ON A CONJECTURE OF COLLIOT-THELENE
FLORIAN POP

ABSTRACT. In this note we extend results by DENEF and LOUGHRAN, SKOROBOGATOV,
SMEETS concerning a conjecture of Colliot-Thélene. The question is about giving necessary
and sufficient birational conditions for morphisms of varieties to be surjective on local points
for almost all localizations of the base field.

1. INTRODUCTION/MOTIVATION

The aim of this note is to shed new light on a conjecture by Colliot-Thélene, cf. [CT],
concerning the image of local rational points under dominant morphisms of varieties over
global fields (and beyond). The precise context is as follows:

- Let k be a global field, P(k) be the places of k, and k, be the completion of k at v € P(k).
- Let f: X — Y be a morphism of k-varieties, X (k,), Y (k,) the k,-rational points.

For every v € P(k), the k-morphism f gives rise to a canonical map f* : X(k,) — Y (k,).
There are obvious examples showing that, in general, f* is not surjective, e.g. f : I% — Pb
of degree two. Therefore, for f : X — Y as above, it is natural to consider the basic property:

(Srj) froo X(ky) — Y(k,) is surjective for almost all v € P(k).
and to ask the following fundamental:
Question: Give necessary and sufficient conditions for f: X — Y to have property (Srj).

This problem was considered in a systematic way by CoOLLIOT-THELENE [CT], under the
following restrictive but to some extent natural hypothesis:

(*)cr

In particular, if L := k(Y") is the function field of Y, the generic fiber X, of f can be viewed
as an L-variety. In this notation, for morphisms f : X — Y satisfying (*)c;, COLLIOT-
THELENE considered the hypothesis (CT) and made the conjecture (CCT) below:

k is a number field, X and 'Y are projective smooth integral k-varieties, and
f: X =Y is a dominant morphism with geometrically integral generic fiber.

For each discrete valuation k-ring R C L, and its residue field kg,
(CT) there is a reqular flat R-model Xr of X1 whose special fiber X, ,
has an wrreducible component X, which is kg-geometrically integral.
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Conjecture of Colliot-Thélene (CCT). Let f : X — Y be a dominant morphism of proper

smooth geometrically integral varieties over a number field k, and suppose that hypothe-
ses (*)cr and (CT) are satisfied. Then f: X — Y has the property (Srj).

In a recent paper, DENEF [Df2] proved a stronger form of the conjecture (CCT), by replac-
ing the hypothesis (CT) by the weaker hypothesis (D) below. In order to explain DENEF’s
result, recall the following terminology: Let f : X — Y be a morphism satisfying hypothe-
sis (%)cr. A smooth modification of f is any morphism f': X’ — Y’ satisfying hypothesis (*)cr
such that there exist modifications (i.e., birational morphisms) p : X’ — X, ¢ : Y/ = Y
satisfying ¢ o f' = f o p. Given a smooth modification f' : X' — Y’ of f, for every Weil
prime divisor £’ C Y’ and the Weil prime divisors D’ of X’ above E’, consider: First, the
multiplicity e(D’|E’) of D’ in f"*(E’) € Div(X'); second, the restriction f, : D' — E’ of f’
to D’ C X', which is a morphism of integral k-varieties. For f : X — Y satisfying ()¢, it
turns out that the hypothesis (CT) above implies that following obviously weaker hypothesis:

(D) For all smooth modifications f' and every E' € Div(Y") prime, there is D' above
E" with e(D'|E) =1 and f},,:D'— E' having geometrically integral generic fiber.
Theorem (DENEF [Df2], Main Theorem 1.2).
Let f: X =Y satisfy the hypotheses (x)cr and (D). Then f has the property (Srj).

Finally we recall the very recent results by LOUGHRAN—SKOROBOGATOV—SMEETS [LSS]
which, for morphisms f : X — Y satisfying the hypothesis (x)cr above, give necessary and
sufficient conditions such that f : X — Y has property (Srj). Namely, following [LSS], in
the notation introduced above, let f': X’ — Y’ be a smooth modification of f : X — Y. For
a Weil prime divisor £’ of Y’ and a Weil prime divisor D’ of X" above E', let k(D') | k(E") be
the function field extension defined by the dominant map f}, : D" — E’. One says that E’ is
pseudo-split under f': X" — Y”, if for every element of the absolute Galois group o € Gy gy,
there is some Weil prime divisor D’ of X’ above E’ satisfying:

e(D'|E') =1 and k(D') Qgr)k(E') has a factor stabilized by o.
Following LOUGHRAN—SKOROBOGATOV—SMEETS [LSS], consider the hypothesis:
(LSS) For all smooth modifications f' of f, all Weil prime divisors E'C Y are pseudo-split.
Note that if D', £ satisfy hypothesis (D), then k(D’) | k(E) is a regular field extension, hence

k(D') @y k(£ is a field stabilized by all o € G, (and £’ is called split). Hence hypoth-
esis (D) implies (LSS), leading to the following sharpening of DENEF’s result above:

Theorem (LOUGHRAN-SKOROBOGATOV—SMEETS [LSS], Theorem 1.4).

Let f: X —Y satisfy (x)cr. Then [ satisfies hypothesis (LSS) iff f has property (Srj).
About this paper. In this note we provide a different approach to the basic problem (CCT)
considered above, and using completely different techniques, we give wide generalizations of
the results from [Df2], [LSS], see e.g. Theorems 1.1 and Theorem 1.2 below. The context
and form in which these results hold and will be proved is as follows.

e In stead of number fields, we will consider base fields k satisfying the hypothesis (H)y
below, and consider the corresponding generalization (Srj)x of the property (Srj).

(H)x & is (i) finitely generated, or (ii) finitely generated over a pseudo-finite field kq.*

I Recall that pseudo-finite field is a perfect PAC field with pro-cyclic free absolute Galois group.
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Let P(k) denote the set of discrete valuations v of k having residue field kv finite in case (i),
respectively finite over kg in case (ii). Recall that a model of k is any separated integral
scheme S of finite type with function field (S) = k in case (i), respectively an integral
ko-variety S with function field k = k¢(S) in case (ii). For every model S of k we denote:

Ps(k) := {v € P(k) | v has a center z, € S }.

In particular, z, must be a closed point of S, and conversely, for every closed point s € S
there are valuations v, € Pg(k) having center x on S. Further we notice: First, since any
models 57 and S, are birationally equivalent, there is a model S which has open embeddings
S — Sy and S — Sy, hence Pg(k) C Pg, (k),Pg,(k). Second, Syeg C S is Zariski open dense,
and for x € Sy, there are v € P(k) with z, = z and kv = k(z). In particular one has:

(1) Pr = {Pg(k)| S is regular model of k } is a prefilter on P(k) of k.

Recall that if k is a global field, then k& has a unique proper regular model Sy, and P(k)
is in bijection with the closed points of Sy via O, = O, with s € Sy closed, v € Pg(k).
Therefore, Ps(k) C P(k) is always cofinite if k is a global field. This being said, the natural
generalization the property (Srj) is:

(Stj)r. Kk has a model S such that f* : X (k,) — Y (k,) is surjective for all v € Pg(k).

We next give the (fully) birational form of the pseudo-splitness hypothesis (LSS) from
[LSS], and define/introduce the pseudo-splitness of morphisms of arbitrary k-varieties.

e Pseudo-splitness of prime divisors in function field extensions over k. Let F|k be a
function field over an arbitrary base field k. For valuations w € Val(F'), we denote by wF
the value group of w, by O,,m,, the valuation ring/ideal of w, and by Fw the residue field
of w. A prime divisor of F|k is any w which satisfies the following equivalent conditions:

(i) There is a projective normal model Z of F|k and x € Z, codimg(x) = 1, with O,, = O,.
(ii) w is a k-valuation of F, i.e., w is trivial on k, and td(Fwl|k) = td(F|k) — 1.
Let D(F|k) denote the set of prime divisors of F|k together with the trivial valuation.

For extensions of function fields E|F over k, the restriction map D(E|k) — D(F|k),
v — w = v|p is well defined and surjective. In particular, if v € D(E|k) and w = v|p, then
there is a canonical k-embedding of the residue function fields Fw := k(w) < k(v) =: Ev,
and e(v|w) := (vE : wF) is finite if either v is trivial or w is non-trivial.

We say that w € D(F|k) is pseudo-split in D(E|k), if for every o € Gpy, there is some
v € D(E|k) satistying: (i) w = v|p; (ii) e(v|w) =1 (in particular w is trivial iff v is so); (iii)
Fv ®p, Fw has a factor which is a field stabilized by o.

We say that D(F|k) is pseudo-split in D(E|k), if all w € D(F|k) are pseudo-split in D(E|k).

