
RECOVERING FIELDS FROM THEIR DECOMPOSITION GRAPHS

FLORIAN POP

1. Introduction

Recall that the birational anabelian conjecture originating in ideas presented in Groth-

endieck’s Esquisse d’un Programme [G1] and Letter to Faltings [G2], asserts roughly the
following: First, there should exist a group theoretical recipe by which one can recognize
the absolute Galois groups GK of finitely generated infinite fields K among all the profinite
groups. Second, if G = GK is such an absolute Galois group, then the group theoretical
recipe recovers the field K from GK in a functorial way. Third, the recipe should be invari-
ant under open homomorphisms of absolute Galois groups. In particular, the category of
finitely generated infinite fields (up to Frobenius twist) should be equivalent to the category
of their absolute Galois groups and open outer homomorphisms between these groups. A
first instance of this situation is the celebrated Neukirch–Uchida Theorem, which says that
global fields are characterized by their absolute Galois groups. I will not go into further
details about the results concerning Grothendieck’s (birational) anabelian geometry, but the
interested reader can find more about this in Szamuely’s Bourbaki Séminaire talk [Sz], and
Faltings’ Séminare Bourbaki talk [Fa], and newer results by Stix [St], Mochizuki [Mz],
Saidi–Tamagawa [S–T], and Koenigsmann [Ko], Minhyong Kim [Ki] concerning the (bira-
tional) section conjecture.

The idea behind Grothendieck’s anabelian geometry is that the arithmetical Galois action
on rich geometric fundamental groups (like the geometric absolute Galois group) makes
objects very rigid, so that there is no room left for non-geometric morphisms between such
rich fundamental groups endowed with arithmetical Galois action.

On the other hand, Bogomolov [Bo] advanced at the beginning of the 1990’s the idea that
one should have anabelian type results in a total absence of an arithmetical action as follows:
Let ` be a fixed rational prime number. Consider function fields K|k over algebraically closed
fields k of characteristic 6= `. For each such a function field K|k, let G

′′
K := Gal(K ′′|K) be

the Galois group of a maximal pro-` abelian-by-central Galois extension K ′′|K. Note that
if G(i+1) := [G(i), GK ](G(i))`∞ , where i ≥ 0 and G(0) = GK , are the central `∞ terms of the
absolute Galois group GK of K, then we have G

′′
K = G(0)/G(2). Further, G

′
K = G(0)/G(1) is

the Galois group of the maximal pro-` abelian sub-extension K ′|K of K ′′|K; and denoting by
G(∞) the intersection of all the G(i), it follows that GK(`) := GK/G

(∞) is the maximal pro-`
quotient of GK . Now the program initiated by Bogomolov in loc.cit. has as ultimate goal to
recover function fieldsK|k with tr. deg(K|k) > 1 as above from G

′′
K in a functorial way. (Note
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that Bogomolov denotes G
′′

K by PGalcK .) If successful, this program would go far beyond
Grothendieck’s birational anabelian conjectures, as k being algebraically closed implies that
there is no arithmetical action in the game. The program initiated by Bogomolov is not
completed yet, and the present paper is a contribution towards trying to settle that program.
See the Historical Note below for more about this.

In [P1] a sketch of a strategy to recover K|k was presented, which has as starting point the

following idea: Let K̂ := lim←−n
K×/n, n = `e, be the `-adic completion of the multiplicative

group K× of K|k. Since the cyclotomic character of K is trivial, one can identify the `-adic
Tate module T`,K := lim←−

e
µ`e,K of K with Z`, and let ıK : T`,K → Z` be such an identification.

Then via Kummer Theory, one has isomorphisms of `-adically complete groups:

K̂ = Homcont(G
′

K ,T`,K)
ıK−→Homcont(G

′

K ,Z`),

i.e., K̂ can be recovered from G
′

K , hence from G
′′

K via the canonical projection G
′′

K → G
′

K .

On the other hand, since k× is divisible, K̂ equals the `-adic completion of the free abelian
group K×/ k×. Now the idea of recovering K|k is as follows:

a) First, give a recipe to recover the image K(K×) = K×/k× of the `-adic completion

functor K : K× → K×/k× ⊂ K̂ inside the “known” K̂ = Homcont(G
′

K ,Z`).

b) Second, interpreting K×/k× =: P(K) as the projectivization of the (infinite) dimen-
sional k-vector space (K,+), give a recipe to recover the projective lines lx,y := (kx+ky)×/k×

inside P(K).

c) Third, apply the Fundamental Theorem of Projective Geometries, see e.g., Artin [Ar],
and deduce that K|k can be recovered from P(K) endowed with all the lines lx,y.

d) Finally, check that these recipes are invariant under isomorphisms of profinite groups
G
′

K
∼= G

′
L which are induced by ones between G

′′
K and G

′′
L , hence such isomorphisms originate

actually from geometry.

The strategy from [P1] to tackle the above problems a), b), c), d), above is in princi-
ple similar to the strategies (initiated by Neukirch and Uchida) to tackle Grothendieck’s
anabelian conjectures. It has two main parts as follows, the terms being as introduced later:

Part I. Local theory : It has as input Galois theoretic information, like G
′′

K , or like GK(`)
as considered in [P3]. It should be a recipe which in a first approximation recovers the
decomposition groups of prime divisors of K|k together with their inertia subgroups. The
final output of the local theory should be the (geometric) decomposition graphs GDK

of G
′

K

together with their rational quotients AK = {Φκx}κx . This recipe should be invariant under
isomorphisms G

′
K
∼= G

′
L which are induced by isomorphisms between G

′′
K and G

′′
L .

Part II. Global theory : Its input is a geometric decomposition graph GDK
for K|k together

with its set of rational quotients AK = {Φκx}κx . It should be a group theoretical recipe to
recover P(K) and its projective lines, thus finally to recover the function field K|k. And this
recipe should be invariant under isomorphisms of decomposition graphs GDK

∼= GDL
which

are compatible with rational quotients.

The present manuscript concerns Part II of the above strategy, and the final answer to
that is Theorem 4.1, which we reproduce below in a slightly modified form as the Main
Result. Before that let us define the geometric decomposition graphs GDK

of K|k and their
sets of rational quotients A = {Φκx}κx .
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• The valuation theoretical side

Let K be an arbitrary field. The space of all the equivalence classes of valuations ValK of
K is in a canonical way a partially ordered set by: w ≤ v iff Ov ⊆ Ow iff mw ⊆ mv, and if
so, then mw ⊂ Ov is a prime ideal, and Ow is the localization Ow = (Ov)mw . The unique
minimal element of ValK is the trivial valuation v0 which has Ov0 = K as valuation ring.
Further, the minimal non-trivial elements of ValK are exactly the rank 1 valuation rings of K
(which then correspond to the equivalence classes of non-archimedean absolute values of K).
Note that if w ≤ v, then Ov/mw is a valuation ring in the residue field Kw of w. We denote
the corresponding valuation of Kw by v/w, and call it the quotient of v by w. Conversely,
given w ∈ ValK and a valuation w1 of Kw, the preimage O of Ow1 under Ow → Kw is a
valuation ring of a valuation v ≥ w such that v/w = w1. We denote w1 ◦ w := v, and call it
the composition of w1 and w.

ValK has in a canonical way the structure of a (half-oriented) graph with origin K = Kv0

as follows:

- The vertices are the residue fields Kv indexed by v ∈ ValK .

- The set of edges from Kw to Kv is non-empty if and only if w ≤ v and rank(v/w) ≤ 1.
If so, then v/w is the unique edge from Kw to Kv. We say that v/w is a non-trivial oriented
edge if rank(v/w) = 1, respectively we call v/w a trivial non-oriented edge if v = w, i.e.,
v/w is the trivial valuation of Kw.

We will call the graph defined above the valuation graph for K. There are two functorial
constructions one should mention here:

1) Embeddings. Let ı : L ↪→ K be a field embedding, and ϕı : ValK → ValL, v 7→ vL := v|L
be the canonical restriction map. Then ϕı is surjective and compatible with the ordering of
valuations. And if w ≤ v in ValK , then wL ≤ vL in ValL, and rank(vL/wL) ≤ rank(v/w).
Hence if the edge v/w from Kw to Kv exists, then the edge vL/wL from LwL to LvL exists
too. Therefore, ϕı defines a canonical projection from the valuation graph of K onto the
valuation graph of L, under which Kv is mapped to LvL, and the edge v/w from Kw to Kv
(if it exists) is mapped to the edge vL/wL from LwL to LvL. Note that if v/w is a non-trivial
oriented edge such that vL = wL, then v/w is mapped to the trivial non-oriented edge of
LvL = LwL.

2) Restrictions. Let Kw be the residue field of w, and Valw = {v ∈ ValK | v ≥ w} be the
set of all refinements of v. Then Valw → ValKw, v 7→ v/w, is a canonical bijection which
respects the ordering, thus defines an isomorphism of the subgraph Valw of the valuation
graph for K onto the valuation graph ValKw for Kw.

Geometric prime divisor graphs

Now let us come back to the case where K is a function field K|k over k as above. Recall
that a (Zariski) prime divisor of a function field K|k is a discrete valuation v of K whose
valuation ring is the local ring OX,x1 of the generic point x1 of some Weil prime divisor of
some normal model X → k of K|k. If so, then the residue field Kv of v is the function field
Kv = κ(x1), thus tr. deg(Kv|k) = tr. deg(K|k)− 1. A set of Zariski prime divisors D of K|k
is called a geometric set, if there exists a quasi-projective normal model X → k of K|k such
that D = DX is the set of the valuations vx1 defined by the generic points x1 of all the Weil
prime divisors of X. Further, for a k-valuation ṽ of K the following are equivalent:
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i) There exists a chain w1 < · · · < wr := ṽ and tr. deg(Kṽ|k) = tr. deg(K|k)− r.

ii) ṽ is the composition ṽ = vr ◦ · · · ◦ v1, where v1 is a prime divisor of K0 := K, and
setting Ki = Ki−1vi for 0 < i ≤ r, one has: vi is a prime divisor of Ki−1.

