PRO-/ ABELIAN-BY-CENTRAL GALOIS THEORY
OF PRIME DIVISORS

FLORIAN POP

ABSTRACT. In the present paper I show that one can recover much of the inertia structure
of (quasi) divisors of a function field K|k over an algebraically closed base field k from the
maximal pro-¢ abelian-by-central Galois theory of K. The results play a central role in the
birational anabelian geometry and related questions.

1. INTRODUCTION

The present paper is one of the major technical steps toward tackling a program ini-
tiated by BocomoLrov [Bo] at the beginning of the 1990’s, whose final aim is to recover
function fields from their pro-¢ abelian-by-central Galois theory. This program goes beyond
Grothendieck’s birational anabelian Program as initiated in [G1], [G2]. Let us introduce
notations as follows:

e [/ is a fixed rational prime number.
e Function fields K|k with k algebraically closed of characteristic # /.

e Maximal pro-¢ abelian-by-central extensions K”|K of maximal pro-¢ abelian extensions
K'|K of K.

e The canonical projection pr : Gal(K"|K) — Gal(K’|K) between the corresponding
Galois groups.

Remark that pr : Gal(K"|K) — Gal(K'|K) can be recovered group theoretically from
Gal(K"|K), as its kernel is exactly the commutator subgroup [Gal(K”|K), Gal(K"|K)]. Ac-
tually, if GV = G, and for i > 1 we let GOV := [GD, GM](GD)*™ be the closed subgroup
of G generated by all the commutators [z, y] with z € G®, y € G and the £>*-powers of
all the z € G®, then the G®, i > 1, are the descending central £ terms of the absolute Ga-
lois group Gy, and Gal(K'|K) = G /G®?) | and Gal(K"|K) = GV /G®). Further, denoting
by G the intersection of all the G, it follows that Gk () := Gk /G is the maximal
pro-¢ quotient of G; see e.g. [NSW], page 220.

The Program initiated by BocomoLov mentioned above has as ultimate goal to recover
function fields K|k as above from Gal(K”|K) in a functorial way. (Recall/remark that
Bocomorov denotes Gal(K”|K) by PGalj.) If completed, this Program would go far beyond
Grothendieck’s birational anabelian geometry; see [P2] for a historical note on birational
anabelian geometry, and [P5], Introduction, for a historical note on Bogomolov’s Program
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and an outline of a strategy to tackle this Program; and for an early history beginning
even before [G1], [G2], see [NSW], Chapter XII, and also the original sources [Ne], [Uch]
and [Kh]. The strategy presented in [P5] to tackle Bogomolov’s Program was developed by
the author during the last decade, and roughly Speaki\ng, it goes as follows: First, using

Kummer theory, one recovers the ¢-adic completion K* = Homcont(Gal(K 'K ),Zg) of the

multiplicative group K* of K. Second, let 3 : K* — K* be the (-adic completion functor.
Since the base field k is algebraically closed, k* is (-divisible, and further, K*/k* is a
free abelian group, as it is the group of principal divi/s\ors on any “sufficiently rich” model
X — k of K|k. Therefore, K*/k* = j(K*) inside K*. Thus interpreting K*/k* as the
projectivization P(K,+) of the infinite dimensional k-vector space (K,+), and using the
Fundamental Theorem of projective geometries, see e.g. ARTIN [Ar], the problem of recovering
the field K from Gal(K”|K) in a functorial way is reduced (roughly speaking) to recovering
P(K,+) = K*/k* = )(K*) inside K~ together with its “collineations”, i.e., the projective
lines inside P (K, +). The strategy described in [P5] for achieving these goals has two main
parts, a local theory, and a global theory. The global theory was developed in loc.cit. [P5],
and it has as input the geometric decomposition graphs of K|k together with their rational
projections, and as output reconstructs the function field K|k in a functorial way. The local
theory —which is “under construction”, has as input the Galois information Gal(K”|K), and
aims at recovering the geometric decomposition graphs of K|k together with their rational
projections. See loc.cit. [P5] for definitions and details.

The results of the present manuscript represent a first step of the local theory. Supple-
mented by ideas and methods developed in [P3], one can complete the local theory, if not in
general, at least in the case k is an algebraic closure of a finite field or a global field; thus
finally complete Bogomolov’s Program in the case k is an algebraic closure of a finite field
or a global field (and a manuscript concerning this is in preparation).

Finally, in order to put the results of this paper in the right perspective, let us recall that
the manuscript [P3] presents a strategy to recover K|k in a functorial way from the full pro-¢
Galois group Gk (¢) of K|k, in the case k is an algebraic closure of a finite field. Working
with the full pro-¢ Galois group Gk (¢) and under the hypothesis that k is an algebraic
closure of a finite field, leads to major simplifications of the local theory. In the case k is
not algebraic over a finite field, the situation becomes much more complicate, because the
non-trivial valuations of the base field k play into the game, as shown in [P4]: The “usual
methods” do not recover the prime divisors of K|k from G (¢) —which are needed in the
local theory, but the quasi prime divisors, which represent a natural generalization of the
former ones. The technical issue of recovering/distinguishing the prime divisors among the
quasi prime divisors is not resolved yet for an arbitrary algebraically closed base field k.

The present paper shares similarities with [P4], where similar results were obtained, but
working with G (¢) and the canonical projection pr(¢) : Gx(¢) — Gal(K’|K). The point I
want to stress is that Gk (¢) is a much richer object than Gal(K"”|K), and one can recover
the latter group from the former one as mentioned above. Thus the results of the present
paper are stronger than, and cannot be deduced from, the ones in [P4]. Whereas a key
technical tool used in [P4] was a method to recover valuations from Gk (¢), as developed
by WARE [W], KoeniasmaNN [Ko|, EFRAT [Ef], and others, here we rely on the theory of
“commuting pairs” as developed in Bocomorov—TscHINKEL [B-T]. It looks like that part

2



of the results proved here could be obtained under a much weaker hypothesis, namely using
just the first two terms of the ¢ central series for G in stead of the ¢*° central series, as
suggested by results from MAHE-MINAC—SmITH [MMS] in the case ¢ = 2.

In order to present the results proved in the paper, let me first mention briefly facts
introduced later in detail:

Let v be a valuation of K, and v’ some prolongation of v to K’. Let T,, C Z, be the
inertia, respectively decomposition, groups of v' in Gal(K’|K). By Hilbert decomposition
theory for valuations, the groups T,y C Z, of the several prolongations v" of v to K’ are
conjugated; thus since Gal(K’|K) is abelian, the groups T,y C Z,, depend on v only, and not
on its prolongations v’ to K’. We will denote these groups by T, C Z,, and call them the
inertia, respectively decomposition, groups at v. We also remark that the residue field K'v’
of v/ is actually a maximal pro-¢ abelian extension K'v' = (Kv)’ of the residue field Kv of

v, see Fact 2.1} 3).

