
My version of the proof of Theorem (3.8) of Chapter 1

For any positive real M , define a cutoff function ψM as follows.

ψM (x) =


1 |x| < M

M + 1− |x| M ≤ |x| < M + 1

0 |x| ≥M + 1

By linearity of expectation, it suffices to show that

Eh(Xn)ψM (Xn) → Eh(X)ψM (Xn) , (1)

|Eh(Xn)(1− ψM (Xn))|, |Eh(X)(1− ψM (X))| < Kφ(M) . (2)

where φ(M) := supx:|x|≥M |h(x)/g(x)| → 0 as M →∞. Continuity of h and ψM imply that

h(Xn)ψM (Xn) → h(X)ψM (X) almost surely, hence the first equation follows from bounded

convergence. For the second equation, first inequality,

|Eh(Xn)(1− ψM (Xn))| ≤ E|h(Xn)(1− ψM (Xn))|

≤ φ(M)E|g(Xn)(1− ψM (Xn))|

≤ φ(M)E|g(Xn)|

≤ Kφ(M) .

The last inequality follows from Fatou’s lemma applied to the sequence |h(Xn)(1−ψM (Xn))|.
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