This notion of pseudo-splitness relates to the hypothesis (LSS) as follows: Let f: X — Y
be a dominant morphism of proper smooth varieties over a field k with char(k) = 0, and
setting K = k(X), L = k(Y), let K| L be the corresponding k-extension of function fields.
By Hironaka’s Desingularization Theorem, the system of projective smooth models (X, )a
and (Y, ), are cofinal (w.r.t. the domination relation) in the system of all the proper models
of K|k, respectively L|k. Hence if f,: X, — Y,, a € I is the (projective) system of all the
smooth modifications of f satisfying the hypothesis (*)cr, by mere definitions one has:
Fact. The hypothesis (LSS) implies that D(L|k) is pseudo-split in D(K|k).
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e Pseudo-splitness of morphisms of arbitrary k varieties. Let f : X — Y be a morphism of
arbitrary varieties over an arbitrary base field k, and for every y € Y, let X, be the reduced
fiber of fat y € Y. Fory € Y and = € X, we denote L, := x(y), K, := r(x), hence f
defines canonically an extension of function fields K, | L, over k. In particular, one has the
canonical restriction map D(K,|k) — D(Ly|k), vy — wy:= (v;)|r,. To simplify notation, we
set l,:= Lyw, and k,:= K,v,, hence k;|[, is canonically a function field extension over k.

We say that w, € D(L,|k) is pseudo-split under f, if for every o € G, there are x € X,
and v, € D(K,|k) satisfying: w, = (v,)|z,, e(vs|wy) = 1 if w,, is non-trivial, and kx®1y7y has
a factor which is a field stabilized by o. Further, we say that y € Y is pseudo-split under
f if all w, € D(L,|k) are pseudo-split under f, and that f is pseudo-split if all y € Y are
pseudo-split under f. Finally consider the following hypothesis:

(p-s)k f: X =Y is a pseudo-split morphism of k-varieties.

This being said, the results extending/generalizing and shedding new light on the afore
mentioned [Df2], Main Theorem 1.2, and [LSS], Theorem 1.4, are as follows:

Theorem 1.1. Let k have char(k) = 0 and satisfy (H)g, and f: X —Y be a morphism of
arbitrary k-varieties. Then f has property (Stj)x iff f satisfies hypothesis (p.s.).

Theorem 1.2. Let k have char(k) = 0 and satisfy (H)x. Let f: X — Y be a dominant mor-
phism of proper smooth k-varieties, and K = k(X), L = k(Y'). Then f has property (Srj)x
iff D(L|k) is pseudo-split in D(K|k). Hence (Srj)y is a birational property for f.

The main point in our approach is to use Ax—Kochen—Ershov Principle (AKE) type results
(together with some general model-theoretical facts about rational points and ultraproducts
of local fields), as originating from [Ax, A-K1, A-K2], see e.g. [P-R] for details on AKE.
Moreover, one should notice that in the realm of “conjectural math,” a weak form of AKE
in char = p > 0, see hypothesis (qQAKE)y, after Fact 2.7, would imply that (p.s.), implies
(Srj)x in char = p > 0 as well. Finally, one should mention that [Df2], subsection 6.3, gives
a sketch of a quite short proof of (CCT)—as initially stated by Colliot-Thélene— using the
AKE Principle, but not of the stronger final results from in [Df2]. Actually, the main results
of both [Df2] and [LSS] are based on quite deep desingularization facts, e.g. [ADK, A-K], and
build on previous results and ideas by the authors, cf. [Df1, L-S, Sk]|, aimed at —among other
things—giving arithmetic geometry proofs of AKE. It would be interesting to see whether
the methods of this note could be used to extend results of GVIRTZ [Gv].

Here is an example — pointed out to me by DANIEL LOUGHRAN, showing the relation
between Theorem 1.1 above, and the previous results.

Example 1.3. Let Y = Speckl[t], X = V(T + TE — t*T%) C Y Xy Proj k[T, Ty, Tz). One
checks directly that for & = Q the canonical projection f : X — Y has the property (Srj),
and f is smooth and split above all points y € Y satisfying y # (1:0). Further, for the
k-rational point (1:0) € Y one has: The fiber X, above (1:0) € Y is smooth, except the
point x = (0:0:1) € X,, which is a non-rationally double point of X. In particular the
“smooth” results do not apply. On the other hand, f satisfies hypothesis (p.s.),: Namely,
all y # (1:0) are split under f, thus pseudo-split under f; and for y = (1:0) one has
X,22=(0:0:1)— (1:0) =y €Y, K, = k = L,, and D(K,|k) = {v)} = D(L,|k) with v}
the trivial valuation of k. Hence y is pseudo-split under f in the sense defined above.
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2. ULTRAPRODUCTS AND RATIONAL POINTS /GENERALIZED PSEUDOSPITNESS

2.1. Ultraproducts and approximation results for points.

We begin by recalling a few facts, which are/might be well known to experts; see e.g. [B-S],
[Ch], [F-J], Ch.7, for details on ultraproducts and other model theoretical facts.

Fact 2.1. Let (k;|k)icr be a family of field extensions, Py be a fized prefilter on I, and for
every ultrafilter U on I with Py C U, let *ky = [],c; ki/ U be the corresponding ultraproduct.
Then for every morphism f: X — Y of k-varieties, the following are equivalent:

i) There is Iy € Pr such that the map f* : X(k;) — Y (k;) is surjective for all i € Iy.

ii) The map f*u . X(*ky,) — Y (*ky,) is surjective for all ultrafilters U D Py.
In particular, if I is infinite, then f* : X(k;) — Y (k;) is surjective for almost all i € I if
and only if f* : X(*k,) — Y (*ky) is surjective for all non-principal ultrafilters U in 1.

Proof. To i) = ii): To simplify notation, we can suppose that I = I, or equivalently,
fris X (k) — Y (k;) is surjective for every i € I. Let U be an ultrafilter on I with P; C U,
and *y,, € Y (*k,) be defined by s(y) — *k, for some y € Y. Let V C Y be an affine open
neighborhood of y, say k[V] = klu] =: S with w := (uy,...,u,) a system of generators of
the k-algebra S. Then by mere definitions, there is a system a,, = (ay, ..., a,) of n elements
of *k,, such that *y,, is defined by the morphism of k-algebras

U, S = Sy —="ky, u— ay.
Hence, U-locally, there are a; = (a;1,. .., a;,) € k' and morphisms of k-algebras
1/115—>S/y—>k71, u— a;,

defining *,,, i.e., a, = (a;);/U, and let y; € Y (k;) be the k;-rational point defined by ;.

Finally, let (U,)a, Uy = Spec Ry, be a finite open affine covering of f~1(V) € X. Then
X (k;) = Uy Uy (k) for all k;, and y; € U, f(Ua(ki)) for every i € I. Since (U,), is finite, there
exists some U:= Uy, such that U-locally one has: y; € f(U(k;)). Equivalently, U-locally,
there exists x; € U(k;) such that f*(z;) = y;. Let R := k[U] be the k-algebra of finite type
with U = Spec R. Then f|y : U — V is defined by a unique morphism f#v S = R of
k-algebras, and there is a unique k-morphism

defining z; € U(k;). Further, the fact that f*(z;) = y; is equivalent to ¢; o f#v = 1);. Hence
it *¢,, : R — *k,, is the k-morphism having U-local representatives ¢; : R — k;, then one has
*¢u Of#v = *¢u'
Hence if *z,, € X (*k;,) is the *k,-rational point of X defined by *¢,,, then f™*u(*x,) = *y,,.
To ii) = i): By contradiction, suppose that for every J € P; there exists j € J such

that f% : X(k;) — Y (k;) is not surjective. Then setting I’ := {i € I'| f* is not surjective},
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one has: Py := {JNI'|J € P} is a prefilter on I, and since Py < Pj, every ultrafilter
U’ on I’ containing P; is the restriction U’ = U|p of an ultrafilter U on I containing P.
Hence mutatis mutandis, w.l.o.g., we can suppose that there is an ultrafilter U continuing
P; and a set J € U such that f* is not surjective for all i € J. Let (V3)s be a finite
open affine covering of Y. Then reasoning as above, there exists some V' := Vj, such that
U-locally one has: V(k;) ¢ f*(X(k;)). Equivalently, U-locally, there exists y; € V(k;)
such that y; & f* (X (k;)). That being said, let ¢; : S := k[V] — k; be the morphism of
k-algebras defining y; € V(k;), and ®,, : S — *k,, be the k-morphism defined by (1;);. Then
%, + S — *k, defines a *k,-rational point *y,, € V(*k,) C Y (*k,). Hence by the hypothesis,
there is *z,, € X (*k,) such that f*u(*z,) = *y,. Let y € V and x € X be such that *y,,
and *r,, are defined by k-embeddings k(y) < *k,, respectively k(z) < *k,. Then choosing
U C X affine open with z € U and f(U) C V, and setting R := k[U], the following hold:

a) flu : U — V is defined by a unique morphism of k-algebras f#v .S — R.
b) *z,, is defined by a unique morphism of k-algebras *¢,, : R — R/x — *ky.
¢) One has that *,, = *¢, o f#v-
Therefore, letting ¢; : R — k; be U-local representatives for *¢,,, U-locally one has:

w@:@ofﬁv-

Hence if z; is the k;-rational point of X defined by ¢; : R — k;, it follows that f*i(z;) = y;.
Therefore, U-locally, one must have that y; € f(X (k;)), contradiction!