Recall that a (Zariski) prime divisor of a function field K|k is any valuation v of K which
“originates from geometry”, i.e., the valuation ring of v equals the local ring Ox ,, of the
generic point x, of some Weil prime divisor of some normal model X — k of K|k. Thus
vK = Z and Kvlk is a function field satisfying td(Kv|k) = td(K|k)—1, where td(:|-) denotes
the transcendence degree. Again, by Hilbert decomposition theory for valuations, see e.g.

[BOU]J, it follows that the following hold:
T, = Z; and Z,=T, x Gal(KV'|Kv) = Z; x Gal(K"V'|Kv).
For a prime divisor v, we will call Z, endowed with 7T}, a divisorial subgroup of Gal(K'|K).

Ideally, one would like to recover the divisorial subgroups of Gal(K'|K') from Gal(K"|K),
as these play an essential role in recovering the function field K|k from Gal(K’|K). This
is indeed possible if k£ is the algebraic closure of a finite field, see below. Unfortunately,
there are serious difficulties when one tries to do the same in the case k is not an algebraic
closure of a finite field, as the non-trivial valuations of k play themselves into the game.
Therefore one is led to considering the following generalization of prime divisors, see e.g.
[P4], Appendix: A valuation v of K is called quasi divisorial, or a quasi-divisor of K, if the
valuation ring O, of v is maximal among the valuation rings of valuations of K satisfying:

i) vK/vk = Z as abstract groups.
ii) Kv|kv is a function field with td(Kv|kv) = td(K|k) — 1.
Remark that a quasi-divisor v of K is a prime divisor if and only if v is trivial on k. In

particular, in the case where k is an algebraic closure of a finite field, the quasi-divisors and
the prime divisors of K|k coincide (as all valuations of K are trivial on k).

Finally, for a Galois extension K|K and its Galois group Gal(K|K), we will say that a
subgroup Z of Gal(K|K) endowed with a subgroup 7' of Z is a quasi-divisorial subgroup of
Cal(K|K), if T C Z are the inertia, respectively the decomposition, groups above of some
quasi-divisor v of K.

It was the main result in [P4] to show that the quasi-divisorial subgroups of G (¢) can be
recovered from Gk (¢). Hence via pr(¢) : Gk (¢) — Gal(K'|K), one finally recovers the quasi-
divisorial subgroups T, C Z, of Gal(K’|K). We further mention that in order to distinguish
the divisorial groups from the quasi divisorial ones —for general algebraically closed base
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fields k, one used in loc.cit. the following construction: For t € K a non-constant function,
we denoted by K; the relative algebraic closure of k(t) in K. Thus K|k is a function field in
one variable, and one has canonical surjective projections p; : Gx(¢) — G, (), respectively
p!  Gal(K"|K) — Gal(K[|K;) and p, : Gal(K'|K) — Gal(K[|K;). Finally, it was shown
in loc.cit. that a quasi divisorial subgroup Z of Gk (¥) is divisorial if and only if there exist
t € K such that the image of Z in G, (¢) is an open subgroup.

In the above notations, the main results of this paper can be summarized as follows:

Theorem 1.1. Let K|k be a function field over the algebraically closed field k, char(k) # ¢.
Let pr: Gal(K"|K) — Gal(K'|K) be the canonical projection, and for subgroups T, Z, A of
Gal(K'|K), let T", Z", A" denote their preimages in Gal(K"|K). Then the following hold:

(1) The transcendence degree d = td(K|k) is the mazimal integer d such that there exist
closed subgroups A 2 Z¢ of Gal(K'|K) with A" Abelian.
(2) Suppose that d = td(K|k) > 1. Let T C Z be closed subgroups of Gal(K'|K). Then

Z endowed with T is a quasi divisorial subgroup of Gal(K'|K) if and only Z is mazimal in
the set of closed subgroups of Gal(K'|K) which satisfy:

i) Z contains a closed subgroup A = 73 such that A" is Abelian.
i) T2 Zy, and T" is the center of Z".

(3) A quasi divisorial subgroup Z of Gal(K'|K) is a divisorial subgroup <= p(Z) is
open in Gal(K[|K}) for some non-constant t € K.

Actually the above Theorem is a special case of the more general assertions Proposition [4.2]
and Theorems , and [5.2) which deal with generalized (quasi) prime r-divisors; and the
above Theorem corresponds to the case r = 1.

2. BASIC FACTS FROM VALUATION THEORY

A)  Hilbert decomposition in abelian extensions

Let K be a field of characteristic # ¢ containing all the £*° roots of unity. In particular, the
(-adic Tate module Ty x = limu,, n = (¢, is (non-canonically) isomorphic to Z,; as a G

n
module; and let us fix such an isomorphism vx : Ty x — Z,. By Kummer Theory, for every
n = (¢ one has a canonical non-degenerate pairing

K*/n x Gal(K'|K)/n — pu,,

which by Pontrjagin duality gives rise to canonical isomorphisms Gal(K’|K)/n = Hom (K™, u,,)
and K*/n = Homeow (Gk, thn)- By taking limits over all n = £¢, we get finally isomorphisms:

Gal(K'|K) = Hom (K™, Ty i) — Hom(K*, Z).

In the above context, let v be a valuation of K, and v' some prolongation of v to K’.
Suppose that the residual characteristic p = char(Kv) # ¢. We denote by T;,, C Z,, the inertia,
respectively decomposition, groups of v'|v in Gal(K'|K). We remark that the ramification
group V, of v'|v is trivial, as p = char(Kv) # ¢ does not divide the order of Gal(K’'|K), thus
that of Z,; and further, T, C Z, depend only on v, as K'|K is Abelian. Finally, we denote

by KT and KZ the corresponding fixed fields in K.
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Fact 2.1. In the above context one has the following:

1) Let U! = 1+ m, < K* be the group of principal v-units in K. Then KZ|K is the
Abelian extension of K obtained by adjoining the £ roots of all the elements z € U}, i.e.,
K? = K[3/U} ]. In particular:

a) Z, is pure in Gal(K'|K), i.e., Gal(K'|K)/Z, = Gal(K?|K) is torsion free.
b) K = K' <= K*/n=U}/n for all n = (¢ > 0.

2) Let U, be the group of v-units in K. Then K7 |K is the Abelian extension of K obtained

by adjoining the £ roots of all the elements z € U, i.e., K* = K[ ‘/U, |. In particular:
a) T, is pure in Gal(K'|K), i.e., Gal(K'|K)/T, = Gal(K"|K) is torsion free.
b) KT =K' < K*/n=U,/nforalln=1(°>0 < K™ =K.
¢c) K7 =K' < K%' =KV < U,/n="U}/nfor all n= (¢ > 0.

3) In particular, v'K’ is the (-divisible hull of vK = v'KT in Q @ vK, and K'v' = (Kv)'.
Hence setting 0, = dim(vK/¢), we have:

a) T, = Hom(vK, T¢) = Z}* (non-canonically), and G, := Z,/T, = Gal((Kv)'|Kv).
b) Isomorphisms (latter non-canonical) of pro-¢ groups:

Z, 2T, x G, 2 Z}" x Gal((Kv)'|Kv) .