We will say that a valuation ṽ of K is a prime r-divisor of K|k, if ṽ satisfies the above
equivalent conditions. In particular, one has r ≤ tr. deg(K|k). If the rank r is not essential
for the context, we will simply say that ṽ is a generalized prime divisor of K|k.

We define the total prime divisor graph Dtot
K of K to be the sub-graph of ValK whose vertices

are index by all the generalized prime divisors ṽ of K|k. Equivalently, for each vertex ṽ one
has: The set Dṽ of all the non-trivial edges starting at Kṽ equals the set of all the prime
divisors of Kṽ. Note that all the maximal branches of non-trivial edges of Dtot

K start at the
origin vertex K = K0 and have length equal to tr. deg(K|k).

A geometric prime divisor graph for K|k is any connected subgraph DK of Dtot
K which

satisfies: First, for each vertex Kṽ of DK , the set Dṽ of all the non-trivial edges of DK

starting at Kṽ is a geometric set of prime divisors of Kṽ. Second, all maximal branches
of non-trivial edges of DK originate at K = K0 and have length equal to tr. deg(K|k).
Equivalently, DK is a half-oriented connected graph having K = K0 as origin and satisfying:

I) The vertices of DK are distinct function fields Ki|k over k.

II) For every vertex Ki, the trivial valuation of Ki is the only edge from Ki to itself. And
the set of non-trivial edges starting at Ki is a geometric set of prime divisors of Ki, and if vi′

is a nontrivial edge from Ki to Ki′ , then Ki′ = Kivi′ , hence tr. deg(Ki′|k) = tr. deg(Ki|k)−1.

III) All the maximal branches of non-trivial edges of DK have length equal to tr. deg(K|k).
The functorial behavior of geometric prime divisor graphs is as follows:

1) Embeddings. Let L|l ↪→ K|k be an embedding of function fields which maps l isomor-
phically onto k. Then the canonical restriction map ValK → ValL gives rise to a morphism
of the total prime divisor graphs ϕı : Dtot

K → Dtot
L , which moreover is surjective. The relation

between geometric prime divisor graphs DK and DL is a little bit more subtle. One shows
the following, see Proposition 3.13: Given geometric prime divisor graphs DK and DL, there
exist geometric prime divisor graphs D0

K and D0
L containing DK , respectively DL, such that

ϕı defines a surjective morphism of geometric prime divisor graphs:

ϕı : D0
K → D0

L.

2) Restrictions. Given a generalized divisor w̃ of K|k, let Dtot
w̃ be the set of all the

generalized prime divisors ṽ of K|k with w̃ ≤ ṽ. Then the restriction map

Dtot
w̃ → Dtot

Kw̃, ṽ 7→ ṽ/w̃

is an isomorphism of valuation graphs. Moreover, if ṽ is a vertex of some geometric prime
divisor graph DK for K|k, then one has: The maximal subgraph DKṽ of DK whose initial
vertex is Kṽ is isomorphic to a geometric graph of prime divisors of Kw̃.
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• The Galois decomposition theoretical side

Let ` be a fixed prime number as above. For every field K, let K ′|K be a maximal
pro-` abelian extension, and G

′
K = Gal(K ′|K) denote its Galois group. For v ∈ ValK , and

prolongations v′ of v to K ′, we have: The inertia/decomposition groups Tv′ ⊆ Zv′ of the
several prolongations v′|v are conjugated under G

′
K . Hence these groups are equal, as G

′
K

is commutative. We will denote them by Tv ⊆ Zv, and call them the inertia/decomposition
groups at v. Recall that G

′
Kv = Zv/Tv canonically.

Via Hilbert decomposition theory and Galois correspondence, we attach to ValK a graph
GValK of pro-` abelian groups with an origin vertex as follows: The vertices of GValK are
indexed by the (distinct) residue fields Kv with v ∈ ValK , and we endow each Kv with the
abelian pro-` group G

′
Kv. Concerning edges, if v/w is the unique edge from some Kw to

some Kv (hence, either w = v and v/w is the trivial valuation on Kv = Kw, or w < v and
rank(v/w) = 1 on Kw), we endow the edge v/w with the pair of groups Tv/w ⊆ Zv/w. Note
that in the case v/w is the trivial valuation, we have merely by definition: Tv/w = 1 and

Zv/w = G
′

Kv.

We will call GValK the valuation decomposition graph of K, or of G
′

K .

Finally, remark that the above functorial constructions concerning embeddings and re-
strictions, give rise functorially to corresponding functorial constructions on the Galois side
as follows:

1) Embeddings. Let ı : L ↪→ K be an embedding of fields, and consider a prolongation
ı′ : L′ ↪→ K ′ of ı. Then ı′ gives rise to a projection Φı : G

′
K → G

′
L, which in turn gives rise

canonically to a morphism of valuation decomposition graphs, which we denote by Φı again:

Φı : GValK → GValL .

Note that Φı maps the profinite group G
′

Kv at the vertex Kv into the profinite group G
′

LvL

at the corresponding vertex LvL. And concerning edges, Φı maps Tv/w ⊆ Zv/w into the pair

TvL/wL
⊆ ZvL/wL

of the corresponding inertia/decomposition subgroups of vL/wL in G
′

LwL
.

2) Restrictions. For v ∈ Valw, one has Zv ⊆ Zw and Tw ⊆ Tv. And under the canonical
projection Zw → G

′
Kw, every Tv ⊆ Zv is mapped onto Tv/w ⊆ Zv/w in G

′
Kw, etc.

Geometric decomposition graphs

Next suppose that K is a function field K|k as considered above. Then we have the
following, see e.g., [P4], Introduction, for a discussion of these facts: For every prime divisor
v of K|k one has Tv

∼= T`,K , and for every prime r-divisor ṽ one has Tṽ
∼= Tr

`,K . Further,
for generalized prime divisors ṽ1 and ṽ2 one has: Zṽ1 ∩ Zṽ2 6= 1 if and only if ṽ1, ṽ2 are not
independent as valuations, i.e., O := Oṽ1 Oṽ2 6= K is a proper valuation ring of K. Moreover,
if ṽ is the valuation defined by O, then ṽ is the unique generalized prime divisor of K|k with
Tv = Tṽ1 ∩ Tṽ2 , and also the unique generalized prime divisor of K|k maximal with the
property Zṽ1 , Zṽ2 ⊆ Zṽ.

In the above context, let DK be a geometric graph of prime divisors of K|k. We attach
to DK ⊂ ValK the corresponding subgraph GDK

⊂ GValK of GValK , and call GDK
a geometric

decomposition graph for K|k (or G
′

K).

Next recall that the isomorphy type of (the maximal abelian pro-` quotient of) the funda-
mental group π′1(X) of complete regular models X → k, if such models exist, does depend on
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K|k only, and not on X → k. Moreover, one can recover π′1(X) as being π′1(X) = G
′

K/TK ,
where TK is the subgroup of GK generated by all the inertia groups Tv with v prime divisor of
K|k. This justifies introducing the following terminology: We set π′1,K := G

′
K/TK and call it

the birational fundamental group for K|k. As discussed in Fact 2.15, there always exist quasi
projective normal models X → k for K|k such that π′1,K classifies the connected normal
covers of X which are unramified above DX , i.e., unramified in co-dimension 1. We call such
models X → k and the corresponding geometric sets D := DX complete regular like. And
we will say that a geometric decomposition graph GDK

is complete regular like, if for all the
vertices ṽ of GDK

one has: If tr. deg(Kṽ|k) > 1, then the set Dṽ of non-trivial edges of GDK

originating from Kṽ is complete regular like, and if tr. deg(Kṽ|k) = 1, then Dṽ consists of
all the prime divisors of Kṽ|k (and in particular, it is complete regular like).

By the functorial properties of embeddings we get the following: Let ı : L|l ↪→ K|k be
an embedding of function fields, and DK and DL be geometric prime divisor graphs of K|k,
respectively L|l, such that ı gives rise to a morphism ϕı : DL → DK . Then ı gives rise
canonically to a morphism of decomposition graphs:

Φı : GDK
→ GDL

.

Rational quotients

Let K|k be a function field as above satisfying tr. deg(K|k) > 1. For every non-constant
function t ∈ K, let Kt be the relative algebraic closure of k(t) in K. Since tr. deg(Kt|k) = 1,
it follows that Kt has a unique complete normal model Xt → k, which turns out to be a
projective smooth curve. Therefore, the set of prime divisors of Kt|k is actually in bijection
with the (local rings at the) closed points of Xt, thus with the set of Weil prime divisors
of Xt. Therefore, the total prime divisor graph Dtot

Kt
for Kt is actually the geometric prime

divisor graph, whose non-trivial edges are in bijection with DXt . We will denote Dtot
Kt

simply
by DK t

.

Let ıt : Kt → K be the canonical embedding, and ΦKt : G
′

K → G
′

Kt
the (surjective)

canonical projection. Then by the functoriality of embeddings we get: For every geometric
decomposition graph GDK

for K|k, the projection ΦKt gives rise to a morphism of geometric
decomposition graphs ΦKt : GDK

→ GKt .