Finally, for the last assertion of Fact 2.1, we notice: First, the set P; of all the cofinite
subsets of [ is a prefilter on I, and I’ € Py iff I\I’ is finite. Second, an ultrafilter ¢/ on I is
non-principal iff P; C U. Conclude by applying the equivalence i) < ii) to this situation. [

Definition 2.2. A field k-extension k' — [’ is called quasi-elementary, if there are field
k-extensions k' — ' — k" — 1" with k| k' and [”|l' elementary k-embeddings.

Fact 2.3. Let f: X — Y be a morphism of varieties over an arbitrary base field k, and let
C; be the class of all the field extensions k'|k with f* : X (k') — Y (K') surjective. One has:

1) Cy is an elementary class, i.e., Cy is closed w.r.t. ultraproducts and sub-ultrapowers.
2) Let k' — I be a quasi-elementary k-field extension. Then k' € Cs iff ' € Cy.

Proof. Assertion 1) follows from Fact 2.1 by mere definition. To 2): We begin by noticing
that X (k) c X(I) for all k-field extensions k C [. First, consider the case I’ € C;. Then
one has Y(k') C Y(I') = f/(X(I')) C f¥'(X(k")), hence Y (k') C f¥ (X (K')), because k' is
existentially closed in £”. Hence finally Y (k') = f k'( (k )) Second, let k" € Cy. Embeddings
k' — l' — k" < 1" as in Definition 2.2 imply: First, ¥’ € C;, by assertion 1) above, and
second, !’ is existentially closed in !”. Hence reasoning as in the first case, one gets I’ € C;.

2.2. Ultraproducts of localizations of arithmetically significant fields.

We introduce notation and recall well known facts and generalize the context in which the
conclusion of Theorems 1.1, 1.2 hold, finally allowing to announce Theorems 3.1, 4.1 below.
We first collect basic facts in a general setting and subsequently discuss the more special

situation of fields satisfying Hypothesis (H), as introduced in the Introduction.
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2.2.1. Basics and Notation. For arbitrary fields k we consider the following.

Notations/Remarks 2.4. First, let ¥, C Val(k) be sets of discrete valuations v with
residue field kv perfect if char(k) = p > 0 satisfying the hypothesis:

(P) Bar={vel |ACO;}# VA C k™finite, ie., Px,:={Xa}a is a prefilter on Xg.

For v € ¥, let k, be the completion of k£ at v € 3, and U always be ultrafilters on ¥, with
Ps,, CU. Given U, consider the ultraproducts:

ku =11,k /U, Oy =1[,0,/U, *my =][m,/U, *k,:=][kv/U.
Then *O,, is the valuation ring of *k,,, say *O, = O, of the valuation *v,,, with valuation ideal
May,, = *my,, residue field *k,*v, = *ky,, and value group *v,*ky, = [[,vk/U = Z%/ U = *Zy,.
1) One has the (canonical) diagonal field embedding *s, : k — *k,, and *v, is trivial on k
(by the fact that Py, C U).
2) If w, C O, is a set of representatives of kv, then *w, := [[,w, C *O, is a system of
representatives of *k,*v,, and further, if w, are multiplicative, so is *wy,.
3) The value group *v,*k, = *Z, is a Z-group. Further, if m, € k, is a uniformizing
parameter for v € ¥y, then m, = (7,),/U is an element of minimal value in *v,*k,,.
4) The field *k,, is Henselian with respect to *v,,, and one has:
a) Let char(k) = 0. Then *v, is trivial on Q C k,, and if T C *O, is any lifting of
a transcendence basis of k, |Q, by Hensel Lemma one has: The relative algebraic
closure k,, C *O, of Q(T) in *k, is a field of representatives for *x,,.

b) Let char(k) = p > 0. Then by hypothesis, kv is perfect for all v € 3, thus the
Teichmiiller system of representatives F, C k, for kv is a field and k, = F,((7)) for
any 7, € k with v(n]) = 1. Hence x, = F, :=[[,F,/U C *O, is a perfect field and
a system of representatives for *k,,, the “Teichmiiller system” of representatives.

* Note that in both cases a), b) above, the fields of representatives k, C *O, for k,
defined there are relatively algebraically closed in *k,,.

5) Finally, for s, C ky as above, let k, := ry,(m,)" C *ky be the Henselization of ry,(m,)
with respect to the m,-adic valuation, and set v, := (*vy,)|x, -

x Note that k, C *k, is nothing but the relative algebraic closure of k,(m,) in *k,,.

2.2.2. Hypothesis (H)y revisited.

Let k be as in Hypothesis (H)y from the Introduction, i.e., k satisfies one of the hypotheses:
(i) k is a finitely generated field. (ii) & is the function field k|ko with ko pseudo-finite.
Recall the basic definitions/facts from Introduction: First, P(k) C Val(k) is the set of all
discrete valuations v of k having finite residue field kv in case (i), respectively finite over ko
in case (ii). Second, for models S of k, we denote by Ps(k) C P(k) the set of valuations
v € P(k) which have a center x, on S. In particular, the center x, € S of v € Pg(k) is a
closed point of S, and conversely, every closed point x € S is the center of some v € Pg(k).
Finally, let P%(k) C Pg(k) be the set of all v € Pg(k) such that kv = r(z). Notice that if
T € Speg 18 closed, then Jv, € Pg(k) having center z on S and kv, = r(z), hence v, € PY(k).
Next, for arbitrary non-empty subsets ¥ C P(k) we denote:

Sy, = {x € |3 v € Xy such that z is the center of v on S}.
7



Fact 2.5 (Hypothesis (H), revisited). Let k satisfy Hypothesis (H)g, S denote models
of k and ¥y C P(k) be non-empty. Then the following hold:
(%) Xy satisfies (P) iff Sx, is Zariski dense in S iff Us, # @ ¥V UC S open non-empty.
1) Since Syeq C S is Zariski dense, the same holds correspondingly for subsets ¥ C P (k).

2) In case (ii), suppose that ko = ko Nk, i.e., S is geometrically integral over ky. Then
Sreg(ko) is Zariski dense, hence one can choose Xy such that kv = kq for all v € Xy,
In the following Fact 2.6 and Fact 2.7, one works under the hypothesis:
- k and X C P(k) satisfy condition (P) as in Fact 2.5, and U D P is a ultrafilter on Xj.
- Ky C *Oy, is the field of representatives for *k,, = *k,*v,, from Notations/Remarks 2.4, 4).
- ky = Ky ()" <k, is the k-embedding of valued fields from Notations/Remarks 2.4, 5).

Fact 2.6 (Hypothesis (H);/Residue fields). By [Ch] and [F-J], Ch. 11, one has:
1) In case (i), Ky is an Ny-saturated pseudo-finite field.
2) In case (ii), Ky is a Re-saturated pseudo-finite field, where Ry = max(Ny, N+ ).

Fact 2.7 (Hypothesis (H);,/ AKE). The k-embedding of valued fields k,, — *k,, satisfies:
(1) *vy is trivial on Ky and one has canonical k-identifications ky = kyvy, = "k vy.
(1) vyky = Z —*Zy = *v,*ky are Z-groups with minimal positive element vy, (m,) = *vy(my,).
In particular, if char(k) =0, by the Az—Kochen—Ershov Principle (AKE) one has:
(*) ky < *ky is an elementary k-embedding of (valued) fields.

Remarks 2.8. Let k satisfy Hypothesis (H); and have char(k) = p > 0. Unfortunately,
it is unknown whether the conclusion (%) of Fact 2.7 holds in this case, that is, whether
the k-embedding k, < *k, is an elementary embedding (of abstract and/or valued fields).
One could conjecture that the weaker assertion below holds, and that would be enough for
extending —at least partially—some of the results of this note to positive characteristic.

(qAKE)yx, ky — *ky is a quasi-elementary k-embedding for every U.

2.2.3. Xy-pseudo-splitness (for short Xi-p.s.)

Throughout this subsection, the field k satisfies hypothesis (H); from Introduction and
Y, C P(k) satisfies condition (P), as considered in Fact 2.5. Further, in the case (ii), i.e., k
is the function field over a pseudo-finite field ky, we fix a generator o of Gy,, and for finite
extensions lo|ko we define Froby, := o with n = [ly : ko]. Hence if [|k is finite Galois and
v € ¥y, is unramified in I|k, then Frob(v) € Gal(l|k) is well defined up to conjugation.

Definition 2.9. For k, ¥, as above, ¢ € () and the co-procyclic extension EU] k of k is
called X -definable, if for all finite Galois extensions [ |k, and all ¥4 € Py, , one has:

Ua, k(o) == {v € Us | v unramified in I | k and Frob(v) := o|;} # @.