Proof. To 1): Let K" be some Henselization of K containing KZ. Then by general de-
composition theory, K% = K" N K'. We first prove that ‘\/U! C K%. Equivalently, if
a =1+, v €m,, is some principal v-unit, we have to show that /a € KZ for all n = ¢¢.
Recall that by hypothesis we have: p = char(Kv) # ¢, and that K contains the > roots
of unity. Since a = 1 (modm,), it follows that X" —a = X" — 1 (modm,), hence X" —a
has n distinct roots (modm,). Thus by Hensel’s Lemma, X™ — a has n distinct roots in K",
i.e., {/a is contained in K”. Since {/a is contained in K’ too, we finally deduce that {/a is
contained in KZ = K" N K’. For the converse, consider some a € K* such that /a € KZ
for some n = ¢¢. We show that {/a is contained in K| ’“’Oi/U_T} ]. Indeed, since K and K%
have equal value groups, and {/a € K%, it follows that 3 b € K such that v /a = vb,
hence va = n - vb. Therefore, ¢ := a/b" € U,, and {/c = 1/b{/a is contained in KZ. Since
K and K?Z have equal residue fields, it follows that 3 d € U, such that {/c = d modm,,

hence ¢ = d" modm,. Thus finally a; := c¢/d" satisfies: a; € U} is a principal unit, and
second, {/a; = 1/d</c = 1/(bd)</a. Thus finally /a = bd{/ay is contained in K[*3/U} ],
as claimed.

For the proof of assertion a), remark that by the discussion above we have K% = K|[*\/U} ].
On the other hand, K[*\/U}| = U, K,,, where K,, = K[{/U}] and n = ¢¢ all the powers of .
Thus setting Gal(K,| K) =: G,, we have: First, Gal(K”|K) = limG,,; and second, by Kum-

n
mer theory, one has a canonical isomorphism of profinite groups G, = Hom(U} /U, ., fin),
where Uj’n is the group of all principal v-units which are n'* powers in K*. Let (z;);c; be a
family of elements in U} defining an Fy-basis of U /.

Claim. U, /U, , is a free Z/n-module on the family (z;);.

In order to prove the Claim, we first remark that le,n consists of the n'"-powers of elements
of U!. Indeed, if u = a" with u € U} and a € K*, then a € U, is a v-unit, and moreover,

a" =u =1 (modm,). Thus a = ¢ (modm,) for some ¢ € p,. But then u; := a/ lies in U}
5



and u} = a" = u, i.e., u is an n'M-power inside U}. Finally, with (z;);c; as defined above, the
assertion of the Claim is equivalent to the following: Let [], ;" be an n*-power for some
exponents m;. Then all the m; are divisible by n. Now in order to prove this last assertion
(equivalent to the Claim), w.l.o.g. we can suppose that not all the exponents m; are 0. We
set m; = mr; with m and r; natural numbers, and m = ¢ the largest power of ¢ which
divides all the m;; in particular, at least one of the r; is not divisible by £. But then we have:
First, z := [], 2} is not an ¢ power in U}, by the hypothesis that (x;); defines an F,-basis
of Ul/¢. Thus by the remarks above, this means that z is not an ¢! power in K*. Second,
™ =[], 2" is an n™ power in K>, by hypothesis. Now since K contains the (> roots of
unity, it follows by Kummer theory that m must be divisible by n. Equivalently, all the m;
are divisible by n, as claimed.

Coming back to the proof of assertion a), using the Claim we see that G,, = u! canonically
by Kummer theory. Thus taking limits over all n, we get Gal(KZ|K) = T} canonically. Since
Ty & Zy, we get Gal(KZ|K) = Z!I, thus torsion free.

Finally, the assertion b) is just the translation via Kummer theory of the fact that we

have equalities K’ = K[ZN\/KX] = [Y/UL] = KZ.

The proof of 2) is similar, and therefore we will omit the details. And finally, 3) is just a
translation in Galois terms of the assertions 1) and 2). U

In the above notations, recall that for given valuation v, one can recover O, from m,,
respectively U, respectively U,. Indeed, if m, is given, then K\O, = {z € K* |z7! € m, },
hence one gets O,; if U} is given, then m, = U}! — 1, and recover O, as above; and if U, is
given, then U! ={x € U, | x € U, — 1}, etc. Finally, recall that for given valuations v, w of
K, with valuation rings O,, respectively O,,, we say that w < v, or that w is a coarsening
of v, if O, C O,. From the discussion above we deduce that for given valuations v, w, of K,
the following assertions are equivalent:

i) w is a coarsening of v.
i) my, Cm,.
i) UL C UL
iv) U, C U,.

These facts have the following Galois theoretic translation:

Fact 2.2. In the previous context and notations, the following hold:
1) Z,C 72, < KZCK? < U}/nCU}/nforall n=(°.
2)T,CT, +— KI'CK! < U,/nCU,/n forall n = (°.

3) In particular, if w < v, then Z, C Z,, and T, C TU.EI

B) Pro-t Abelian form of two results of F. K. Schmidt

In this subsection we give the abelian pro-¢ form of two results of F. K. ScumipT and
generalizations of these like the ones in Pop [P1], The local theory. See also ENDLER-
ENGLER [E-E].

IThis is actually true for all Galois extensions K |K, and not just for K'|K. But then one has to start

with valuations ¥ and coarsenings @ of those on K, etc.
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Let v be a fixed valuation of K, and v'|v a fixed prolongation of v to K’. Let further A|K
be a fixed sub-extension of K'|K containing K7. Let V} ,, be the set of all coarsenings w’
of v' such that Aw' = (Kw)', where w is the restriction of w’ to K. We have the following:

Fact /Definition 2.3. In the above notations, let Vi, be the restriction of V) , to K.

1) VA depends on v and A only, and not on the specific prolongation v" of v to K'.

In fact Vi, consists of all the coarsenings w of v such that Aw' = (Kw)' for some prolon-
gation w’ of w to K’ (and equivalently, for every prolongation w’ of w to K').

2) More precisely, w € Vy, <= K CA < Gal(K'|A) CT,.

In particular, v € V,, <= KI CA < Gal(K'|A) CT,.

3) We set V), = Va, U{v}. By general valuation theory, W}, has an infimum whose
valuation ring is the union of all the valuation rings O, with w € V{ ,. We denote this
valuation by

VA ‘= inf VRW
and call it the abelian pro-¢ A-core of v.

Proof. To 1): If ¢ is another prolongation of v to K’, then there exists some o € Gal(K'|K)
such that o = v’ 0 o~! := o(¢'), and so o defines a bijection V,y A — V;o(a) by w — wo o™t
Note that since A|K is abelian, thus in particular Galois, one has A = o(A). Thus for
w' € Vyp, and W = o(w') := w’ o o one has: o gives rise to an Kw-isomorphism of the
residue fields (Kw) = Aw' — o(A)o(w') = Aw.

The proof of the remaining assertions is clear.