In the above context, we say that ΦKt : GDK
→ GKt is a rational quotient of GDK

, if
Kt = k(t), i.e., k(t) is relatively algebraically closed inK. We will call t a “general element” of
K, and usually denote general elements ofK by x, andKx by κx, in order to distinguish them
from the “usual” Kt. A “birational Bertini” type argument shows that there are “many”
general elements in K, see Lang [L2], Ch.VIII, and Fact 3.17: For any given algebraically
independent functions x, t ∈ K, not both inseparable, ta′,a := t/(a′x+a) is a general element
of K for almost all a′, a ∈ k. A set of general elements Σ ⊂ K is a Bertini set if Σ contains
almost all elements ta′,a for all x, t as above. We denote by AK = {Φκx}κx the set of all the
rational quotients of K|k, and consider subsets A ⊂ AK containing all the Φk(ti) ∈ A, ti ∈ Σ,
and Σ some Bertini set of general elements. For short, we call such subsets A ⊂ AK , Bertini
type sets of rational quotients.

The relation between rational projections and morphisms of geometric decomposition
graphs is as follows: Let ı : L|l ↪→ K|k be an embedding of function fields with ı(l) = k, and
K|ı(L) a separable field extension. Then there exists a Bertini type set B = {Φκy}κy for GDL
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such that κx := ı(κy) is relatively algebraically closed in K for all κy. Hence for all Φκy ∈ B
and the corresponding Φκx ∈ AK , κx := ı(κy), we get: The isomorphism Φκxκy : Gκx → Gκy

defined by ıκxκy := ı|κy satisfies the condition:

Φκy ◦ Φı = Φκxκy ◦ Φκx .

Because of this property, we will say that Φı is compatible with the rational quotients.

• Abstract decomposition graphs

It is one of our main tasks in the present manuscript to define and study abstract decompo-
sition graphs which resemble the geometric decomposition graphs GDK

. And to define proper
morphisms of such abstract decomposition graphs, in particular their rational quotients. The
abstract decomposition graphs, which endowed with families of rational quotients resemble
the complete regular like geometric decomposition graphs as introduced above will be called
geometric like abstract decomposition graphs. The main result of the global theory we men-
tioned above as Part II is the following, see Theorem 4.1, and Definitions 2.16, 3.2, 3.9, 3.15,
for the precise definitions of all the terms:

Main Theorem.
Let K|k be a function field with tr. deg(K|k) > 1, and let GDK

be a complete regular like
geometric decomposition graph for K|k. We endow GDK

with a Bertini type set A of rational
quotients, and view it as a geometric like abstract decomposition graph.

1) Let H endowed with a family of rational quotients B be a geometric like abstract de-
composition graph. Then up to multiplication by `-adic units, and composition with auto-
morphisms Φı : GDK

→ GDK
defined by embedding of function fields ı : K|l→ K|k such that

K|ı(K) is purely inseparable, there exists at most one isomorphism Φ : GDK
→ H of abstract

decomposition graphs which is compatible with the rational quotients A and B.

2) Let L|l be a further function field with tr. deg(L|l) > 1, and let HDL
be a complete

regular like abstract decomposition graph for L|l. We endow HDL
with a Bertini type set B

of rational quotients, and view it as a geometric like abstract decomposition graph. Let

Φ : G
′

K → G
′

L

be an open group homomorphism which defines a proper morphism Φ : GDK
→ HDL

of
abstract decomposition graphs compatible with the rational quotients B and A. Then there
exist an `-adic unit ε and an embedding of function fields

ı : L|l→ K|k
such that Φ = ε · Φı, where Φı : GDK

→ HDL
is the canonical morphism defined by ı as

indicated above.

Further, ı(l) = k, and ı is unique up to Frobenius twists.

As mentioned previously, the Main Theorem above settles the global theory, hence reduces
the problem of recovering function fields K|l from G

′′
K to recovering: First, the complete reg-

ular like geometric decomposition graphs GDK
for K|k. Second, the sets of rational quotients

AK = {κx}κx of such decomposition graphs GDK
. So far, the manuscripts [P4], together with

ideas from [P3] can be used to completely answer the two questions above in the case k is
an algebraic closure of a finite field (and a manuscript about this is in preparation). In a
similar but more technical way, one can recover from G

′′
K the complete regular like geometric
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decomposition graphs for K|k and their rational quotients in the case k is an algebraic clo-
sure of a global field and K|k is “very general”, i.e., the birational fundamental group π1,K

is finite, see Definition 2.16, for the definition of π1,K . Thus after building the corresponding
local theory, one gets the following “target result”:

There exists a group theoretical recipe which does the following: First it recog-
nizes the Galois groups of the form G

′′
K among all the profinite groups, where

K|k is a function field with tr. deg(K|k) > 1 over fields k which are algebraic
closures of either finite fields or global fields with char(k) 6= `. Second, this
recipe gives the isomorphy type of K|k and is invariant under isomorphisms,
i.e., if L|l is a further function field over an algebraically closed field l, and
G
′′

K
∼= G

′′
L is a given isomorphism, then its abelianization G

′
K
∼= G

′
L is induced

by an isomorphism of function fields Li|l ∼= K i|k.

Historical note.

The first attempt to give a recipe to recover K|k from G
′′

K was made by Bogomolov

in his fundamental paper [Bo]. Although the loc.cit. is too sketchy in order to be sure
what the author precisely proposes, a thorough inspection shows that loc.cit. provides a
fundamental tool for recovering inertia elements of valuations v of K (which nevertheless
may be non-trivial on k). This is Bogomolov’s theory of liftable commuting pairs, see
Bogomolov–Tschinkel [B–T1] for detailed proofs. Nevertheless, there are serious technical
issues and difficulties when one wants to develop a global theory along the lines suggested
in [Bo].

A sketch of a viable global theory —at least in the case k is an algebraic closure of a finite
field can be found in the notes of my MSRI Talk from the Fall of 1999, see [P1]. That was
followed by [P2], where several technical details from [P1] were worked out.

The present manuscript is actually an elaborated version of [P2], with the main result
here, which is Theorem 4.1, being a generalization of that of loc.cit.: Here we prove namely
the Hom-form of the (Isom-form of the) main result from [P2]. I should though mention that
the manuscript [P2] considers the mixed “arithmetic + geometric situation”, which might
be applied to the case when k is not necessarily algebraically closed.

Finally, I would also like to mention the manuscripts:

• Bogomolov–Tschinkel [B–T2], which considers the case K = k(X) with X → k
a (projective, smooth) surface over an algebraic closure of a finite field k. (In its initial
variant, Bogomolov–Tschinkel considered only the case when π1(X) is finite.)

• [P3] gives a recipe to recover K|k from GK(`) under the hypothesis k an algebraic closure
of a finite field. The full GK(`) and not only G

′′
K was used, because the “right” local theory,

now developed in [P4], was not available back then.

Thanks: I would like to thank several people who showed interest in this work. My special
thanks go among others to J.-L. Colliot-Thélène, D. Harbater, M. Jarden, J. Koenigsmann,
P. Lochak, J. Mı́nač, H. Nakamura, M. Säıdi, T. Szamuely, J. Stix, A. Tamagawa.
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2. Pro-` abstract decomposition graphs

In this section we develop an abelian pro-` prime divisor decomposition theory for “ab-
stract function fields”, which is similar in some sense to the abstract class field theory.

A) Axioms and definitions

Throughout this chapter let ` be a fixed prime number.

Definition 2.1. A level δ ≥ 0 (pro-`) abstract decomposition graph is a connected half
oriented graph G whose vertices are endowed with pro-` abelian groups, and whose edges are
endowed with pairs of pro-` abelian groups, satisfying the following axioms:

Axiom I): The vertices of G are pro-` abelian free groups Gi, and G has an origin, which we
denote by G = G0.

Axiom II):

i) For every vertex Gi there exists a unique non-oriented edge vi0 from Gi to itself, and
vi0 is endowed with the pair of pro-` groups {1} ⊆ Gi. For every other vertex Gi′ 6= Gi

there exists at most one edge vi′ from Gi to Gi′ . If vi′ exists, we say that vi′ is the oriented
edge from Gi to Gi′ , and vi′ is endowed with a pair Tvi′

⊆ Zvi′
of subgroups of Gi such that

Tvi′
∼= Z`, and Gi′ = Zvi′

/Tvi′
.

The edges of G are also called valuations of G, in particular the edges originating from Gi

are called valuations of Gi. And the edge vi0 is called the trivial valuation of Gi, whereas vi′

are called non-trivial valuations of Gi.

The groups Tvi′
⊆ Zvi′

are called the inertia, respectively decomposition, groups of vi′ ;
and Gi′ is called the residue group of vi′ . For the sake of uniformity, we will also say that
{1} =: Ti0 ⊆ Zi0 := Gi are the inertia, respectively decomposition, groups of the trivial
valuation vi0; and note that Gi = Zi0/Ti0 is the residue group of vi0.

ii) For distinct non-trivial edges vi′ 6= vi′′ originating at Gi, one has Zvi′
∩ Zvi′′

= {1} in
Gi, hence Tvi′

∩ Tvi′′
= {1} too.

For every co-finite subset Ui of the set of non-trivial edges vi′ originating at Gi, let TUi

be the closed subgroup of Gi generated by all the Tvi′
, vi′ ∈ Ui. A system (Ui,α)α of such

co-finite subsets is called co-final, if every finite set of valuations vi′ as above is contained in
the complement of Ui,α for some α.

iii) There exist co-final systems (Ui,α)α such that Tvi′
∩ TUi,α

= {1} for all α and all
vi′ 6∈ Ui,α.