Notice that if S is a model of k and ¥, C Pg(k), for all v € £j one has:
- If Sy, C S has Dirichlet density §(Sx,) = 1, e.g. if Sy, C S is open dense, by the
Chebotarev Density Theorem, see e.g. SERRE [Sel], all 0 € Gy, are ¥i-definable.
- If Sy, C S'is Frobenian, cf. SERRE [Se2], 3.3, say defined by a finite Galois extension ky |k

and a set of conjugacy classes ® C Gal(ky|k), then o € Gy, is X-definable iff o, € ®.
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Fact 2.10. In the above notation, o € Gy, is Xy-definable iff k= *ky Nk for some U.

Proof. For the direct implication, notice that Py, (o) := {Ua,ujx } 4,1 is a prefilter on X such
that any ultrafilter U containing Py, (¢) contains Py, . Let [ |k be a finite Galois extension.
Then for v € Uy k(o) € U, setting I, := [k, one has: [,|k, is unramified and 17 = [ N k,.
Hence 17 = [ N *ky, and finally &° = & N *k,.

Conversely, let ¢ be such that &’ = *k, Nk. To show that o is ¥j-definable, we have to
show that all the sets Uy (o) are non-empty. First, since k"= *k, Nk, it follows that for
every finite Galois extension [|k, one has [7 = *k,, N [. Hence for every [|k there exists a set
V; € U such that for all v € V; one has [ = k, N[. Further, let Uy C ¥ be given. Since
Ps,, C U, hence Uy € U, w.lo.g., we can suppose that V; C Uy. Second, let B C k* be a
finite set such that all discrete valuations w of k£ with w(B) = 0 are unramified in {|k. (Note
that such sets B exist: If §; — S is the normalization of S in the finite Galois extension |k,
then there exists an affine open dense subset S’ C S such that S; is étale above &’ Hence if
w has its center in &', then w is unramified in [|k, etc.) Then setting A; := AU B, one has:
VinUy, € U, and all v € VN Uy, are unramified in [|/k. Hence Uy, i # @, thus Uary O Ua,, ik
is non-empty as well, concluding that ¢ is ¥j-definable. 0]

Definition 2.11. In the context of Definition 2.9, let E|F be function fields over k, and
F'|F be an algebraic extension.

1) F'|F is called co-procyclic Yy-definable, if F' = F°" for some op € Gp := Autp(F)
such that o := (op)|; € Gy is Lj-definable.

2) E|F is called F'-pseudo-split, or pseudo-split above F, if the F’-algebra F @p F” has a
factor E’ which is a field and E’|F” is a regular field extension.

Proposition 2.12. In the above notation, let E| F be function fields over k.

1) An algebraic extension F'|F is co-procyclic Yi-definable if and only if there is U and a
k-embedding F — ky, such that F' = F N ky,.

2) Let F' = F Nk, as above be given. Then E|F is split above F' iff E|F is separably
generated and F' — Ky prolongs to a field embedding E — k.

Proof. To 1): To the direct implication: Since &, is a perfect pseudo-finite field, k — F' < &,
gives rise to embedding of perfect fields k' = k N Ky — F' = F N Ky — ky and to surjective
projections 7~ Gy, — Gr — Gp. Hence F'|F is by mere definitions co-procyclic and
Yi-definable. For the converse implication, let F’| F' be co-procyclic and ¥i-definable. Then
k' := kN F' is obviously co-procyclic and ¥j-definable. Hence, there is some U such that
k' = kN Ky, and obviously, F'|k" is a regular field extension. We claim that there is a
k-embedding F' < k, such that F' = F N k,, hence k' C F'. First, F} .= Fk' C F' is a
regular function field over &, and setting Fy = Fj, there is an increasing sequence of cyclic
field subextensions (E|Fi’)ieN of F|F’" such that F' = UjenF!, F = UsenF}, and FZ|FZ’ is the
maximal subextension of F|F’ of degree < i. By algebra general non-sense, the sequence
(F3|F!); and the conditions it satisfies are expressible by a type p(t) over k', where ¢ is a
transcendence basis of Fy|k’; and since ky, is a perfect PAC pseudo-finite field, the type p(t)
is finitely satisfiable. Since &, is N;-saturated in case (i), and Nj;-saturated in case (ii), the

type p(t) is satisfiable in #,,, thus F' = Fj has a k'-embedding F' < r,, such that F’ = FNk,,.
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To 2): For the direct implication, let E’ be a factor of E @ F’ such that E'|F’ is a
regular field extension. Since F'|F contains the perfect closure of F, it follows that F | F
must be separably generated (because otherwise all the factors of £ ®p F’ have non-trivial
nilpotent elements). Hence F = F(Zp) for an integral F-variety Zr such that Zp x g F” has
a geometrically integral irreducible component Zg of multiplicity one with E' = F'(Zp).
Since £y, is R;-saturated in case (i), and Ny -saturated in case (ii), Zp/(ky) contains “generic
points” of Xz, that is, E' is F'-embeddable into k.

For the converse implication, since F | F' is separably generated, it follows that £ ®p F”
is a product of fields. Let £ — kK, be a prolongation of F' — k,,. Then

F' =FNky—= ENky = E < Ky
are co-procyclic extensions, and F ®p F” has a factor Ep which is F'-embeddable in E'.
Since F’ is perfect, F/ = F'N E' < E’ is regular, hence Fr|F’ is regular. O
2.3. Setup for Generalizations of Theorem 1.1 and Theorem 1.2.

The generalizations of Theorem 1.1 and Theorem 1.2 we aim at are based on generaliz-
ing the notions (Srj), the pseudo-splitness of prime divisors in function field extension over
k and pseudo-splitness (p.s.)r of morphisms of arbitrary varieties as defined in the Intro-
duction. These generalizations are obtained by considering arbitrary base fields k& endowed
with sets ¥, C Val(k) of discrete valuations of k satisfying Hypothesis (P) above, as in
Notations/Remarks 2.4 above, and defining (Srj)s,, the X-generalized-pseudo-splitness of
prime divisors in function field extension over k£ and of morphisms of arbitrary k-varieties.
Then Theorem 1.1 and Theorem 1.2 from the Introduction are consequence of Theorems 3.1
and Theorem 4.1 below, which are a kind of general non-sense type results.

2.3.1. Xi-generalized-pseudo-splitness (for short X-g.p.s.)

The Proposition 2.12 above hints at the following generalization of ¥j-pseudo-splitness.
Let k, ¥ satisfy condition (P) from Notations/Remarks 2.4, but otherwise be arbitrary.

Definition 2.13. In Notations/Remarks 2.4, let E|F be k-field extension.
1) For an ultrafilter U D Py, , let a k-embedding j: F' — r, be given.
a) A field extension F'|F is j-definable, if F' = F Nk, as F-field extensions.
b) E|F is called j-pseudo-split, if j prolongs to an F-embedding 2 : E < k.
2) E|F is generalized ¥y.-pseudo-split, for short generalized Xy -p.s., if E|F is separably gener-
ated and j-pseudo-split for all ultrafilters &/ O P on X and all k-embeddings 7 : F'— ky,.

Remark 2.14. In the above notation, the transitivity of )-pseudo-splitness holds as follows:
Let E,|F, be jo-pseudo-split, say via ), : E, — Ky, @ = 1,2. Then:

1) Suppose that F1|Fy < Es|Fs, and (32)|g, = ;1. Then Es|F} is 7;-pseudo-split.

2) In particular, if E1]F1 — E1|Fy is a k-subextension, then E1]E1 is 71-pseudo-split.
In particular, the same holds correspondingly for generalized ¥;-pseudo-splitness.

Proposition 2.15. Let_E|F be an extension of function fields over k. Let 7: F — Ky be a
k-embedding, and F' = F N ky be the resulting j-definable extension of F. One has:
1) Let E = F(Zp) with Zr an integral F-variety. Then E|F is j-pseudo-split iff ZpxpF’

is geometrically reduced and Zp(ky) is Zariski dense.
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2) In particular, for F' = F N ky as above, the following hold:
a) If ky is PAC, then E|F is j-pseudo-split iff the F'-algebra E @ F' has a factor
E'|F" which is reqular field extension.
b) If char(k) =0, E|F is y-split iff j: F < ky has a prolongation E < k.

Proof. To 1): The implication = is simply a reformulation in terms of algebraic geometry
of the fact that F|F is pseudo-split above F’. For the converse implication, one has: First,
Zp:= Zr Xp F' being reduced, its ring of rational functions is the product of the function
fields E!, := F'(Z!)) of the irreducible components Z/, of Zp. Second, since Zp(ky,) is Zariski
dense, Z! (k) is Zariski dense for some a. Finally, arguing as in the proof of assertion 2)
from Proposition 2.12, Z! (k,) contains “generic points” of the F'-variety Z!. Finally, each
such point defines an F’-embedding E!, = F'(Z,) < ky, which prolongs j: F' — k.