To 2): Let w’ be a coarsening of v. Then Ul C U}, thus by Fact it follows that
KZ C KZ. (This is actually true for any Galois extension K|K and any & coarsening of o,
correspondingly.) Further, by general decomposition theory, KI|KZ is the unique minimal
one among all the sub-extensions of K’|KZ having residue field equal to (Kw)'. (Again,
this is true for any Galois extension K|K, etc.) Now since by hypothesis K7 C KZ C A,
we have: K C A, provided Aw' = (Kw)'. Therefore, w € V), <= K, C A, by the
discussion above. 0

Proposition 2.4. In the above context and notations, suppose that A # K' is a proper
sub-extension of K'|K containing KZ, thus in particular, K% # K'. Then the abelian pro-{
A-core vy of v is non-trivial and lies in VQ(},A. Consequently:

(1) If vy is a valuation of K satisfying vy < vy, then Av| # (Kvy)'. Further, if Av' = (Kv)',
then Avly = (Kv)’, and vy is the minimal coarsening of v with this property.

(2) (Kvpy) = Kvyy <= (Kv) = Kv <= U,/n=U/n for all n = (¢, where v,
the abelian pro-f core of v for A = K%.

(3) If v has rank one, or if Kv # (Kv)', then v equals its abelian pro-{ K?-core v, .

18

Proof. If V, 4 is empty, i.e., Av' # (Kv)’, then VS’A = {v}, hence vy = v, and there is nothing
to show. Now suppose that V), is non-empty. Then Av' = (Kwv)', hence v € V, 5, and we
will show that actually vy € V,x. Equivalently, by Fact/Definition 2), above, we have
to show that KZ:\ C A. Thus by the description of K7 given in Fact 2), we have to show
that for every given vy-unit x, and every n = (¢, one has: ¥z € A. On the other hand,

vy = infw, w € V,o. Hence 3 w € V, 5 such that z is a w-unit. But then since w € V, 4,
7



by Fact/Definition [2.3] 2), it follows that KZ C A. As ¢/z € K, we finally get {/z € A, as
claimed.

The assertions (1), (2), (3) are immediate consequences of the main assertion of the Propo-
sition proved above, and we omit their proof. 0]

Proposition 2.5. In the above context, the following hold:
(1) Let vy, vy be valuations of K such that K7, K7 are contained in some A # K'. Then

v’
the abelian pro-f A-cores of vi and vy are comparable.
(2) Let vy, vy be valuations of K which equal their abelian pro-f KZ-cores, respectively. If
K7 = K7, then vy and v, are comparable. (Obviously, if K7 C K7 strictly, then w < v.)

v’

(3) Let v be a valuation of K, and Ay C Ay subfields of K" with KZ C Ay, and Gal(Az|A,)

generated by torsion elements. Then the abelian pro-f A;-cores of v are equal vy, = vy, .

Proof. To (1): We first make the following observation: Suppose that v; and v are inde-
pendent valuations of K. Then K* = U, - U,,. (Indeed, this follows immediately from
the Approximation Theorem for independent valuations). In particular, if v; and vy are
independent, then K’ equals the compositum KUZ1 KvZ,Z inside K’. Now since by hypothesis
we have KUZ1 ,KUZ2 C A # K, it follows that v; and vy are not independent. Let v be the
maximal common coarsening of v; and v,. (By general valuation theory, the valuation ideal

m,, is the maximal common ideal of O,, and O,,.) Denote w; = v;/v on the residue field
L := Kv. Then we have:

- If both wy and ws, are non-trivial, then they are independent.

- LZ = (KZ)v' € A € K" = (Kv) for i =1,2.

Therefore, by the discussion above, we either have Av’ = (Kv)’, or otherwise at least one
of the w; is the trivial valuation.

First, consider the case where one of the w; is trivial. Equivalently, v; = min(vy, v5), hence
v; and vy are comparable. Thus any two coarsenings of v; and v, are comparable, hence
their abelian pro-¢ A-cores too.

Second, consider the case where Av" = (Kv)". Then by the definition of V,_,, it follows
that v € V,, ,, as v is by definition a coarsening of v;, 7 = 1,2. Hence finally the abelian
pro-f A-cores of vy and vy are both some coarsenings of v, thus comparable.

To (2): We apply assertion 1) above with K7 =: A := KZ.
To (3): By hypothesis, for every coarsening w of v we have: Gal(Asw'|Ajw’) is generated

by torsion elements. Hence by Kummer Theory, Ayw’ = (Kw)' <= Ajw’ = (Kw)'. Thus
Va, v = Va,. Hence finally the abelian pro-¢ A;-cores, i = 1,2, of v are equal. O

3. HILBERT DECOMPOSITION IN PRO-/ ABELIAN-BY-CENTRAL EXTENSIONS

In this section we work/keep the notations from Introduction and the previous sections
concerning field extensions K|k and the canonical projection pr : Gal(K"|K) — Gal(K'|K).

Fact/Definition 3.1. In the above notations we have the following:
1) For a family ¥ = (0;); of elements of Gal(K'|K), let Ay be the closed subgroup
generated by Y. Then the following are equivalent:

i) 3 preimages o, € Gal(K”|K) (all ¢) which commute with each other.
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ii) The preimage AY, in Gal(K”|K) of Ay is Abelian.
We say that a family of elements ¥ = (0;); of Gal(K’|K) is commuting liftable, for short
c.l., if 3 satisfies the above equivalent conditions i), ii).
2) For a family (4;); of subgroups of Gal(K'|K') the following are equivalent:
i) All families (0;); with o; € A; are c.l.
ii) If A} is the preimage of A; in Gal(K"|K), then [A}, AY] = (1) for all i # j.
We say that a family of subgroups (4;); of Gal(K’|K), is commuting liftable, for short c.l.,
if it satisfies the equivalent conditions i), ii) above.
3) We will say that a subgroup A of Gal(K'|K) is commuting liftable, for short c.l., if its
preimage A” in Gal(K"|K) is commutative.
4) We finally remark the following: For subgroups 7' C Z of Gal(K'|K), let T" C Z" be
their preimages in Gal(K"”|K'). Then the following are equivalent:
i) Both T" and (T, Z) are c.l.
ii) 7" is contained in the center of Z”.

5) In particular, given a closed subgroup Z of Gal(K'|K), there exists a unique maximal
(closed) subgroup T' of Z such that 7" and (7,Z7) are cl. Indeed, denoting by Z” the
preimage of Z in Gal(K”|K), and denoting by 7" its center, the group T is the image of 7"
in Gal(K’|K) under the canonical projection pr : Gal(K"|K) — Gal(K'|K).

We next recall the following fundamental fact announced by Bocomorov [Bo], see Boco-
MoLOV-TscHINKEL [B-T], Proposition 6.4.1 and Corollary 6.4.2, for a proof.

Key Fact 3.2. (BocomoLov-TscHINKEL). In the notations from above, let o, 7 € Gal(K'| K)
be c.l. elements of Gal(K'|K') such that the closed subgroup <o, 7> generated by o, 7 is not
pro-cyclic. Then there exists a valuation v of K with the following properties:

i) <o,7>C Z,.
ii) <o,7> NT, is non-trivial, and char(Kv) # ¢.