Axiom III): All maximal branches of non-trivial edges of G have the length δ.

Definition/Remark 2.2. Let G be an abstract decomposition graph of level δG ≥ 0.
We will say that G is a level δG abstract decomposition graph on G = G0. A valuation vi′

of Gi will be called an i′-edge of G. If no confusion is possible, we will denote the 1-edges
of G simply by v; thus the corresponding pro-` groups involved are denoted Tv ⊆ Zv and
Gv := Zv/Tv.

1) Consider any δ such that 0 ≤ δ ≤ δG. By induction on δ it is easy to see that G has a
unique maximal connected abstract decomposition sub-graph containing the origin G0 of G
and having all branches of length δ.
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2) Let ṽ = (vδ, . . . , v1) be a path of non-trivial valuations starting at G0 and having length
δṽ := δ > 0. Hence v1 is a non-trivial valuation of G0, and inductively, if Gi is the residue
group of vi, then vi+1 is a non-trivial valuation of Gi for all i < δ. In particular, Gδ is the
residue group of vδ. Then there exists a unique maximal connected subgraph Gṽ of G having
Gδ as origin. Clearly, Gṽ is in a natural way an abstract decomposition graph of level δG − δ
on Gδ.

We say that Gṽ is a δ-residual abstract decomposition graph of G. In particular, the unique
0-residual abstract decomposition graph of G is G itself.

3) For every branch ṽ of length δṽ = δ as above, we will say that Gṽ := Gδ is a δ-residual
group of G; or precisely, that Gṽ is the ṽ-residual group of G. One can further elaborate here
as follows: For δ > 1 we define inductively the following: Set w̃ = (vδ−1, . . . , v1), and suppose
Tw̃ ⊆ Zw̃ are defined, hence in particular Zw̃/Tw̃ =: Gw̃ = Gδ−1 is the residue group of w̃.
We then define the inertia/decomposition groups Tṽ ⊆ Zṽ of ṽ in G as being the pre-images
of Tvδ

⊆ Zvδ
via Zw̃ → Zw̃/Tw̃ = Gvδ−1

.

Note that we have Zṽ/Tṽ =: Gṽ = Gδ, and Tṽ
∼= Zδ

` .

We call ṽ a generalized valuation of G, or a multi-index of lenth δṽ of G. And we will say
that δṽ is the rank of ṽ, or that ṽ is a generalized r-valuation if r = δṽ.

Given generalized valuations ṽ = (vr, . . . , v1), w̃ = (ws, . . . , w1), we say that w̃ ≤ ṽ if
s ≤ r, and vi = wi for all i ≤ s. Directly from the definitions one gets: If w̃ ≤ ṽ, then
Zṽ ⊆ Zw̃, and Tw̃ ⊆ Tṽ. On the other hand, by Axiom II, ii), it immediately follows that the
converse of (any of) these assertions is also true. We will say that ṽ and w̃ are dependent,
if there exists some t > 0 such that vi = wi for i ≤ t. For dependent generalized valuations
ṽ and w̃ as above the following are equivalent:

a) t is maximal such that vi = wi for i ≤ t.

b) Tṽ ∩ Tw̃
∼= Zt

`.

c) t is maximal such that Zṽ, Zw̃ are both contained in the decomposition group of some
generalized t-valuation of G.

4) In order to have a uniform notation, we view ṽ = v0 to be the trivial multi-index, or the
trivial path, of G as the unique one having length equal to 0. We further set Zv0 := G and
Tv0 = {1}. In particular, one has Gv0 = Zv0/Tv0 = G, which is compatible with the other
notations/conventions. Further, v0 ≤ ṽ for all multi-indices ṽ.

Definition/Remark 2.3. Let G be a level δG abstract decomposition graph on G = G0.
In the notations from above we consider the following:

1) Denote L̂G = Hom
(
G,Z`

)
. Since G is a pro-` free abelian group, L̂G is a free `-adically

complete Z`-module (in `-adic duality with G).

From now on suppose that δG > 0. Recall that Tv ⊂ Zv and Gv = Zv/Tv denote respec-
tively the inertia, the decomposition, and the residue, groups at the 1-edges v of G, i.e., at
the valuations v of G.

2) Denote by T ⊆ G the closed subgroup generated by all the inertia groups Tv (all v as
above). We set π1,G := G/T and call it the abstract fundamental group of G. One has a
canonical exact sequence

1 → T → G→ π1,G := G/T → 1 .
10



Taking continuous Z`-Homs, we get an exact sequence of the form

0 → ÛG := Hom
(
π1,G,Z`

) can−→L̂G := Hom
(
G,Z`

) G−→L̂T := Hom
(
T,Z`

)
.

We will call ÛG = Hom
(
π1,G,Z`

)
the unramified part of L̂G. And if no confusion is possible,

we will identify ÛG with its image in L̂G.
3) Now let us have a closer look at the structure of L̂G. For an arbitrary 1-edge v as above,

the inclusions Tv ↪→ Zv ↪→ G give rise to restriction homomorphisms as follows:

v : L̂G
resZv−−→L̂Zv := Hom

(
Zv,Z`

) resv−−→L̂Tv := Hom
(
Tv,Z`

)
.

We set Û1
v = ker(resZv) and Ûv = ker(v) and call them the principal v-units, respectively the

v-units, in L̂G. And remark that the unramified part of L̂G is exactly ÛG = ∩v ker(v).

We further denote L̂G,fin = {x ∈ L̂G | v(x) = 0 for almost all v }. We remark that by

Axiom II, iii), L̂G,fin is dense in L̂G. Indeed, consider a co-final system (Uα)α of subsets of the
set of 1-edges v. As at loc.cit., denoting Gα = G/TUα and Tα = T/TUα , we have a canonical
exact sequence

1 → Tα → Gα → π1,G → 1 ,

and Tα is generated by the images Tv,α of Tv (all v 6∈ Uα) in Gα. Clearly, the image of the
inflation map infα : Hom

(
Gα,Z`

)
→ Hom

(
G,Z`

)
is exactly

∆α := {x ∈ L̂G | v(x) = 0 for all v ∈ Uα } = ∩v∈Uα ker(v) .

Finally, taking inductive limits over the co-final system (Uα)α, the density assertion follows.

A closed Z`-submodule ∆ ⊂ L̂G is said to be a finite co-rank submodule, if ∆ ⊂ L̂G,fin

and ∆/ ÛG is a finite Z`-module; or equivalently, ∆ is contained in ker(v) for almost all v.

Clearly, the sum of two finite co-rank submodules of L̂G is again of finite co-rank. Thus the
set of such submodules is inductive. And one has:

L̂G,fin = ∪∆ (all finite co-rank ∆) = ∪α∆α .

4) By the discussion above, the family (v)v gives rise canonically to a continuous homo-
morphism ⊕̂v 

v of `-adically complete Z` -modules

⊕̂v 
v : L̂G → L̂T ↪→ ⊕̂v L̂Tv = ⊕̂v Hom

(
Tv,Z`

)
.

We identify L̂T with its image inside ⊕̂v L̂Tv . Therefore, G = ⊕̂v 
v on L̂G.

We denote D̂ivG := ⊕̂v L̂Tv and call it the `-adic abstract divisor group of G.

Finally, we set ĈlG = coker(G), and call it the `-adic abstract divisor class group of G.
And remark that we have a canonical exact sequence

0 → ÛG ↪→ L̂G
G−→ D̂ivG

can−→ ĈlG → 0 .

5) We say that G is complete curve like if the following holds: There exist generators τv of
Tv such that

∏
v τv = 1, and this is the only pro-relation satisfied by the system of elements

T = (τv)v. We call such a system T a distinguished system of inertia generators.

We remark the following: Let T = (τ ′v)v be another distinguished system of inertia gener-
ators. Then τ ′v = τ εv

v for some `-adic units εv ∈ Z`, as both τv and τ ′v are generators of Tv.
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Hence we have 1 =
∏

v τ
′
v =

∏
v τ

εv
v . By the uniqueness of the relation

∏
v τv = 1, it follows

that εv = ε for some fixed `-adic unit ε ∈ Z`.

Next consider some δ with 0 < δ ≤ δG. We say that G is level δ complete curve like if all
the (δ − 1)-residual abstract decomposition graphs Gṽ are residually complete curve like. In
particular, “level 1 complete curve like” is the same as “complete curve like”.

6) For every 1-vertex v consider the exact sequence 1 → Tv → Zv → Gv → 1 given by
Axiom II, i). Let infv : Hom

(
Gv,Z`

)
→ Hom

(
Zv,Z`

)
be the resulting inflation homomor-

phism. Since Tv = ker(Zv → Gv), it follows that resZv(Ûv) is the image of the inflation map
inflv. Therefore there exists a canonical exact sequence:

0 → Û1
v −→ Ûv

v−→Hom
(
Gv,Z`

)
= L̂Gv → 0 ,

and we call v the v-reduction homomorphism.

7) In particular, if δG > 1, then δGv > 0 for every 1-vertex v. Hence we have the corre-
sponding exact sequence for the residual abstract decomposition graph Gv:

0 → ÛGv ↪→ L̂Gv

Gv

−→ D̂ivGv .

We will say that G is ample, if δG > 0, and the following conditions are satisfied:

i) Σ : L̂G −→ ⊕v∈Σ LTv is surjective for every finite set Σ, where Σ := ⊕v∈Σ
v.

ii) If δG > 1, then the following hold:

a) v(ÛG) ⊆ ÛGv and ÛGv + v(L̂G,fin ∩ Ûv) = L̂Gv ,fin for every v.

b) For every finite co-rank submodule ∆ ⊆ L̂G, there exists v such that ∆ ⊆ Ûv, and

ker(∆
v−→L̂Gv

Gv

−→ D̂ivGv) ⊆ ÛG.