To 2): First, the implication = is the same as in assertion 1. The converse implication in
case b) is clear, and in case a) it follows from assertion 1): Since k,, is a PAC field, and Zp
is a geometrically integral F’-variety, it follows that Zp (k) is Zariski dense, etc. 0

Corollary 2.16 (Fact 2.5 revisited). Let k, X, be as in Fact 2.5, Xy, satisfy (P), and E|F
be function fields over k. Then a k-embedding F' — ry prolongs to an embedding E — ry,
iff E®@p F' has a factor E' such that E'|F' is a regular field extension, where F' := F N ky,.

2.3.2. Setup for Theorem 3.1 and Theorem /.1.

Let k be an arbitrary field and for extensions E|F of function fields over k, recall the
canonical restriction map D(F|k) — D(F|k), v — w := v|p. For a morphism of k-varieties
f: X =Y -y let K, == k(x) < k(y) = L, be the canonical k-embedding of the
residue function fields. In particular, for the canonical restriction map D(K,|k) — D(Ly|k),
Uy > Wy, one has k-embeddings of the residue function fields k, := K v, <= Lyw, = [,.

Definition/Notations 2.17. Let k£ and ¥, C Val(k) be as in Notations/Remarks 2.4, and
recall the field extensions x|k for each U D Py, . We define/consider the following:

1) Given D(E|k) — D(F|k) for some E|F, we say that w € D(F|k) is Xy-g.p.s. in D(E|k)
if for every U and every k-embedding j : Fw — K, there is v € D(FE|k) such that
w = v|g, e(vjlw) = 1 if w is non-trivial, and Ev|Fw is j-pseudo-split, i.e., Fv|Fw is
separably generated and j: Fw — Kk, prolongs to a k-embedding Fv — k.

Further, we say that D(F|k) is Xj-g.p.s. in D(E|k) if all w € D(F|k) are Yp-g.p-s..

2) For f: X =Y, v — y, we say that w, € D(L,|k) is X4-g.p.s. under f, if for every
U and every k-embedding j, : I, — ky, there is z € X, and v, € D(K,|k) such that
vy = (vg)|1,, e(vs|wy) = 1 if wy is non-trivial, and k,|l, is j,-pseudo-split.

We say that f is Xj-g.p.s. if all w, € D(L,|k), y € Y, are Xj-g.p.s. under f.

3) Correspondingly, the natural generalization of (Srj); from the Introduction is:
(Srj)g,  There is A C k™ such that f* : X (k,) = Y (k,) is surjective for all v € Uy,

4) Finally consider the generalization of hypothesis (p.s.); from the Introduction:

(g.p-s.)s, f: X =Y is a ¥-generalized-pseudo-split morphism of k-varieties.
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Remarks 2.18. We notice the following:

1) Let k satisfying Hypothesis (H); from the Introduction, and ¥, = Pg(k) for some model
Sofk. Thenfor f: X - Y and L = k(Y) — k(X) = K, one has: (i) (Srj), and (Srj)s,
are equivalent; (ii) hypotheses (p.s.)r and (p.s.)s, are equivalent; (iii) pseudo-splitness
of D(L|k) in D(K |k) is equivalent to X-g.p.s. of D(L|k) in D(Kk).

* In particular, this is so for k£ a number field. Further, if char(k) = 0, AKE Principle
holds for k,, < *k,, for each U, hence the weaker (qQAKE)s, holds.

2) For k, ¥y with property (P) as in Notations/Remarks 2.4 and a morphism f: X — Y
of k-varieties. Then by Fact 2.7, property (Srj)s, is equivalent to f“ : X (*k,) — Y (*ky)
being surjective for all ultrafiltes U D Py, on ¥i. In particular, if char(k) = 0, the AKE
Principle holds for k, < *k, for each U, thus property (Srj)y, is equivalent to:

Y X(ky) = Y(ky) is surjective for all ultrafiltes U O Py, on Ly.

3. PROOF OF (GENERALIZATIONS OF) THEOREM 1.1
Taking into account the above discussion, Theorem 1.1 follows from the more general:

Theorem 3.1. In the context of Notations /Remarks 2.4 and Definition | Notation 2.17, let
char(k) =0 and f: X — Y be a morphism of arbitrary k-varieties. Then one has:

[ is Lg-generalized-pseudo-split iff f has property (Srj)s, .

Proof. First, by Remark 2.18, 2) the property (Srj)s, is equivalent to f* : X(k,) — Y (ky)
being surjective for all ultrafilters ¢/ O Py, . Hence Theorem 3.1 is follows from the following.

Key Lemma 3.2. In the hypothesis of Theorem 3.1 above, one has the following:
[ is Yg-generalized-pseudo-split <= f*u: X (k,) — Y (ky) is surjective for all U D Ps, .

Proof of Key Lemma 3.2 We show that the implication “=-" holds unconditionally, but
its proof is quite involved. The proof of “<7” is relatively short, but uses that char(k) = 0.

We also notice that in the realm of “conjectural math” the direct implication of Theo-
rem 3.1 would hold in concrete situations in which the hypothesis (QAKE)y, is satisfied.

We begin by recalling basic of valuation theory (well known to experts). In not otherwise
explicitly stated, k, Xy, P, U D Xy, etc., are as in Notations/Remarks 2.4.

Fact 3.3. Let Q,w be a Henselian field with char(Qw) = 0. Then every subfield | C Q with
wl; trivial is contained in a field of representatives k' C Q for Qu.

Proof. This is a well known consequence of the Hensel Lemma. O

We next recall basic facts about valuations without (transcendence) defect, see [BOU], Ch. VI,
and [Ku], for some/more details on (special cases of) this. Let ©,w be a valued field with
W, trivial on the prime field ko of €. One says that w has no (transcendence) defect if there
exists a transcendence basis of 2| kg of the form t,, Ut satisfying the following: First, wt,, is
a basis of the Q-vector space wf) ® Q, and second, t consists of w-units such that its image
in the residue field Qw, which we denote again by ¢, is a transcendence basis of Quw | kg. In
particular, if x; C Q is the relative algebraic closure of ko(t) in €, then &} is a maximal
subfield of €2 such that w is trivial on &}, and further, Qu is algebraic over xjw. Moreover,

if w is Henselian, then Hensel Lemma implies that Qw is purely inseparable over rjw.
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One of the main properties of valuations w without defect is that for any subfield F' C €2,
the restriction of w to F' is a valuation without defect as well, see [Ku]. In particular, if
[ C Q is any subfield such that w|; is trivial, and F'| is a function field, then w|p is a prime
divisor of the function field F'|l if and only if w|r is a discrete valuation.

Hence for ky, = ry(m,)" endowed with v, as in Notations/Remarks 2.4, 5), one has:

Fact 3.4. Let | C ky be a subfield with v, trivial on l. Let F|l be a function field and
F <k, be an l-embedding. Then w := (v,)|p is either trivial, or a prime divisor of F'|l.

Proof. This is an immediate consequence of the discussion above. U

Fact 3.5. Let F'" be the Henselization of a function field F|l w.r.t. a prime divisor w. Let
k' C Q be a field of representatives for Fw, and m € F have w(n) = 1. Then F" = x'(7)"

Proof. The Henselian subfield F' := &/(7)" of F satisfies Fw = FMw and wf? = wF. Since
w has no defect, the fundamental equality holds. Hence [F": F] = e(F" F)f(F"|F) = 1,
thus finally implying F* = F = /(7)™ O

Coming back to the proof of Key Lemma 3.2, proceed as follows.

3.1. The implication “=-".

Let v, € Y (ky) be defined by a point y € Y and a k-embedding j, : L, — k,. By Fact 3.4
above, w := v, := (vy)|r, € D(Ly|k) is either trivial or a prime divisor of L[k, and let
J + ly = Ky be the corresponding k-embedding of the residue fields. Since f is X;-g.p.s.,
there is x € X, and v := v, € D(K,|k) on K, = s(x) such that w = v|r,, the residue field
embedding k,|l,, is j-pseudo-split, and e(v|w) = 1 if w is non-trivial. Hence by definitions,
k|l, is separably generated, and 7 : [, — Ky has a prolongation ¢ : k, < k. Let ¢, be
a separable transcendence basis of k, over [,, and ¢ C K, be a preimage of £, under the
canonical residue field projection O, — K,v,. One has the following:

- Setting F' := L, and E := K, one has F'w = [, k, = Ev, and further: %, is a separable
transcendence basis of Fv over Fw, and t C E is a preimage of ty, under O, — Fuv.
- Set Fy := F(t) C E. Since w = v|p, it follows by mere definition that w; := v|p, is the

Gauss valuation of F; defined by w and ¢.

- Setting kg = J(Fw) — 1(Ev) =: kg, it follows that (%) is a separable transcendence
basis of kg over kp.
- Setting F}, := ju(F) C ky, let t, C k, be a preimage of 2(t;) under O, — £y, and set

Fy, = F,(t,). Then the restriction wy, of v, to Fy, is the Gauss valuation of F}, defined

by w, = (vy)|r, and t,,. Hence one has a k-isomorphism of valued fields

jtu:Ft_)FtuCkU‘

- Let sz C F[; C ky be the Henselizations of I, C [y, in k,. Then since kg is finite
separable over the residue field Fy wy, = kp (z(to)), one has: There exists a unique
algebraic unramified subextension Ej | F{! of k, | F};, with residue field Ejv, = k.

