL M dF (z).

So when A # 0 this derivative is never zero because the integral is always positive.
Consequently, since we have a convex, continuous function on a compact set, it must attain
a maximum on the boundary, i.e. on the set {—L, L}

By the restriction that f has mean zero, that only leaves f(z) = %5_ L+ %5,;

For the trivial case A = 0 any distribution gives the max.

Now if we choose \ = \/Lﬁ we have

aL —aL al
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Now from Jensen’s inequality [EX| < (EX?)2 and the fact cosh is a convex function.

We have
(12L2

EeM < e

We would expect this bound to be better since we restricted ourselves to the interval
[—L, L]. Furthermore, our bound in this problem explicitly depends on n, whereas in the
previous problem our bound did not. Thus, I believe there are certain ranges where each
one dominates the other.

Note we can’t really compare unless we have some bound for the variance in question 4(b).

If we assume the same [—L, L]] restriction, then var(f) < L2