Note that the condition ii) above is empty in the case δG = 1. Thus if δG = 1, then
condition i) is necessary and sufficient for G to be ample.

Next consider 0 < δ ≤ δG. We say that G is ample up to level δ, if all the residual abstract
decomposition graphs Gṽ for ṽ such that 0 ≤ δṽ < δ are ample. In particular “ample up to
level 1” is the same as “ample”.

B) Abstract Z(`) divisor groups

Definition 2.4. 1) Let M be the `-adic completion of a free Z-module. We say that a
Z(`)-submodule M(`) ⊆ M of M is a Z(`)-lattice in M , (for short, a lattice) if M(`) is a
free Z(`)-module, and it is `-adically dense in M , and it satisfies the following equivalent
conditions:

a) M/` = M(`)/`

b) M(`) has a Z(`)-basis B which is `-adically independent in M .

c) Every Z(`)-basis of M(`) is `-adically independent in M .

2) Let N,M(`) ⊆ M be Z(`)-submodules of M such that N,M/N are `-adically complete
and torsion free. We call M(`) an N -lattice in M , if (M(`) +N)/N is a lattice in M/N .

3) Finally, in the context above, a true lattice in M is a free Abelian subgroup M of M
such that M(`) := M⊗ Z(`) is a lattice in M in the above sense. And we will say that a
Z-submodule M⊆M is a true N -lattice in M , if (M+N)/N is a true lattice in M/N .
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4) Next we introduce the `-adic equivalence: Let M be an arbitrary Z`-module. We say
that subsets M1,M2 of M are `-adically equivalent, if there exists an `-adic unit ε ∈ Z` such
that M2 = ε ·M1 inside M . Further, given systems S1 = (xi)i and S2 = (yi)i of elements of
M , we will say that S1 and S2 are `-adically equivalent, if there exists an `-adic unit ε ∈ Z`

such that xi = ε yi (all i).

5) We define correspondingly the `-adic N -equivalence of N -lattices, etc.

Construction 2.5. Let G be an abstract decomposition graph on G which is level δ
complete curve like and ample up to level δ for some given δ > 0. Recall the last exact
sequence from point 4) from Definition/Remark 2.3:

0 → ÛG ↪→ L̂G
G−→ D̂ivG

can−→ ĈlG → 0 .

The aim of this subsection is to describe the `-adic equivalence class of a lattice DivG
in D̂ivG —in the case it exists, which will be called an abstract divisor group of G. By

construction, this will be equivalent to giving the equivalence class of a ÛG-lattice LG in L̂G,
which will turn out to be the pre-image of D̂ivG in L̂G.

The case δ = 1, i.e., G complete curve like and ample.

In the notations from Definition/Remark 2.3, 5) above, let T = (τv)v be a distinguished
system of inertia generators. Further let FT be the Abelian pro-` free group on the system
T (written multiplicatively). Then one has a canonical exact sequence of pro-` groups

1 → τZ` → FT → T → 1 ,

where τ =
∏

v τv in FT is the pro-` product of the generators τv (all v). Remarking that

Hom
(
FT,Z`

) ∼= D̂ivG in a canonical way, and taking `-adically continuous Hom’s, we get
an exact sequence

0 → L̂T = Hom
(
T,Z`

)
→ D̂ivG = Hom

(
FT,Z`

)
→ Z` = Hom

(
τZ` ,Z`

)
→ 0,

where the last homomorphism maps each ϕ to its “trace”: ϕ 7→
(
τ 7→

∑
v ϕ(τv)

)
. Thus L̂T

consists of all the homomorphisms ϕ ∈ Hom
(
FT,Z`

)
with trivial trace.

Consider the system B = (ϕv)v of all the functionals ϕv ∈ Hom
(
FT,Z`

)
= D̂ivG defined

by ϕv(τw) = 1 if v = w, and ϕv(τw) = 0 for all v 6= w. We denote by

DivT = < B >(`) ⊂ D̂ivG

the Z(`)-submodule of Hom
(
FT,Z`

)
= D̂ivG generated by B. Then DivT is a lattice in D̂ivG,

and B is an `-adic basis of D̂ivG. We next set

Div0
T := {

∑
v av ϕv ∈ DivT |

∑
v av = 0 } = DivT ∩ L̂T .

Clearly, Div0
T is a lattice in L̂T . And moreover, the system (ev = ϕv′ −ϕv)v′ 6=v is an `-adic

Z(`)-basis of Div0
T for every fixed v.

The dependence of DivT on T = (τv)v is as follows. Let T′ = (τ ′v)v = Tε with ε ∈ Z×`
be another distinguished system of inertia generators. If B′ = (ϕ′v)v is the dual basis to T′,
then ε ·B′ = B. Thus B and B′ are `-adically equivalent, and we have: DivT = ε · DivT′

and Div0
T = ε ·Div0

T′ .
13



Therefore, all the subgroups of D̂ivG and L̂T of the form DivT, respectively Div0
T, are

`-adically equivalent (for all distinguished T). Hence the `-adic equivalence classes of DivT

and Div0
T do not depend on T, but only on G.

Fact 2.6. In the above context, denote by LT the pre-image of Div0
T in L̂G. Further

consider all the finite co-rank submodules ∆ of L̂G. Then the following hold:

(i) LT is a ÛG-lattice in L̂G, and LT ⊂ L̂G,fin.

(ii) ∆ ∩ LT is a ÛG-lattice in ∆ (all ∆ as above).

Moreover, v(LT) = Z(`)ϕv (all v).

Proof. Clear. �

Definition 2.7. In the context of Fact 2.6 above, we define objects as follows:

1) A lattice of the form DivT ⊂ D̂ivG will be called an abstract divisor group of G. We will
further say that Div0

T is the abstract divisor group of degree 0 in DivT.

2) The ÛG-lattice LT is called a divisorial ÛG-lattice for G in L̂G. And we will say that LT

and DivT correspond to each other, and that T defines them.

The case: δ > 1.

We begin by mimicking the construction from the case δ = 1, and then conclude the
construction by induction on δ. Thus let T = (τv)v be any system of generators for the
inertia groups Tv (all 1-edges v). Further let FT be the Abelian pro-` free group on the
system T (written multiplicatively). Then T is a quotient FT → T → 1 in a canonical way.

Remarking that Hom
(
FT,Z`

) ∼= D̂ivG in a canonical way, by taking `-adic Hom’s we get an
exact sequence

0 → Hom
(
T,Z`

)
→ Hom

(
FT,Z`

)
= D̂ivG.

Next let B = (ϕv)v be the system of all the functionals ϕv ∈ Hom
(
FT,Z`

)
defined by

ϕv(τw) = 1 if v = w, and ϕv(τw) = 0 for all v 6= w. We denote by

DivT = < B >(`) ⊂ Hom
(
F ,Z`

)
the Z(`)-submodule of Hom

(
F ,Z`

)
generated by B. Then B is an `-adic basis of Hom

(
F ,Z`

)
,

i.e., DivT is `-adically dense in D̂ivG = Hom
(
F ,Z`

)
, and there are no non-trivial `-adic rela-

tions between the elements of B. We will call B = (ϕv)v the “dual basis” to T, and remark
that DivT is a lattice in Hom

(
T,Z`

)
.

Finally, let T′ = (τ ′v)v be another system of inertia generators, and suppose that T′ = Tε for
some ε ∈ Z`. If B′ = (ϕ′v)v is the dual basis to T′, then ε ϕ′v = ϕv inside Hom

(
T,Z`

)
. Thus

ε·B′ = B. In other words, B and B′ are `-adically equivalent, and we have: DivT = ε·DivT′ .

Fact 2.8. In the notations from above, let a ÛGv -lattice LGv ⊂ L̂Gv with ÛGv ⊂ LGv be
given for every valuation v of G. Then the following hold:

1) Up to `-adic equivalence, there exists at most one ÛG-lattice LG in L̂G such that first,

ÛG ⊂ LG ⊂ L̂G,fin, and second, for every finite co-rank submodule ∆ ⊂ L̂G,fin and the

corresponding ∆v := v(∆ ∩ Ûv) ⊂ L̂Gv ,fin the following hold:

i) L∆ := ∆ ∩ LG is a ÛG-lattice in ∆.
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ii) v(L∆∩ Ûv) is a ÛGv -lattice in ∆v, which is `-adically ÛGv -equivalent to LGv ∩∆v.

Moreover, if the ÛG-lattice LG exists, then its `-adic equivalence class depends only

on the `-adic equivalence classes of the ÛGv -lattices LGv (all v).

2) In the above context, suppose that G is ample, and that the ÛG-lattice LG satisfying

i),ii), exists. Then ÛGv +v(LG∩ Ûv) is a ÛGv -lattice which is `-adically ÛGv -equivalent
to LGv (all v).

Proof. To 1): Let LG,L′G be ÛG-lattices in L̂G satisfying the conditions from 1) above. Let

∆ ∈ L̂G,fin be chosen such that ∆ 6= (0) and ∆ ∩ ÛG = (0). Then by the ampleness of G,

it follows that there exists v such that ∆ ⊆ Ûv, and v maps ∆ injectively into L̂Gv , and

v(∆) ∩ ÛGv = (0).