Finally, one has the following case-by-case discussion:

Case 1. wv is trivial. Then w is trivial, hence F' = Fw — Fv = E, and § € Y (k) is
defined by the k-embedding j, : k(y) = F — F,, C k. In particular, in the above notation,
the valuations wy and wy,, are trivial, thus F' = F hoey Ft’;‘/{ = F,, and EY| Fy,, is a finite
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separable extension of Fi, such that the residue map O, — k, defines an isomorphism
E? — kp. Hence if 1 : kg — EJ is the inverse of the isomorphism E — kg, then

W B kp % EY C ky
i1s an isomorphism prolongin - F — k,,, thus defining & € X (k,,) such that f* (%) = 7.
p p ging Ju Us g U Y

Case 2. v is non-trivial and w is trivial, hence F' = Fw. Then we can view v as a prime
divisor of E|F, and in the above notation one has: Let ¢ C E be a preimage of a separable
transcendence basis tg C Ev of Ev|F, and Fy = F(t). Then wy := v|g, is trivial, and the
relative algebraic closure EY of F(t) in E" is a field of representatives for Ev. In particular,
if 7 € F has v(m) = 1, then E" = E°%(7)" by Fact 3.5.

Next, let ¢, C ky be a preimage of +(tg) C k, under the canonical residue map O, — y,.
Then v, is trivial on Fy, = F,(t,), and kg = 1(Ev) has a unique preimage E) C k, which is
algebraic over Fy,. Finally, the k-isomorphism EY — Fv — EY together with 7 + m, give
rise to k-embeddings of fields

0w B E" = E%m)" = EX(m )" C ky,

with E°(m)" — EY(m,)" an isomorphism, and %, prolonging j, : F' — k, to E. Hence the
k,-rational point 7 € X (k) defined by 1, : E — k, satisfies f*(z) = .

Case 3. w is non-trivial. Let m € F' be such that w(m) = 1, hence v(7w) = 1 by the fact
that e(v|w) = 1. Then Fy = F(t) — E gives rise to the embedding of the Henselizations
E"| F}'. Reasoning as above, the unique unramified subextension Ey | F}* of E" | F} satisfies
E" = Ey, and F, — Fy,, together with m +— m,, gives rise to a k-embedding v, : £ — ky
prolonging 7, : F' — k, etc. One gets a point ¥ € X (k) such that ff(z) = 3.

3.2. The implication “<= 7.

In the context and situation from Definition /Notation 2.17, for given U D P, let y € Y,
F:=L,=k(y), and w := w, € D(F|k) together with a k-embedding j: Fw = [, — k, be
given. We show that there is € X, such that setting £ := x(z) there is v € D(E|k) such
that w = v|p, e(vjw) =1, and Fw =, = k, = Ev is j-pseudo-split.

Indeed, for given U and w, we define a k,-rational point § = 7, € Y (k) as follows: First,
if w is trivial, let ¢, be defined by the k-embedding j: F' = k(y) < Ky C ky. Second, if w is
non-trivial, hence a prime divisor of F|k, let x, C F" be a field of representatives for Fw.
(Note that since char(k) = 0, such a field of representatives exists.) Thus by Fact 3.5, one
has F" = k,(7)" Hence setting x/, = 7(Fw) C ky C ky, one has that F" has a canonical
k-embedding 7 : F" = k(7)) — KL, ()" C ky via g1 Ky = Fw — K., C Ky, T T,

Let § € Y(k,) be defined by the k-embedding 3, = jt|p : F — F" < k,. Since
frus X (ky) — Y (ky) is surjective, there is some & € X (k,) such that f* (%) = §. Let & be
defined by some point x € X and a k-embedding of the residue field ¢, : £ = k(x) — k.
Then by mere definition, f(xr) = y and the canonical k-embedding f,, : F = k(y) —
k(x) = E satisfies 4, o fy, = j,. Hence setting v := (v,)|g, one has w = v|p, and the
following hold: First, one has a canonical k-embedding Fw — FEv — k. Second, one has
canonical embeddings of value groups wF — vE — wv,k,; and if w is non-trivial, then by
the definition of w one has: w(r) =1 = v,(m,), hence wF — vE < vk, are isomorphisms,
and e(v|jw) = 1. Finally, since j : Fw < K, prolongs to a k-embedding Fv < k,,, it follows
that Ev|Fw is y-pseudo-split.
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This completes the proof of Key Lemma 3.2, hence of Theorem 3.1. O

4. PROOF OF (GENERALIZATIONS OF) THEOREM 1.2

Let Z be an integral k-variety, and F' = k(Z) be its function field. A point z € Z is called
valuation-regular-like (v.r.l.), if there exist w € Val,(F') and w € D(F|k) both having center
z € Z such that Fw = k(z), Fw|k(z) is a regular field extension, and w(u) = 1 for all
u € m,\m?. We say that Z is valuation-reqular-like, if all z € Z are v.r.1. points. We notice:

First, the reqular points z € Z are v.r.l. Indeed, Let (¢1,...,t4) be a system of regular
parameters of O,. Then the canonical k-embedding F' < x(2)((t1)) ... ((tq)) defines a valu-
ation @ € Valy(F) with Fo = k(z). Further, the so called degree valuation w, defined by
w(t) = 1 for ¢ € m,\m? has the rational function field Fw = x(2)(t;/ts)i<a as residue field.
In particular, regular k-varieties are valuation regular like. But the converse does not hold,
because rationally double points and cusps are v.r.l. points, but not regular points.

Second, if Z" — Z is a proper birational morphism with Z’ regular and Z valuation regular
like, then Z’(1) — Z(l) is surjective for all field extensions I|k.

We define ¥p-v.r.l. as follows. Let k, ¥4 be as in Notations/Remarks 2.4, Z be a k-variety,
and F' = k(Z). We say that z € Z is ¥g-v.r.l., if z is v.r.l. point in the usual sense, and
for every U D Py, and k-embedding 3, : k(2) — Ky, there is w € D(F|k) with center z on
Z such Fw|k(z) is j,-pseudo-split, i.e., Fw|k(z) is separably generated, and ), prolongs to
a k-embedding Fw — k. Further, Z is Y-valuation-reqular-like, if all z € Z are ¥-v.r.l.
Finally, a function field F|k is Xx-valuation-regular-like, if F|k has a co-final system (Z,)q
of proper ¥ji-valuation-regular-like models. We notice the following;:

a) If z € Z is aregular point, then z is Xp-v.r.l. Indeed, if t = (t1,...,t4) is a regular system
of parameters at z, there is w, € D(F|k) with center z on Z satisfying w,(t;) = 1 for
all i and Fw, the rational function field Fw, = k(z)(t;/tq)1<i<q- Hence since td(x,|k)
is infinite, every k-embedding k(z) < K, prolongs to an embedding Fw, < k.

b) If k, ¥y are as in Fact 2.5, by Corollary 2.16 one has: If z € Z is v.r.l., then z is ¥j-v.r.L.

c¢) If char(k) = 0, by Hironaka’s Desingularization Theorem, every function field F|k is
valuation-regular-like. Hence the function fields K = k(X), L = k(Y") from Theorem 1.2
from the Introduction are ¥i-regular like.

Finally, the main result of this section is the following.

Theorem 4.1. With k, 3. satisfying (P) as in Notations /| Remarks 2.4 and Definition / Not-
ation 2.17, suppose that char(k) = 0 and f : X — Y is a dominant morphism of proper
integral Xp-valuation-reqular-like k-varieties. Then on has the following:

[ is Xy-generalized-pseudo-split iff D(L|k) is Xy-generalized-pseudo-split in D(K|k).
Proof. We begin by mentioning the following facts, all of which follow by mere definition.

Fact 4.2. Let f: X — Y be a dominant morphism of proper integral k-varieties with func-
tion fields K|L. Then there are “many” co-final systems f, : X, — Y,, a € I of dominant
morphisms of proper k-varieties dominating f : X — Y defining K|L. The following hold:

1) If K and L are ¥j-valuation-regular-like, one can choose X,,Y, to be so.

2) Let v € Valg(K), w := v|; have centers z, € X, on X,, respectively y, € Y on Y.

Then f,(za) = Ya, and L — K gives rise to canonical k-embeddings:
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my, = Uamy, C Uy Oy .= O = Oy = U, Oy, D Ugmy =y, Lw = Uyk(Yo) = Uak(z,) = Kv.
3) For each v € D(K|k) 31, C I cofinal such that O, = O,,, O, = O, for all a € I,,.

Back to the proof of Theorem 4.1, let f,, : X, — Y,, a € I be a cofinal system of morphisms
of proper Yi-valuation-regular-like k-varieties dominating f : X — Y and defining K|L.
Since the proof is quite involved, we split it in the two subsections below.