A) Inertia elements

Recall that in the notations from above, we say that an element o € Gal(K'|K) is an /-
wnertia element, for short inertia element, if there exists a valuation v of K such that o € T,
and char(Kwv) # £. Clearly, the set of all the inertia elements at v is exactly 7T,.

Fact 3.3. Let 0 # 1 be an inertia element of Gal(K’|K). Then there exists a valuation v,
of K, which we call the canonical valuation for o such that the following hold:

i) o € T,,, i.e., 0 is inertia element at v,,.

ii) If o is inertia element at some valuation v, then v, < v.

Proof. Construction of v,: Let A be the fixed field of o in K’. For every valuation v such that
o is inertia element at v, i.e., o € T, let v, be the abelian pro-¢ A-core of v. We claim that
v, := vy satisfies the conditions i), ii). Indeed: First, since o € T,, and KTv' = (Kv)', we
have K C A, hence Av’ = (Kv)'. Thus by Proposition[2.4] 1), it follows that Av) = (Kv,)'.
But then one must have K C A, and therefore, Gal(K'|A) C T,,; hence o € T,,, thus i)
holds. Second, in order to prove ii), let v; be another valuation of K such that o € T,,. Let

v1,A to be the abelian pro-¢ A-core of v;. In particular, by the discussion above, we have
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Avyy = (Kvia)'. We claim that actually vy = vy 4. Indeed, both vy and vy 4 equal their
abelian pro-¢ A-cores; hence they are comparable by Proposition [2.5[ 1). By contradiction,
suppose that vz # vy, say v1 a4 < va. Since vy equals its abelian pro-¢ A-core, and vy p < vy,
it follows by Proposition 2.4} 1), that Avy , # (Kwv1,)’, contradiction! Thus vy = vy 4. Since
v1,a < vy, we finally get vy < wv;. This completes the proof of ii). OJ

Proposition 3.4. In the context and the notations form above, the following hold:

(1) Let ¥ = (0y); be a c.l. family of inertia elements. Then the canonical valuations v,,
are pairwise comparable. Moreover, denoting by vy, = sup; v,, their supremum, and by A the

fized field of ¥ in K', one has:
a) 0; € Ty, for alli.
b) vs equals its abelian pro-¢ A-core.
(2) Let Z C Gal(K'|K) be some subgroup, and ¥z = (0;); be the family of all inertia ele-
ments o; in Z such that (0, Z) is c.l. for eachi. Then the valuation v := vs, as constructed
above with respect to X5 satisfies:

a) Z C Z,.
b) S, =ZNT,.

Proof. To (1): For each o; let T; be the closed subgroup of Gal(K'|K) generated by o;, and
A; the fixed field of o; in K’. Thus T; = Gal(K'|A;), and o; # 1 implies T; = Z,. W.lo.g.
we can suppose that o;,0; # 1. We have the following possibilities:

Case 1) T, NTj # {1}: Then since T; = Z, = T}, it follows that T := T, N1} is open in
both T; and T;, and T' = Z,. Let A = A;A; be the fixed field of 7" in K’. Note that A|A;
is finite, as T is open in T;. Hence by Proposition , 3), the abelian pro-¢ A-core vy ; of
Vo, equals v,,. And the same is true correspondingly for v,,. On the other hand, reasoning
as at the end of the proof of ii) from Fact above, it follows that vy; = va ;. Hence finally
Vg; = Ugy, a8 claimed.

Case 2) T;NT; = {1}: Let T}; be the closed subgroup T;; generated by o;, 0; in Gal(K'|K),
and let A;; be the fixed field of T}; in K’. Since T; NT; = {1}, we have T}; = Z; X Zy, thus
T;; is not pro-cyclic. Hence by the Key Fact above, there exists a valuation v such that
T,; € Z,, T =T, NT; is non-trivial, and char(Kv) # ¢. Moreover, by replacing v by its
abelian pro-¢ A;;-core, we can suppose that actually v equals its A;j-core. Finally let us
remark that we have Tj;/T = Gal((Kv)'|A;v'), and by Kummer theory, Gal((Kv)'[Ajv')
is of the form Zj for some r. Now since 7" is non-trivial, and T}; = Z; x Z,, we finally get:
T;;/T is either trivial, or T;; /T = Z; else.

Now let v; be the abelian pro-¢ A;-core of v. The we have the following case discussion:

- Suppose v; > v,,: Reasoning as in the proof of ii) of Fact above, by Proposition 1),
we get: Since v; is the abelian pro-f Aj-core of v, and v,, < v;, we have Ajv;, # (Kv,,)',
contradiction! The same holds correspondingly for v,, and the corresponding v;.

Hence we must have v; < v,,, and v; < v,,.

- Suppose v; < v,,: Recall that v,, equal its abelian pro-¢ A;-core, and that Ao, = (Kv,,)
by the definition/construction of v,,. Since v; < v,,, it follows by Proposition , 1), that
Aw] # (Kv;)'. But then by Proposition 2.4 3), we get v; = v. Hence finally we have the
following situation: v = v; < v,,, and Ajv' # (Kv)'. Equivalently, A; € K and so, T;  T,,.
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On the other hand, Gal(K'|K)/T, is torsion free by Fact , and T; &£ Z,. Since T; € T,
we finally deduce that T; N'T, is trivial, hence T; N'T is trivial. Hence by the remarks above
we have: Tj; = T;T. On the other hand, v < v,, implies that T, C Tvai, hence T C Tvai.
Since T; C T, by the definition of v,,, we finally get: T;; is contained in T, . Therefore,
0;,0; are both inertia elements at v,,. But then reasoning as at the end of the proof of ii)
from Fact above, we deduce that the abelian pro-¢ Aj-core of v,,, say w;, equals v,,. Thus
finally we have Vg, = Wi < Vg, hence vy, and v,, are comparable, as claimed.

- By symmetry, we come to the same conclusion in the case v; < Ug;, €te.

- Thus we are left to analyze the case when v, = v; and vy; = vj. Now since both v;
and v; are coarsenings of v, it follows that they are comparable. Equivalently, v,, = v; and

Vg, = v; are comparable, as claimed.
T J ’

To (2): Let Let 0 € ¥z be a non-trivial element, and let v, be the canonical valuation
attached to o as defined above at Fact B.3l

Claim. Z C Z,,.

Case 1) Z is pro-cyclic: Then Z = Z,, and if T}, is the closed subgroup of Z generated by
o, then T, is open in Z. On the other hand, since Gal(K'|K)/T,, is torsion free by Fact [2.1]
it follows that Z C T, . Hence Z consists of inertia elements at v, only, and in particular,
Z CZ,,.