For ∆ as above, set L′∆ = ∆ ∩ L′G. Then by hypothesis i), it follows that L∆ and L′∆ are

both ÛG-lattices in ∆. And since ∆ = ∆ ∩ Ûv, by hypothesis ii) it follows that v(L∆) and

v(L′∆) are both lattices in ∆v = v(∆), which are ÛGv -equivalent to the ÛGv -lattice LGv ∩∆v.
Therefore, there exists ε = ε∆,v ∈ Z×` such that v(L′∆) = ε · v(L∆). Now since v is an
isomorphism on ∆, the above equality implies that L′∆ = ε · L∆. Equivalently, L′∆ and L∆

are equivalent lattices in ∆. On the other hand, since

(∗) LG = ∪∆ L∆ and L′G = ∪∆ L′∆ ,
one immediately gets that L′G = ε · L′G, as claimed.

To 2): First, since LG = ∪∆ L∆ as at (∗) above, it follows from the hypothesis i), ii), that

ÛGv + v(LG ∩ Ûv) is `-adically equivalent to some ÛGv -sublattice of LGv , as this is the case

for all the ÛGv + v(L∆ ∩ Ûv). After replacing LGv by some properly chosen `-adic multiple,

say ε · LGv with ε ∈ Z×` , without loss of generality, we can suppose that v(LG ∩ Ûv) ⊆ LGv ,

thus ÛGv + v(LG ∩ Ûv) ⊆ LGv . For the converse inclusion, let Γ ⊆ L̂Gv be a finite co-rank
submodule. Then by the ampleness of G, see Definition/Remark 2.3, 7), ii), there exists

a finite co-rank submodule ∆ ⊆ L̂G such that Γ ⊆ ÛGv + v(∆ ∩ Ûv). But then by the

properties i), ii), we get: Γ ∩ LGv ⊆ ÛGv + v(L∆ ∩ Ûv) ⊆ ÛGv + v(LG ∩ Ûv). Since Γ was

arbitrary, and LGv = ÛGv + ∪Γ(Γ ∩ LGv), the converse inclusion follows. �

Let G be an abstract decomposition graph which is both level δ complete curve like and
ample up to level δ for some δ > 1. In particular, all residual abstract decomposition graphs
Gṽ to non-trivial indices ṽ of length δṽ < δ are both level (δ − δṽ) complete curve like and
ample up to level (δ − δṽ); and if δṽ = δ − 1, then Gṽ is complete curve like and ample.
Hence if δṽ = δ − 1, then Gṽ has an abstract divisor group DivGṽ

as defined/introduced in
Definition 2.7. In the above context, let us fix notations as follows:

Definition 2.9. In the above context, we define an abstract divisor group of G (if it exists)
to be the lattice defined by any particular system T of inertia generators as above

DivG := DivT ⊂ D̂ivG ,

which together with its preimage LG in L̂G satisfies inductively on δ the following:

i) Abstract divisor groups DivGv exist for all residual abstract decomposition graphs Gv.

Let LGv be the preimage of DivGv in L̂Gv (all v).
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ii) LG satisfies conditions i), ii) from Fact 2.8 for all finite co-rank submodules ∆ ⊂ L̂G
with respect to the pre-images LGv defined at i) above.

• Note that LG ⊂ L̂G,fin by its very definition: If x ∈ LG, then v(x) = 0 for almost all v.

Remark 2.10. Let G be an abstract decomposition graph which is level δ complete curve
like and ample up to level δ for some δ > 0. Suppose that an abstract divisor group

DivG := DivT for G exists, and let LG be its pre-image in L̂G. Then one has:

1) The canonical homomorphism v : L̂G = Hom
(
G,Z`

) resv−−→Hom
(
Tv,Z`

)
= Z`ϕv gives

rise by restriction to a surjective homomorphism

v : LG → Z(`) ϕv .

Indeed, by condition i) of the ampleness, see Definition/Remark 2.3, 7), it follows that

v(L̂G) = Z` ϕv. Further, since LG is `-adically dense in L̂G, it follows that v(LG) is dense in
Z` ϕv. Thus the assertion.

2) Moreover, the ÛG-lattice LG endowed with all the valuation homomorphisms v deter-
mines DivG, as being the additive subgroup

DivG =
∑

vZ(`)ϕv =
∑

v 
v(LG) ⊂ D̂ivG

generated by the v(LG) for all the v. Therefore, giving an abstract divisor group DivG, is

equivalent to giving a ÛG-lattice LG in L̂G such that inductively we have:

i) LG satisfies the conditions i), ii) from Fact 2.8 with respect to the pre-images LGv of
some abstract divisor groups DivGv (all v).

ii) v(LG) ∼= Z(`) (all v), and LG is the pre-image of ⊕v
v(LG) via G.

3) Finally, for an abstract divisor group DivG for G, and its pre-image LG in L̂G, we set
Cl LG = DivG/

G(LG), and call it the abstract ideal class group of LG. Thus one has a
commutative diagram of the form

0 → ÛG ↪→ LG
G−→ DivG

can−→ Cl G → 0y y y yCl

0 → ÛG ↪→ L̂G
G−→ D̂ivG

can−→ ĈlG → 0

(∗)

where the first three vertical morphisms are the canonical inclusions, and the last one is the
`-adic completion homomorphism.

Proposition 2.11. Let G be an abstract decomposition graph which is level δ complete
curve like and ample up to level δ > 0. Then any two abstract divisor groups DivG and Div′G
for G are `-adically equivalent as lattices in D̂ivG. Equivalently, their pre-images LG and L′G
in L̂G are `-adically equivalent ÛG-lattices in L̂G.

Proof. We prove this assertion by induction on δ. For δ = 1, the uniqueness is already shown,
see Fact 2.6, and Definition in case δ = 1. Now suppose that δ > 1. Let DivGv and Div′Gv

be
abstract divisor groups for G used for the definition of DivG, respectively Div′G (all v). By the
induction hypothesis, DivGv and Div′Gv

are `-adically equivalent. Thus their pre-images Lv

and L′v in L̂G,v are `-adically equivalent ÛG,v-lattices. Therefore, by Fact 2.8, the lattices LG
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and L′G (which are the pre-images of DivG respectively Div′G in L̂G) are `-adically equivalent.
Finally, use Remark 2.10, 2), above to conclude. �

Definition 2.12. Let G be an abstract decomposition graph which is level δ complete
curve like and ample up to level δ. We will say that G is a divisorial abstract decomposition
graph, if it has abstract divisor groups DivG = DivT as introduced above. If this is the case,

we will denote by LG the pre-image of DivG in L̂G, and call it a divisorial ÛG-lattice in L̂G.

C) Example: abstract decomposition graphs arising from algebraic Geometry

Let K|k be a function field over an algebraically closed field k with char(k) 6= `. General-
izing the geometric prime divisor graphs from the Introduction, we define a level δ geometric
prime divisor graph for K|k as being a (half) oriented graph DK defined as follows:

I) The vertices of DK are distinct function fields Ki|k over k. And DK has an origin which
is K0 := K.

II) For every vertex Ki, the trivial valuation vi0 of Ki is the only edge from Ki to itself,
and we view this edge as a non-oriented one, or a trivial edge. Further, the set of all the
oriented edges starting at Ki is a geometric set Di of prime divisors vi′ of Ki. We call these
edges non-trivial, and if vi′ ∈ Di is such a nontrivial edge from Ki to Ki′ , then Ki′ = Kivi′ .
In particular, tr. deg(Ki′|k) = tr. deg(Ki|k)− 1.

III) All the maximal branches of non-trivial edges of DK have length equal to δ, hence
δ ≤ tr. deg(K|k).

As indicated in the Introduction, using Hilbert decomposition theory for valuations, we
attach to DK the corresponding subgraph GDK

⊂ GValK . Hence by definition one has:

I) The vertices of GDK
are in bijection with the vertices of DK , via the Galois correspon-

dence, i.e., the vertices of GDK
are the pro-` groups G

′
Ki

with Ki vertex of DK . In particular,

G
′

K0
:= G

′
K is the origin of GDK

.

II) The trivial edge vi0 from Ki to itself is endowed with {1} =: Tvi0
⊂ Zvi0

:= G
′

Ki
, i.e.,

with {1} ⊂ G
′

Ki
. The set of non-trivial edges originating from G

′
Ki

equals the set Di of non-
trivial edges vi′ originating from Ki, and vi′ ∈ Di is endowed with the inertia/decomposition
groups Tvi′

⊆ Zvi′
. In particular, if vi′ is an edge fromKi toKi′ = Kivi′ , thenG

′
Ki′

= Zvi′
/Tvi′

.

III) All the maximal branches originating from G
′

K0
and consisting of non-trivial edges of

GDK
have length δ.

Proposition 2.13. In the above notations, GDK
is a level δ abstract decomposition graph.

Proof. Indeed, all the axioms of an abstract decomposition graph are more or less well
known facts concerning Hilbert decomposition theory for valuations. For instance, if vi′ is
a valuation of Ki, then all the prolongations v′i′ of vi′ to K ′i are conjugated under G

′
Ki

, and
therefore, their inertia, respectively decomposition, groups are equal; say equal to Tvi′

⊆ Zvi′
.

Further, Tvi′
∼= Z`, and the residue field K ′iv

′
i′ equals (Kivi′)

′, thus Gi′ = (Ki′vi′)
′ = Zvi′

/Tvi′
,

etc. Moreover, for Zariski prime divisors vi′ 6= wi′ of Ki|k one has the following, see e.g.
Pop [P4], Introduction, and especially Proposition 2.5, 2): The decomposition groups Zvi′

and Zwi′
have trivial intersection. And finally, if Xi → k is a normal quasi-projective variety

such that Di = DXi
is the set of Weil prime divisors of Xi, then every open subgroup of G

′
Ki

17



contains almost all inertia groups Tvi′
. Indeed, in every finite extension of Ki only finitely

Weil prime divisors of Xi are ramified, etc. �

Remarks 2.14. Let G := GDK
be a level δ abstract decomposition graph as introduced

above. Then by Kummer Theory we have:

1) L̂G = Hom
(
G
′

K ,Z`

)
= K̂.