4.1. The implication “=".

With k, ¥, satisfying (P) as in Notations /Remarks 2.4 and Definition /Notation 2.17, let
f X — Y be a dominant morphism of proper integral Y,-valuation-regular-like k-varieties
and L = k(Y'), K = k(X) be X-valuation-regular-like.

Lemma 4.3. In the above notation, let char(k) be arbitrary, and suppose that f : X — Y
id Xy.-generalized-pseudo-split. Then D(L|k) is Yg-generalized-pseudo-split in D(K |k).

Proof. We show that every w € D(L|k) is ¥j-generalized-pseudo-split in D(K|k).

Case 1. w is the trivial valuation of L|k. Then the center y € Y of w is the generic point
y = ny of Y, and X, = X is the generic fiber of f : X — Y. Further, w, := w is the
trivial valuation of L, = L, hence |, = L, = L. Since y = ny is Xj-pseudo-split under f,
for every U and each k-embedding j,, : L — Ky there is © € X, = X and v, € D(K,|k)
such that k,|l, is j,-pseudo-split, i.e., k,|l, is separably generated and j, prolongs to a
k-embedding 1, : k., — k,. Since X is proper, by the valuative criterion for properness,
vy € D(K,|k) has a center z on X, and actually, z lies in the closure Z C X of x in X. Then
my, = Oz.N0O,, inside K, = k(x), hence one has a canonical k-embedding k(z) < k,.
Thus (2)|k is separably generated (because k,|k was so0), and ¢, := (1,)|x(-) prolongs j,, to
k(z). Since X is ¥j-valuation-regular-like, there is v € D(K|k) with center z on X such that
Kv|k(z) is 1,-pseudo-split, i.e., Kv|k(z) is separably generated, and there is 12, : Kv — Ky
prolonging ¢,. Conclude that Kuv|l, is separably generated (because Kv|r(z) and x(2)|l, are
s0), and 7, = (2.)[1, = (t)];,- Hence finally w is ¥j-pseudo-split in D(K|k).

Case 2. w is non-trivial, hence w € D(L|k) is a prime divisor of L|k. Letting y = ny be
the generic point of Y, one has L, = L, w, := w € D(L,), [, = Lw, and X, = X, is the
generic fiber of f: X — Y. Let y, : [, — K, be a k-embedding. Then w, € D(L,|k) being
¥-pseudo-split under f implies that there is x € X, = X and a prime divisor v, € D(K,|k)
with w, = (v;)|r, under L, — K, such that e(vy|w) = 1 and k,|l, is j,-pseudo-split, i.e.,
k|1, is separably generated, and j, prolongs to a k-embedding 1, : k, — K.

Let m € L satisfy w(m) = 1, hence in particular, v,(7) = 1 under the k-embedding
L =L, — K,. Since K|k is ¥i-valuation-regular-like, there is o € Valy(K) with center
x € X and Ko = k(z) = K,. In particular, 9|, is trivial on L under L — K, and the
valuation theoretical composition v := v, 0 ¥ € Val,(K) satisfies:

a) Kv = K,v, = k;, and w = v|p under L — K, thus O, = O, N L.

b) Since wL = v, K, — vK, it follows that v(7) is the minimal positive element of v K.

¢) In particular, m, = 7O, hence 7 € m,\m?.

Let y, € Y, be the center of w on Y,,. By Fact 4.2, there is a co-final segment I, C I such
that O, = O,,, thus m;, = m,, and Lw = k(y,) for o € I,,. Recalling that f, : X, — Y,
are proper morphisms, since w = v, has the center y, € Yy, it follows that v has a (unique)

center x, € X,, and f(x,) = yo. In particular, since w = v|r, by Fact 4.2 one has: First,
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since k, = Kv is finitely generated over k, there is a cofinal segment I, C I such that
Kv = k, = k(x,) for all @ € I,. Recalling that I, C I is a cofinal segment such that
Lw = k(y,) for a € I, it follows that I’ := I, N I, is a cofinal segment in I such that:

Ow=0,, =0, NL, my,=m,, =m, NL, Lw=~r(Yys) = k(xs) =k, foralla e I'.
In particular, 7 € m,,, and 7 ¢ m2_for a € I’ (by the fact that = ¢ m?).

Since X, is Yg-valuation regular-like, there are v, € D(K|k) with center z, € X, such
that v,(a) = 1 for all a € mxa\mia and k, = k(z,) — Kuv, is j.-pseudo-split, i.e., Kuv,|k,
is separably generated, and 7, : k., — K, prolongs to a k-embedding 7, : Kv, — k. Hence
Vo(m) = 1 by the fact that 7 & m, \m2_, thus w, := (v,)| lies in D(L|k), and y, is the
center of w, in Y, (by the fact that y, = f(z.), and z,, is the center of v, in X,). Hence
Oy = Oy, = Oy, thus w = w,. Finally, v,(7) = 1 = w,(7) implies e(v,|w) = 1, and
Kv,|Lw is j,-pseudo-split, because k,|Lw is so, and Kv,|k, is 2,-pseudo-split. Conclude
that w € D(L|k) is Xy-pseudo-split in D(K k), as claimed. O

4.2. The implication “<=".

We show that if D(L) is Xg-pseudo-split in D(K), then f : X — Y satisfies hypothe-
sis (p.s.)s,. Recalling that X, C X is the (reduced) fiber of f at y € Y, and L, := k(y), we
show that every w, € D(L,|k) is Xi-pseudo-split under f. First, if y = ny is the generic
point of Y, then the generic point + = nx of X isin X, and L = L, = K, = K under f.
Finally, w := w, € D(L|k) is Xj-pseudo-split in D(K|k) = D(K,|k) by hypothesis.

Hence w.lo.g., y # ny, hence X, C X is a closed (proper) k-subvariety.

Case 1. w, is the trivial valuation of L, ie., L, = Lw, = [,. Let 3, : [, < Ky, be a k-
embedding. First, since L|k is Yi-regular-like, there exists w € D(L|k) having center y € Y
such that Lw|l, is jy,-pseudo-split, and let 3, : Lw — &, prolong j, to Lw. Since D(L|k)
is Xj-pseudo-split in D(K|k), there is v € D(K|k) such that e(v|w) = 1 and Kv|Lw is Jq,-
pseudo-split, i.e., j,, has a prolongation %, : Kv — k. Hence if z € X is the center of v on
X, then y = f(z) is the center of w on Y, hence x € X, and |, = L, = k(y) — k(x) C Kv
canonically. Therefore, the restriction 2, : k(z) — Ky, of 1, : Kv < £k, to k(x) C Kv prolongs
Jy Ly = Ky to k(x). Thus setting K, := k(z) and letting v, € D(K,|k) be trivial, one has
ky, = k(z) = K,v,, and [, < £, prolongs to an embedding k, — k.

Case 2. w, € D(L,|k) is non-trivial. The proof is a little bit involved, and takes place in two
main steps: Namely let y, : [, — r, be given. In Step 1 we find the “right” point x € X,
and a discrete k-valuation v’ of K, = k(x) with w, = /|, e(v'|wy) = 1, (Kv')|l, separably
generated. In Step 2 we use v’ to finally find v, € D(K,|k) with the desired properties.
Step 1. Since L|k is Xj-valuation-regular-like, there is @ € Valy (L) with center y € Y and
Lw = L,. Then the valuation theoretical composition w := w, o w has Lw = Lyw, = [,
Ow C Oy, my, D my, and O,,, = O, /my, hence w,L, = wL /WL canonically. Let m, € L,
have wy(m,) = 1, and 7 € O,, be a fixed preimage of 7, under O,, = O,,,. Then w(w) € wiL is
the unique minimal positive element, and m,, = 7O,,, mz C m,, C O,, is the unique maximal
ideal not containing 7, and Oz = O,[1/7]. By Fact 4.2 one gets: Let y,, 7o € Y, be the
centers of w and w on Y,, and m, C O, , my C Oy, be the corresponding local rings, and
P :=my N O, € Spec(O,,) be the center of @ on Spec(O,, ) C Y,, hence Oy, = (O, )y.-
One has canonical embeddings Oy, /9o — Oy /Mg = O, and O, = U0y, C UyOyo = O,
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my, = Ugmy, D Usmy, = my, Ly, = L = Usk(Fa), ly = Lw = Usk(Ya), O, = UaOy, /Pa.
Since Ly|k, |k are finitely generated, and O,, = O,/mg, O, /(1) = l,, there is I, C I
cofinal segment such that for all o € I, the following hold:

(%) k(o) = Ly, £(ya) =1y, Ouw, = Oy, [pa, T¢my

Hence replacing I by I, w.l.o.g., we can and will suppose that (x) above hold for all o € I.