Case 2): Z is not pro-cyclic: Let 7 € Z be any element such that the closed subgroup
Zy, generated by o, 7 is not pro-cyclic. We claim that 7 € Z,, . Indeed, by the Key Fact
above, it follows that there exists a valuation v having the following properties: Z,, C Z,,
T = Z,, NT, is non-trivial, etc. Let p be a generator of 7. Then since (0, %) is c.l,
and p € Z, it follows that (o, p) is a c.l. pair of inertia elements of Gal(K'|K). Hence by
assertion (1) above, it follows that the canonical valuations v, and v, are comparable. We
remark that v, < v, as the former valuation is a core of the latter one. We have the following
case by case discussion:

- Suppose that v, <wv,: Then v, < v, < v, hence Z, C 7, C Z,,. Since 7 € Z,, C Z,,
we finally get 7 € Z,_, as claimed.

- Suppose that v, > v,: Then in the notations from above, A, v} # (Kwv,)’, hence T, is
mapped isomorphically into the residual Galois group Gal(K'v)[A;v},). In particular, since
p € T,,, it follows that T, NT), is trivial, hence o, p generate Z, . On the other hand, v, > v,
implies T, € T3, € Z,,. Since p € T,,, we finally get p € Z,,. Hence finally 7 € Z,,,.

Combining Case 1) and Case 2), we conclude the proof of the Claim.

Now recall that by (1), the valuations v, are comparable, and that v denotes their supre-
mum. By general decomposition theory for valuation we then get: Since Z C Z, for all o,
one has Z C Z, too. Finally, in order to show that X, = Z NT,, we remark the following:
First, ¥, C T, by the assertion (1) above. For the converse, recall first that for every valua-
tion v of K, the following hold: The decomposition groups Z,(¢) at v in the maximal pro-¢
quotient G (¢) of Gk have the following structure, see e.g. Pop [P4]: Z,(¢) = T,(¢)-G, where
G is a complement of T),(¢), thus isomorphic to G, (¢); and moreover, T;,(¢) is abelian, and G
and 7T, (¢) commute element-wise with each other. Thus each 0 € T}, C Z, C Gal(K'|K) has
a preimage in Z,(¢) which lies in the center of Z,(¢). But then its projection into Gal(K"|K)
will commute with the preimage of Z, in Gal(K”|K). Hence coming back to the proof of
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assertion (2) we finally have: If o € ZNT,, then (0, Z) is c.l. Hence o € ¥z by the definition
of Zz. O

B) Inertia elements and the c.l. property

As a consequence of the above Proposition, one has the following:

Proposition 3.5. In the context and the notations form above, the following hold:

(1) Let A be a c.l. subgroup of Gal(K'|K). Then A contains a subgroup ¥ consisting of
inertia elements such that A/ is pro-cyclic (maybe trivial).

In particular, there exists a valuation v := vy, such that A C Z,, and ANT, =3, and v
equals its abelian pro-f A-core, where A is the fixed field of 3 in K'.

(2) Let Z C Gal(K'|K) be a closed subgroup, and Xz a maximal subgroup of Z such that:
(*) Yz and (3z,7) are c.l.

Suppose that X7 # Z. Then ¥z is the unique mazimal subgroup of Z satisfying (%), and
it consists of all the inertia elements o in Z such that (0, 7) is c.l.

Moreover, there exists a unique valuation v such that Z C Z,, X7 = ZNT,, and v equals
its abelian pro-€ A-core, where A is the fized field of X, in K'.

Proof. To (1): We consider the following two cases:

Case a) All 0 € A are inertia elements: Then ¥ = A, and the conclusion follows by
applying Proposition [3.4] (1).
Case b) 3 0y € A which not an inertia element:

Then for each o] € A such that the closed subgroup Z,, ,» generated by oy, o} is not pro-
cyclic, the following holds: Since (o7, 0¢) is by hypothesis c.1., it follows that there exists a
valuation v; of K such that Zgzzm C Z,,and T; := Zag,go N T,, is not trivial, etc. Moreover,
since 0y is by assumption not an inertia element, it follows that denoting by o; a generator
of T', we have: og,0; generate topologically Zs! 005 and o; is an inertia element in A. In
particular, if v,, is the canonical valuation attached to the inertia element o;, then v,, < v;.
Hence we have 0y € Z,, C Z,, . We next apply Proposition [3.4] above, and get the valuation
v 1= Uy = Sup; Vg, . Slnce 0o G ZU for all 4, by general Valuatlon theory one has oy € Z,,..

To (2): We first claim that ¥ Consists of inertia elements. By contradiction, suppose that
this is not the case, and let 0y € ¥z be a non-inertia element. Reasoning as in Case b) above
and in the notations from there we have: For every o} € Z such that the closed subgroup
ZC,;’UO generated by o, 0} is not pro-cyclic, there exists an inertia element o; € Zggm, such
that o] € Zvai, and the closed subgroup generated by o;, 09 equals Zgt oy T hen if v,, is the
canonical valuation for o;, we have: Zogm - Zvai, and Z(,;’(,O N Tvgi is generated by o;. In
particular, if Ag is the fixed field of o in K’, then for every o; one has: Agv, # (Kvo,),
hence v,, equals its abelian pro-¢ Ag-core. Now taking into account that all o; lie in A, and
that A is c.l., it follows by Proposition 1), that (v,,); is a family of pairwise comparable
valuations. Let v = sup,v,, be the supremum of all these valuations. Since v,, < v for
all o;, it follows that T, C T, for all o;, and oy ¢ T,. And moreover, the family of all
the o; together with oy generates Z. Hence setting T := Z N'T, we get: T together with o

generates topologically Z. But then (oo, T) is c.l., hence Z is c.l., contradiction!
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Hence X, consists of inertia elements only, and by hypothesis, ¥ is c.l. Let v := vy,
be the valuation constructed in Proposition [3.4] 1), for the c.l. family consisting of all the
elements from X .

Claim. Z C Z,.

Indeed, let 09 € Z be a fixed element # 1, and o} € ¥ 5. Then (0}, 09) is c.l. by hypothesis
of the Proposition. Reasoning as in Case b) above, we obtain o; and v,, as there. On the
other hand, o/ € ¥ is itself an inertia element, as ¥, consists of inertia elements only by
the discussion above. Since (o}, Z) is c.l. by hypothesis, it follows that (¢}, 0;) is c.l. Since
they are inertia elements, it follows by Proposition , 1), that v,, and Uy, are comparable.
And further note that ¢ € Z,, . We have the following case by case discussion:

- Vg = Ug! for all 7. Then setting vy := v,, for a fixed 4, we have vy > sup;, Vgt = Vs, =10
by the definition of v above. Hence Z,, C Z,. Since oy € Z,,, we finally o € Z,, as claimed.

/ / /
- Vg, < Vg for some o;. Then o ¢ T, , hence (i, 0]

1) and (0, 0;) generate the same
closed subgroup. Or equivalently, oy is contained in the subgroup generated by (o;,0}). On
the other hand, v,, < vyr < v implies Tvoi CT,, €T, hence o;, ol € T,. But then oy € T,
and in particular, oy € Z,, as claimed. Z

Finally we prove that ¥, = Z NT,: First, by the definition of v we have ¥; C T,,, hence
Yz C ZNT,. For the converse, apply Proposition (3.4} 2). O

4. QUASI 7-DIVISORIAL SUBGROUPS

In this section we will prove a more general form of the first main result announced in the
Introduction. We begin by quickly recalling some basic facts about defectless valuations, see
e.g. Popr [P4], Appendix, for more details. We further keep the notations from the previous
sections including the notation for the canonical projection pr: Gal(K"|K) — Gal(K'|K).