In order to compute ÛG, D̂ivG, and ĈlG, we do the following: First let X → k be a quasi-
projective normal model of K|k such that its set of Weil prime divisors DX equals the set
of non-trivial 1-edges v of G. Let H(X) denote the group of principal divisors of X, and
consider the canonical exact sequence 0 → H(X)−→Div(X)

pr−→Cl (X) → 0 . Then passing
to `-adic completions, we get an exact sequence of `-adic complete groups of the form:

0 → T`,X −→Ĥ(X)−→ D̂iv(X)−→ Ĉl (X) → 0 ,

where T`,X = lim←−n
nCl (X), n = `e, is the `-adic Tate module of Cl (X).

2) Note that for every prime divisor v of K|k one has a commutative diagram of the form:

(∗)v

K̂ v−→ v̂Ky yθv

Hom
(
G
′

K ,Z`

) v

−→ Hom
(
Tv,Z`

)
This diagram gives rise to a canonical inertia generator τv ∈ Tv, which we call the arithmeti-

cal inertia generator, and which is defined as follows: Let γv be the unique positive generator
of vK = Zv. Then τv ∈ Tv is the unique generator of Tv such

θv(γv)
(
τv

)
= 1 .

The diagrams (∗)v with v ∈ DX give rise canonically to a commutative diagram:

K̂ → D̂iv(X) = ⊕̂v vK → Ĉl (X) → 0y yb⊕θv

y
Hom

(
G
′

K ,Z`

) G−−−→ ⊕̂v Hom
(
Tv,Z`

) can−−→ P̂X → 0

where the vertical maps are isomorphisms, and P̂X is simply the quotient of the middle
group by the first one.

3) From this we deduce: D̂ivG = D̂iv(X) and Ĉl G = P̂X = Ĉl(X).

Concerning ÛG, the situation is a little bit more complicated. Let me recall that we defined

ÛG = Hom
(
π′1,G,Z`

)
, where π′1,G := G

′
K/T and T is the group generated by all the inertia

groups Tv with v ∈ DX . In geometrical terms, this means the following: π′1,G classifies all
the generically finite integral `-abelian Galois covers Y → X which are not ramified at any
v ∈ DX . In particular, we have a canonical projection

π′1,G → π′1(X) := π`,ab
1 (X)

which is not injective is in general. Nevertheless, if X is regular, then by the purity of the
branch locus, it follows that π′1,G = π′1(X).
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4) Let D1
K be the set of all prime divisors of K|k. For D ⊆ D1

K a subset, let TD ⊆ G
′

K be
the subgroup generated by all the Tv with v ∈ D, and set

π′1,D := G
′

K/TD .

In particular, π′1,K := π′
1,D1

K
is a birational invariant of K, which we will call the abelian

pro-` birational fundamental group for K. We note the following:

i) For every D ⊆ D1
K there is a canonical (obvious) surjective projection π′1,D → π′1,K .

ii) If X → k is a quasi-projective normal model of K|k, then there is a canonical
surjective projection π′1,DX

→ π′1(X) which is not necessarily an isomorphism.

iii) Nevertheless, if in the context of ii) above X is regular, then π′1,DX
→ π′1(X) is an

isomorphism by the purity of the branch locus.

Now let us show the following:

Fact 2.15. In the above context, the following hold:

a) If X → k is complete normal model of K|k, then there exists a canonical surjective
projection π′1,K → π′1(X).

b) For every given geometric subset DX′ ⊂ D1
K , there exist geometric sets DX ⊂ D1

K

such that DX′ ⊆ DX and the canonical projection π′1,DX
→ π′1,K is an isomorphism.

c) If X is a affine normal curve, and π′1,DX

∼= π′1,K , then either X ∼= A1
k, or X ∼= E\{pt}

with E an elliptic curve.

In particular, π′1,K as well as all the π1,DX
are always finitely generated.

Proof. First, one gets a) easily by the fact that a base change of an étale cover is étale. Now
since X → k is a complete variety, for every v ∈ D1

K , there exists a dominant canonical
k-morphism SpecOv → X. If X ′ → X is some étale cover classified by π′1(X), then X ′

is integral, and X ′ ×X SpecOv is étale over Ov. Equivalently, v is unramified in the field
extension k(X) ↪→ k(X ′), hence the image of the inertia group Tv in π′1(X) is trivial.

For the assertion b), first consider a small enough affine open subset X0 ⊂ X ′ such that X0

is regular. Then X0 → k is a quasi-projective regular model for K|k, hence π′1,DX0
= π′1(X0),

by the purity of the branch locus. Therefore, π′1,DX0
is finitely generated, hence a finite

Z`-module as it is an abelian pro-` group. Since π′1,DX0
→ π′1,K is surjective, π′1,K is a finite

Z`-module too. But then

∆ = ker(π′1,DX0
→ π′1,K)

is also a finite Z`-module. Finally, by the definition of π′1,K , it follows that for every g ∈ ∆

there exists some v ∈ D1
K such that g ∈ Tv. Since ∆ is finitely generated, there exists a

finite set Σ ⊂ D1
K such that the images of Tv (all v ∈ Σ) in π′1,DX0

generate ∆. In order to

conclude, consider any quasi-projective normal model X → k such that DX′ ,Σ ⊆ DX (hence
in particular, DX0 ⊆ DX too).

Finally, assertion c) follows immediately from the structure theorem for (the Abelian pro-`
quotient of the) fundamental groups of a normal curve. �
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Definition 2.16. 1) We will say that a normal quasi-projective model X → k for K|k
is regular complete like, if π′1,DX

= π′1,K . And we will say that a geometric set DX of prime
divisors is regular complete like, if X → k is so.

2) Let DK be a level δ geometric graph of prime divisors for K|k. For each vertex ṽ of DK ,
let Xṽ → k be a quasi-projective model of Kṽ | k such that DXṽ

is the set of non-trivial edges
originating from Kṽ. We say that DK is regular complete like, for all ṽ one has: Xṽ → k is
regular complete like if dim(Xi) > 1, and Xi → k is a complete normal curve if dim(Xi) = 1.

Proposition 2.17. In the above notations and context one has:

1) GDK
is level δ complete curve like if (and only if) δ = tr. deg(K|k), and each δ-residual

variety Xṽ is a complete normal curve.

2) Let GDK
be complete regular like. Then GDK

is ample up to level δ.

3) Suppose that δ = tr. deg(K|k), and let GDK
be complete regular like. Then GDK

is a

divisorial abstract decomposition graph, and Div(X)(`) := Div(X) ⊗ Z(`) ⊂ D̂iv(X) is an
abstract divisor group of GDK

, which we call the canonical abstract divisor group of GDK
.

Finally, ÛGDK
is the `-adic dual of π′1,K, and the preimage LX of Div(X)(`) in L̂G = K̂

will be called the canonical divisorial ÛGDK
-lattice of GDK

.

Proof. To simplify notations set G := GDK
.

To (1): Clear by the structure of G
′

L in the case L|k is a function field of a curve. It is
nevertheless more/quite difficult to prove the “only if” part of (1), which we will not directly
use, thus omit the proof here.

To (2): We make induction on d = tr. deg(K|k). In the notations from Definition/Remarks

2.3, 3), let ∆ ⊂ K̂ be a finite co-rank submodule such that ∆∩ ÛG = 0. Then there exists an

open affine subset X ′ ⊂ X such that for all v ∈ DX′ one has: ∆ ⊆ Ûv. Hence the canonical

projection π1(X
′) → π1(X) gives rise to an embedding Û(X) ↪→ Û(X ′), and ∆ ⊂ Û(X ′).

Using de Jongs’s alterations, and the inclusion/norm maps for divisors and divisor class
groups, w.l.o.g. we can suppose that X is a smooth k-variety. Finally, let X1, . . . , Xn be the
finitely many Weil prime divisors in X\X ′, and Σ = {x1, . . . , xn} ⊂ D1

K be their generic
points. Then the Tvxm

with xm ∈ Σ generate TX′,X := ker
(
π1(X

′) → π1(X)
)
.

Now let ı : X → PN
k be some k-embedding. For a general hyper-plane H ⊂ PN

k , we set
Y = H ∩X, Y ′ = H ∩X ′, Ym = Xm ∩H (1 ≤ m ≤ n). Then by a Bertini type argument,
each Ym is a prime divisor of Y . Let T := {y1, . . . , yn} be the set of the generic points of the
Ym (1 ≤ m ≤ n). By Bertini we have:

i) The canonical projections π1(Y ) → π1(X) and π1(Y
′) → π1(X

′) are surjective.

ii) Set TY ′,Y := ker
(
π1(Y

′) → π1(Y )
)
. Then TY ′,Y is generated by the inertia groups at

all the ym (1 ≤ m ≤ n).

iii) Finally, TY ′,Y is mapped surjectively onto TX′,X under the projection π1(Y
′) → π1(X

′)
from i) above.

This is now exactly the translation of the fact that for the Zariski prime divisor v of K
defined by the Weil prime divisor Y = H ∩X of X, the assertion from Definition/Remarks
2.3, 3), holds for ∆ at v.