Next let 7, : [, — Ky, be a fixed k-embedding. Since Y, is ¥;-valuation-regular-like, there is
wq € D(L|k) with center y, € Y, such that w,(a) =1 for all a € my \m? | and Lw,|l, is j,-
pseudo-split, i.e., Lw,|l, is a separably generated, and 7, has a k-prolongation 7, : Lw, < ky.
Since 7 € m,,\m;_, one has wy(7) = 1, hence m,,, = (7). Since D(L|k) is ¥-pseudo-split in
D(K|k), there is v, € D(K|k) with wa = (va)|r, e(va|ws) = 1, and Kv,|Lw, is j,-pseudo-
split, i.e., Kv,|Lw, is separably generated, and there is 2, : Kv, < K, prolonging j,. Hence
if z, € X, is the center of v,, one has: f,(z,) = Yy, together with canonical k-embeddings
l, = k(xa) = Kv,. Since Kv,|Lw,|l, are separably generated, so is the k-subextension
k(xa)|ly of Kva|ly, and (tq)|x(z,) prolongs 7,. Hence r(zq)|ly is j,-pseudo-split, and since
Vo(m) = 1 = wo(m), one has 7 € my \m2 . Finally, the canonical projections Yo — Y,
Yor > Yo satisty k(ya) =, = K(ya), and the projective system (X, ), defining Val,(K) has
(Xy. )a as a projective subsystem, with projective limit Val,, (K) := {v € Valy(K) | v|, = w}.

Let X4 x,;, C Xax be the set of all 7, € X, satisfying the conditions

(i) m ¢ m2_; (ii) k(zq)|ly, is separably generated; (iii) 7, has a prolongation tq : k(za) < k.

Lemma 4.4. (X, ), )a is a projective subsystem of (X, )a with non-empty projective limit
Val,, (K) consisting of all v € Val,,(K) such that m ¢ m2, Kv|l, is separably generated, and
1y by = Ky prolongs to a k-embedding 1, : Kv — K.

Proof of Lemma 4.4. First, (X, r ,,)a is a projective system, because conditions (i), (ii), (iii)
are compatible with specialization, i.e., if x, satisfies (i), (ii), (iii), and 2, — z,, then z,
obviously satisfies (i), (ii), (iii). Next let (z4)a € (Xa,n,j,)a be given, and v € Val,,(K) be its
limit. Then by Fact 4.2, it immediately follows that 7 € m,\m?, and further, Kv = U,k(x,)
is separably generated over [,, because each k(x,)|l, is so. Finally, since Kv = Uyk(x,), and
there is a prolongation 1, : k(24) < Ky of 3, to K(z,), by the saturation property of ry, it
follows that 3, : I, — K, prolongs to a k-embedding 2, : Kv — Ky,. 0

In the above notation, let v € Val, (K) be given, hence w = v|;. Since 7 € m, m?2, one
has: v(7) is the (unique) minimal positive element in vK. Hence m,, = 70, = 70, = m,,
and therefore: O = O,[1/7], is a valuation ring such that @ = o|;, and O,, := O,/m;
is a DVR of Ky := Ko with m,, = 70,, = m,/m;. In particular, e(vo|w,) = 1, and
l, = Lyw, — (Kovg) = Kuv is the residue field extension.

Let z € X be the center of ¥ on X, and K, := k(x) < K = Ky be canonical embeddings.
Then @ = ?|;, implies f(x) =y, and let L, = k(y) — k(z) = K, — K; be the resulting
residue field embeddings. Then v, := v|g, satisfies: v}|r, = vo|r, = w,, hence e(v]|v,)
divides e(vo|w,) = 1, thus e(v)|w,) = 1, and let [, — k! := K,v, — Kv be the residue field
embeddings. Then one has: Since Kv |l, is separably generated, so is k. |l,, and second, the
restriction of ¢, : Kv < K, to k, C Kv prolongs j, to a k-embedding 7, : k, = r,.>

2 Note that we do not claim here that v; is a prime divisor of K|k, but rather a discrete valuation.
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Step 2. One concludes the proof of Case 2) of assertion 2) by applying the Key Lemma
below with ' = L,, w = w,, F'w = [, F = K,, and taking into account that in our situation
char(k) = 0, hence all transcendence bases are separable.

Key Lemma 4.5. Let F,w < E,v" be an extension of separably generated discrete valued
function fields over k such that w € D(F|k), v'E = wF, and j: Fw — Kk, be a k-embedding
which prolongs to a k-embedding Ev' < ky. Then there are v € D(E|k) with w = v|p,
e(vlw) =1, and v : Fv — Ky, prolonging j.

Proof of Key Lemma 4.5. For transcendence bases t = (t1,. .. ,tq) of Ev|Fw, we consider their
preimages in O, (which we again denote by t), and set Fy := F(t). Then w; := v'|g, is the
Gauss valuation on Fy defined by w and ¢, hence wF = wyFy = V'E,| td(F3|F) = td(Fywe| Fw).
In particular, if d = td(E|F), then one has:
td(Evlk) = td(Ev|Fw) + td(Fw|k) = td(E|F) + td(F|k) — 1 = td(Elk) — 1
hence v € D(E|k), and there is noting left to prove.

Next suppose that e := td(E|F;) > 0. The proof in this case is more involved. Let namely
E"FE} be the corresponding Henselizations, and F; C E" be the relative algebraic closure of
Flin B and set w; := (’Ulh)|F1. Since Fv'|Fywy is algebraic separable and v'E = wyFy = wF,
one has Fiw; = Ev' and Fy|F}" is unramified. Further, By :== EF; ¢ E" and v, := (v'")|g,
satisfy: Fi|Fj is separably generated (because E|F is s0), v By = wy Fy, Eyv; = Ev' = Flwy,
hence Fi,w; < Ej,v; is an immediate extension of valued fields, and F;|F] is a separably
generated function field.

Let Ey = Fi(6y,0) with 8 = (6,,...,0.) a separable transcendence basis of E1|F;. Re-
placing 0; by uf; with u € F, w(u) >> 0, w.l.o.g., one has v1(#;) > 0 for all i, and there

is an irreducible polynomial p(T") € O,,[T], T = (Tp,...,T.) such that p(@o, ) = 0, and
p = Op/JTy satisfies p'(6y,0) # 0. Since F; is dense in Ej, there are &’ = (xy,...,7))
in F{™ such that vy(6; — %) > 0, hence wi(z}) > 0 for all 4, and w;(p(z’)) > 0 and
wy (p’(a:’)) = vl( '(0o, 0)) By Hensel’s Lemma over F}, there are = (2o, ..., %) in Ff™!

such that p(x) = 0, wy(x} — z;) > 0 for all i, hence w, (p (:v)) = vl( '(6o, 0))

Let Fy C F} be a finite extension of Fy such that p(T') and x are defined over Fy, and set
wo = (w1) |k, Eo = EFy = Fy(0o,0). After the change of variables T; <> T; — z;, w.l.o.g., one
hasx = (0,...,0), hence if p(T") = p1(T)+p2(T)+. .. with p;(T) the degree j homogeneous
part of p(T), then p1(T) = agTy + - - - + a.T. with a; € O, and ag # 0. After the change
of variable Ty <> Ty/ag we can suppose that ap = 1, concluding that & = (0,...,0) is a
smooth point of Z := V(p(T)) C Af;;l, and (7, 0) is a regular system of parameters at x
where 7 € O, is any uniformizing parameter. Hence the completion of the local ring O,
of x € Z is of the form O,,[[6]], concluding that 6, = f(6) is a power series in 6 over
O.,. Hence setting n = 6/x, one has Ey = Fy(fp,m), and 6y = f(mn) is a power series
in m which lies in the m-adic completion of Oy,[n], hence in the completion Fy(n)y,, of
Fy(0) w.r.t. the Gauss valuation wy,, defined by wy and i on Fy(n), and so Ey C Fy(1)w,.,-
Hence if vy is the prolongation of wg, to Ey C Fy(0)w,,, then Egvy = (Fowg)(n), thus
td(Eovo|Fowg) = e. Therefore, td( Egvo| Fw) = e+td(Fow| Fw) = e+d = td(E|F), implying
that vy is a prime divisor of Eylk. Hence finally v := (vg)|g is a prime divisor of F with
vl = w, e(vlw) = e(vglwg) = 1, and Ev C Eyvg = (Fowp)(n). Since Fy|F; is finite, it
follows that Fywg|Fywy is finite, hence Fywy C Fv'is a finitely generated Fw-subextension of
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EvV'|Fw. Thus by hypothesis, there is a prolongation jo : Fowg — Ky of 7. Finally, since ry |k
has infinite transcendence degree, 7o prolongs to a k-embedding 1y : Fowg(n) — ky, which
restricts to an embedding ¢ : Fv — Ky, prolonging j: Fw — k. ([l

5. FINAL REMARKS

First, it is believed that the hypothesis (QAKE)y, always holds, in particular, assertion 1)
of Theorem 3.1 should hold unconditionally. Second, the question whether the conclusion
of assertion 2) of Theorem 3.1 holds in positive characteristic, is related to subtle questions
concerning the relationship between ramification index and purely inseparable non-liftable
extensions of the residue field of prime divisors.
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