A) Generalized quasi divisorial valuations

Recall that K|k is a function field over the algebraically closed field k& with char(k) # £.
For every valuation v on K (and/or on any algebraic extension of K, like for instance K’ or
K") one has the following: Since k is algebraically closed, vk is a totally ordered Q-vector
space (which is trivial, if the restriction of v to k is trivial). We will denote by r, the rational
rank of the torsion free group vK /vk, and by abuse of language call it the rational rank of
v. Next remark that the residue field kv is algebraically closed too, and Kv |kv is some field
extension (not necessarily a function field!). We will denote td, = td(Kv|kv) and call it
the residual transcendence degree. By general valuation theory, see e.g. [BOU], Ch.6, §10, 3,
one has the following:

r, +td, <td(K|k).
We will say that v has no (transcendence) defect, or that v is defectless, if the above inequality
is an equality, i.e., ry + td, = td(K|k).
Remark/Definition 4.1. Using Fact 5.4 from Pop [P4], it follows that for a valuation v of K
and r < td(K|k) the following are equivalent:

i) v is minimal among the valuations w of K satisfying r,, = r and td,, = td(K|k) — r.

ii) v has no relative defect and satisfies: First, 7, = r, and second, r,, < r for any proper

coarsening v’ of v.
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A valuation of K with the equivalent properties i), ii), above is called quasi r-divisorial, or
a quasi r-divisor of K |k; or simply a generalized quasi divisor, if the rank r is not relevant for
the context.

We remark the following:

1) Exactly as in loc.cit. Appendix, Fact 5.5, 2), b), it follows that if v is quasi r-divisorial,
then Kv|kv is a function field with td(Kv|kv) = td(K|k) — r, and vK/vk = 7.

2) Every Zariski prime divisor of K |k is a quasi 1-divisor. And conversely, a quasi 1-divisor
v of K is a Zariski prime divisor if and only if v is trivial on k.

3) From the additivity of the rational rank 7, see loc.cit. Fact 5.4, 1), ones gets: If v is
quasi r-divisorial on K|k, and vy is quasi ro-divisorial on Kv|kv, then the compositum v o v
is a quasi (r + ro)-divisor of K.

Proposition 4.2. In the above context, suppose that d = td(K|k) > 0. Let v be a quasi
r-divisor of K|k, and v" a prolongation of v to K". Let T,n C Z,u be the inertia, respectively
decomposition, groups of v" in Gal(K"|K), and Gy = Zyu /Ty the Galois group of the
corresponding Galois residue field extension K"v"|Kv. Then the following hold:

(1) T,» = Zj, and the canonical exact sequence 1 — Ty — Zy — Gy — 1 is split, i.e.,
Ty has complements in Z. And finally, Z, = Ty X Gy as profinite groups.

(2) Under the canonical projection pr : Gal(K"|K) — Gal(K'|K), the above exact sequence
maps to 1 — T, — Z, — Gal(K'v'| Kv) — 1, and T,» maps isomorphically onto T, and
G, onto Gal(K'v' | Kv). In particular, T, and (T,, Z,) are c.l.

(3) Moreover, the following hold:

a) Z, contains c.l. subgroups = Z¢, and Z, is mazimal among the closed subgroups Z of
Gal(K'|K) which contain subgroups T = 7Zj, such that both T and (T, Z) are c.l.

b) T := T, is the unique mazximal subgroup of Z, such that T and (T, Z,) are both c.l.
Equivalently, if T\ C Z!] are the preimages of T,, C Z, in Gal(K"|K), then T} is the
center of Z!'.

Proof. Assertions (1) and (2) follow immediately from the behavior of the decomposition /inertia
groups in towers of algebraic extensions, and Fact 2.1, 2), 3), of [P4].

To 3a): First let us prove that Z, contains c.l. subgroups A = Z%: Since v is a quasi
r-divisor, we have td(Kv|kv) = td, = td(K|k) — r. Now if td, = 0, then we are done by
assertion (1) above. If td, > 0, then we consider any quasi td,-divisor vy on the residue field
Kv. Then denoting by vy := vy o v the refinement of v by vy, we have: First, v < vy, hence
T, CT,,. Second, d = td(K|k) = r + td, = r,,, hence v, is a quasi d-divisor of K. Thus T,
is contained in the group T,, = Z¢, and by assertion (2) above, it follows that T}, is c.l.

Second, let T" C Z be a closed subgroup as at 3a) such that Z, C Z. We claim that
Z = Z,. Let ¥ be a maximal c.l. subgroup of Z such that T C ¥, and (X, Z) is c.l. too.
Applying Proposition let w := vy, be the resulting valuation from loc.cit. Hence we have
Z C Zy,and X =2ZNT,.

Claim. w > wv.

Indeed, suppose by contradiction that w < v. Then by the fact that v is a quasi r-divisor,
it follows that r,, < r = r,. But then dim(wK/¢) = r, < r = dim(vK/{), hence T, = Z;".
Since T'= Zjy and T' C ¥ = Z,", we get a contradiction!
14



Hence we must have w > v. Therefore Z,, C Z,. Since Z C Z,,, we finally have Z C Z,,,
as claimed.

To 3b): By assertion (2) above, it follows that T, and (7, Z,) are c.l. We show that T,
is the unique maximal (closed) subgroup of Z, with this property. Indeed, let T' be a closed
subgroup of Z, as at 3a). Then denoting by > the closed subgroup of Z, generated by T,
and T, since T, and T, and (7, Z,) and (T, Z,) are c.l., it follows that ¥ and (3, Z,) are c.1.
too. Thus w.l.o.g. we can suppose that T, C T', and that T is maximal with the properties
from 3b). Now if r = d, then Z, = T, thus there is nothing to prove. Thus suppose that
r < d. Let vy be the unique valuation of K given by Proposition [3.5

Claim. vs, <w.

Indeed, suppose by contradiction that vs > wv. Since v is a quasi r-divisor of K, it
follows that Kv|kv is a function field with td(Kwv|kv) = td, = d —r > 0. Since the valuation
vo := vy /v on Kv is non-trivial, it follows that Z,, C K'v’ is a proper subgroup of Gal(K'| K).
Taking into account that Z, is the preimage of Z,, C K’v’ under the canonical projection
Z, — Gal(Kv'|Kwv), it follows that Z, is strictly contained in Z,, contradiction!

Thus by the Claim above, vy < v. But then T,,, C T}, hence ¥ = Z, N T,,, € T,. Thus
finally T' C T, as claimed. U

B) Characterizing quasi r-divisorial subgroups

We keep the notations from the previous subsection.

Definition 4.3. We say that a closed subgroup Z of Gal(K’|K) is an quasi r-divisorial
subgroup, if there exists a quasi r-divisor v of K|k such that Z = Z,,.

Below we give a characterization of the quasi r-divisorial subgroups of Gal(K’|K), thus
of the quasi r-divisors of K, in terms of the group theoretical information encoded in the
Galois group Gal(K"”|K) alone, provided r < td(K|k).

Theorem 4.4. Let K|k be a function field over the algebraically closed field k, char(k) # (.
Let pr: Gal(K"|K) — Gal(K'|K) be the canonical projection, and for subgroups T, Z, A of
Gal(K'|K), let T", Z", A" denote their preimages in Gal(K"|K). Then the following hold:

(1) The transcendence degree d = td(K|k) is the maximal integer d such that there exists
a closed subgroup A = Z¢ of Gal(K'|K) with A" abelian.

(2) Suppose that d := td(K|k) > r > 0. Let T C Z be closed subgroups of Gal(K'|K).
Then Z endowed with T is a quasi r-divisorial subgroup of Gal(K'|K) if and only Z is
mazximal in the set of closed subgroups of Gal(K'|K) which satisfy:

i) Z contains a closed subgroup A = Z¢ such that A" is Abelian.
i) T =Zj, and T" is the center of Z".

Proof. First recall, see e.g. Fact/Definition especially the points 3, 4, 5, that A” being
abelian is equivalent to A being c.l., and T" being the center of Z” is equivalent to T" being
the maximal subgroup of Z such that (7', Z) is c¢.l. We will use the c.l. language from now
on.

To (1): Let A be any c.l. closed non-procyclic subgroup of Gal(K’|K). Then by Proposi-

tion [3.5 (1), it follows that there exists a valuation v of K such that A C Z,, and setting

Ta := ANT,, it follows that A/Tx is pro-cyclic (maybe trivial). Hence we have the cases:
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Case 1) Ta = A. Then Th = ZJ, and by Fact 3), it follows that 6, > d. Since
td(K|k) > r, > 6, we finally get td(K|k) > .

Case 2) A/Ta is non-trivial. Then A/TA = Zy and Ty = Z‘g*l. Then the image of
A in Gal(Kv'|Kv) is non-trivial, hence Gal(K'|K) is non-trivial. Since kv is algebraically
closed, we must have Kv # kv. Equivalently, td, > 0. Proceeding as above, we also have
Ty > (0 — 1), hence finally: td(K|k) > r, +td, > (6 — 1). Thus td(K|k) > .

We now show the converse inequality: Using Pop [P4], Fact 5.6, one constructs valuations
v of K such that r, = td(K|k) =: d. If v is such a valuation, then dim(vK/¢) = d. Hence
by Fact 3), T, 2 Z¢; and T, is a c.l. closed subgroup of Gal(K'|K).

To 2): By Proposition , it follows that T,, Z, have the properties asked for T, Z at 2).

For the converse, we first remark that 7" # Z, as by hypothesis we have: T = Zj, and
Z contains closed subgroups A & Z¢ with d > r. And remark that the fact that 7" is the
center of Z” is equivalent to the fact that 7" is the unique maximal subgroup of Z such that
T and (T, Z) are c.l.

Step 1) Consider a maximal c.l. subgroup A = Z¢ of Z. Since T is by hypothesis a
c.l. subgroup of Z such that (7, 7) is c.l. too, it follows that the closed subgroup T} of Z
generated by 7" and A is a c.l. closed subgroup of Z. Hence by the maximality of A it follows
that 77 C A, hence T' C A.

Step 2) Applying Proposition , let vy be the valuation of K deduced from the data
(T, Z). Hence Z C Z,,, and T = Z N'T,,.

Let A be the fixed field of T'in K’. Then we obviously have KUTO C A. Let v be the abelian
pro-{ A-core of vg. We will eventually show that v is a quasi r-divisor of K, and that Z = Z,,,
T =T,, thus concluding the proof.

First remark that 7' C T, implies K C A, and therefore Avy = (Kuvp)'. Hence by
Proposition 2.4 1), the same is true for the abelian pro-¢ A-core v of vy, i.e., Av/ = (Kv)'.

Step 3) By Proposition applied to A, it follows that there exists a valuation va of
K such that A C Z,,. Moreover, by the discussion in the proof of assertion (1) above, it
follows that va is defectless, and the following hold: Either r,, = d, and moreover, in this
case A = T,,, thus A consists of inertia elements only. Or r,, = d — 1, and in this case
we have T,, = Z4'; and since A is a c.l. subgroup of Gal(K'|K), and T C A consists of
inertia elements only, it follows that 7" C T, ; and finally, A contains non inertia elements
of Gal(K'|K).

Let w be the abelian pro-¢ A-core of va. Since T" C T,,., we have KUTA C A. Hence
Avly = (Kva)'. But then by Proposition [2.4] 1), the same is true for w, i.e., Aw' = (Kw)'.

Claim. v=w

Indeed, by contradiction, suppose that that v # w. First suppose that v > w. Since
by the conclusion of Step 2) we have: Av' = (Kwv)" and v equals its abelian pro-¢ A-core,
it follows by Proposition 2.4} 1) that Aw’ # (Kw)'. But this contradicts the conclusion of
Step 3). Second, suppose that v < w. Then reasoning as above, we contradict the fact that
Av' = (Kwv)'. The Claim is proved.
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Now since w is a coarsening of va, and the latter valuation is defectless, the same is true
for w, thus for v = w. We next claim that v is a quasi r-divisor. Indeed, first remark that
we have the following:

-T CT,=T,; and since T' = Zj, it follows that T, = Zg for some r < § < d.
- Since v < vy, it follows that Z,, C Z, Hence Z C Z,, as Z C Z,, by the definition of vy.

- Moreover, T, is a c.l. subgroup of Z, such that (7, Z,) is c.l. too. In particular, T is a
c.l. subgroup of Z,, and (T, Z,) is c.l. too.

But then from the maximality of Z and T, it follows that, first, Z = Z,, and second,
T =T,, as claimed. U

5. CHARACTERIZATION OF 7-DIVISORIAL SUBGROUPS

Definition 5.1. We say that a quasi r-divisorial valuation of K|k is an r-divisorial valuation
or an r-divisor of K|k, if v is trivial on K.

Using the idea from Pop [P4], we now show that using the information encoded in “suf-
ficiently many” 1-dimensional projections, one can characterize the r-divisorial subgroups
among all the quasi r-divisorial subgroups of Gal(K’|K). See loc.cit., especially Fact 4.5 for
more details.

Theorem 5.2. Let K|k be a function field as usual with td(K|k) > 1. Then for a given a
quasi r-divisorial subgroup Z C Gal(K'|K), the following assertions are equivalent:

i) Z is an r-divisorial subgroup of Gal(K'|K).
i) 3t € K\k such that p,(Z) C Gal(K[|K;) is an open subgroup.

Proof. The proof is word-by-word identical with the one of Proposition 5.6 from loc.cit., and
therefore we will omit the proof here. U
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