To (3): It follows immediately from (1) and (2) above. �
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3. From abstract decomposition graphs to fields

A) Morphisms of abstract decomposition graphs

Let G andH be given abstract decomposition graphs of levels δG and δH, based on G = G0,
respectively H = H0. We denote as usually by Tv ⊂ Zv and Gv = Zv/Tv the 1-edges,
respectively the 1-vertices of G, and correspondingly by Tw ⊂ Zw and Gw = Zw/Tw the ones
for H. Further, Gv and Hw are the corresponding 1-residual abstract decomposition graphs,
which have then level δG−1, respectively δH−1. We also recall that v0 and w0 are the trivial
valuations of G, respectively H, and that their inertia groups are trivial by definition.

Definition/Remark 3.1. 1) In the context above, let Φ : G0 → H0 be a (continuous)
group homomorphism. Let ṽ and w̃ be multi-indices for G and H. We define inductively on
the length of ṽ the fact that w̃ corresponds to ṽ via Φ as follows, see Definition/Remark 2.2,
especially loc.cit. 3 and 4), to recall notations:

i) The trivial multi-index w̃ = w0 corresponds to ṽ if and only if Φ(Tṽ) = 1 and Φ(Zṽ)
is open in H0. And the only w̃ which corresponds to the trivial multi-index ṽ = v0 is the
trivial multi-index w̃ = w0.

ii) Suppose that w̃ = (ws, . . . , w1) and ṽ = (vr, . . . , v1) are both non-trivial, and let us set
ṽ = (ṽ1, v1) and w̃ = (w̃1, w1) with ṽ1 and w̃1 the corresponding multi-indices for the residual
abstract decomposition graphs Gv1 , respectively Hw1 . (Note that ṽ1 and/or w̃1 might be
trivial.) Then we say that w̃ corresponds to ṽ if and only if one of the following hold:

a) If Φ(Tv1) = 1, then under the induced homomorphism Φv1 : Gv1 = Zv1/Tv1 → H0,
inductively one has: w̃ corresponds to ṽ1.

b) If Φ(Tv1) 6= 1, then Φ(Tv1) ⊆ Tw1 and Φ(Zv1) ⊆ Tw1 are open subgroups, and under
the induced homomorphism Φv1 : Gv1 = Zv1/Tv1 → Zw1/Tw1 = Hw1 inductively one
has: w̃1 corresponds to ṽ1 .

2) We remark that if w̃ corresponds to some ṽ, and w̃′ is a truncation of w̃, then w̃′ also
corresponds to some truncation ṽ′ of ṽ. The proof follows immediately by induction on the
length of w̃, and we will omit it here.

3) Finally, let VertG and VertH be the sets of all the vertices of G, respectively H, and let
VertG,Φ ⊆ VertG be the set of all the vertices ṽ ∈ VertG such that there exists some vertex
w̃ṽ ∈ VertH which corresponds to ṽ. Then the correspondence relation introduced at 1)
above gives rise to a well defined map ϕΦ : VertG,Φ → VertH, ṽ 7→ ϕΦ(ṽ) = w̃ := w̃ṽ.

If ϕΦ(ṽ) = w̃, we also say that Φ maps ṽ to w̃, or that w̃ is the image of ṽ under Φ.

Definition 3.2. In the above notations, let δ be an integer satisfying 0 ≤ δ ≤ δG, δH. We
define a level δ morphism Φ : G → H inductively on δ and δG as follows:

1) A level δ = 0 morphism Φ : G → H is any group homomorphism Φ : G → H under
which w0 corresponds to v0. Equivalently, Φ is open.

2) A level δ > 0 morphism Φ : G → H is any group homomorphism Φ : G → H which is
open, and inductively on δG and on δ has further properties as follows:

i) Almost all 1-vertices of H correspond to some 1 vertices of G, and every 1-vertex of
H corresponds to only finitely many (maybe to none) of the 1-vertices of G.
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ii) If w0 corresponds to a 1-vertex v, then δGv = δG− 1 ≥ δ, and the canonical group ho-
momorphism Φv : Gv = Zv/Tv → H0 defines a level δ morphism of the corresponding
residual abstract decomposition graphs Gv and H.

iii) If w is a 1-vertex corresponding to the 1-vertex v, then the canonical group homo-
morphism Φv : Gv = Zv/Tv → Zw/Tw = Hw defines a level (δ − 1) morphism of the
corresponding residual abstract decomposition graphs Gv and Hw.

Remarks 3.3. In the above context, let Φ : G → H be a level δ morphism of abstract
decomposition graphs.

1) Then Φ gives rise to a Kummer homomorphism

L̂H := Hom
(
H,Z`

) φ̂−→Hom
(
G,Z`

)
=: L̂G, ϕ 7→ ϕ ◦ Φ .

Note that since Φ has an open image, and L̂G and L̂H are torsion free, φ̂ is injective.

From now on suppose that δ > 0, and that ṽ and w̃ are the multi-indices of G, respectively
H which correspond to each other. Let δṽ and δw̃ be their lengths, and suppose that δw̃ < δ.

2) Φṽ : Gṽ → Hw̃ has level (δ − δw) and gives rise to the residual Kummer homomorphism

φ̂ṽ : L̂Hw̃
→ L̂Gṽ

, which is injective, by the remark above applied to Φṽ.

3) To simplify notations, let us set L̂Zṽ
= Hom

(
Zṽ,Z`

)
and L̂Tṽ

= Hom
(
Tṽ,Z`

)
, thus

in particular, L̂Tṽ
∼= Zδṽ

` . The inclusions Tṽ ↪→ Zṽ ↪→ G and the canonical exact sequence
1 → Tṽ → Zṽ → Gṽ → 1 give rise in the same way as at Definition/Remark 2.3, points 3)
and 6), to morphisms of `-adically complete Z`-modules as follows:

ṽ : L̂G
resZ−−→ L̂Zṽ

resT−−→ L̂Tṽ
and 0 → L̂Gṽ

inf−→L̂Zṽ

resT−−→L̂Tṽ
→ 0 .

In particular, setting Û1
ṽ := ker(resZ) and Ûṽ = ker(ṽ), we get exact sequences

0 → Ûṽ −→L̂G
ṽ

−→L̂Tṽ
→ 0 and 0 → Û1

ṽ ↪→ Ûṽ
ṽ−→L̂Gṽ

→ 0 .

The surjective morphism ṽ : Ûṽ → L̂Gṽ
is called the canonical ṽ-reduction homomorphism.

By induction on δṽ and δw̃, one gets the following: Φ(Zṽ) ⊆ Zw̃ and Φ(Zṽ) is open in
Zw̃, and Φ(Tṽ) ⊆ Tw̃ and Φ(Tṽ) is open in Tw̃. Hence since Φ is open and restricts to
open homomorphism Zṽ → Zw̃ and Tṽ → Tw̃, by taking `-adic duals, we get commutative
diagrams with injective columns and exact rows as follows:

Ûw̃ −→ L̂Zw̃
−→ L̂Tw̃

Û1
w̃ ↪→ Ûw̃

w̃−→ L̂Hw̃yφ̂

yφ̂

yφ̂ṽ and
yφ̂

yφ̂

yφ̂ṽ

Ûṽ −→ L̂Zṽ
−→ L̂Tṽ

Û1
ṽ ↪→ Ûṽ

ṽ−→ L̂Hṽ

4) A special case of the above discussion is when ṽ = v and w̃ = w are 1-vertices. If τv
and τw are inertia generators at v, respectively w, then there exists a unique avw ∈ Z` such
that the Φ(τv) = τavw

w . And we have commutative diagrams dual to each other:

Tv −→ G L̂H
w

−→ Z`ϕwyΦ

yΦ

yφ̂

yavw

Tw −→ H L̂G
v

−→ Z`ϕv

22



where ϕw and ϕv are as in the Construction 2.5. Further, the horizontal maps in the first
diagram are the inclusions, and the last vertical map in the second diagram denotes the
Z`-morphism defined by ϕw 7→ avwϕv.

Definition 3.4. Let Φ : G → H be a level δ morphism of abstract decomposition graphs.
We will say that:

1) Φ is proper, if each w̃ corresponds to some ṽ, and vice-versa, to each ṽ there is some
w̃ corresponding to it (which might be the trivial valuation w0). In particular, if w̃ and ṽ
corresponds to each other, then the residual morphism Φṽ : Gṽ → Gw̃ is a proper one.

In particular, Φ : G → H is a proper morphism if and only if in the notations from
Definition/Remark 3.1, we have: VertG,Φ = VertG, and the map ϕΦ : VertG → VertH is onto.

2) Φ defines H as a level δ quotient of G, or that H is a level δ quotient of G via Φ, if Φ is
proper, and we have Φ(G) = H.

Remarks 3.5. Let Φ : G → H be a level δ > 0 proper morphism.

1) Let ṽ be a multi-index of G, and Tṽ
∼= Zδṽ

` be the inertia group at ṽ, as defined in
Remark/Definition 2.2, 3). Then Φ(Tṽ) is a free Z`-module of rank δ′ ≤ δṽ. Suppose that
δ′ ≤ δ. Then using the properness of Φ, one checks by induction on δṽ that there exists a
unique multi-index w̃ such that the following hold: Φ(Zṽ) ⊆ Zw̃ and Φ(Tṽ) ⊆ Tw̃ are open
subgroups. Thus in particular, w̃ corresponds to ṽ.

2) Denote by TG the subgroup of G generated by all the inertia elements of G, and define
TH ⊆ H correspondingly. Then in the notations from Definition/Remark 2.3, 2), Φ gives
rise to a commutative diagram as follows:

1 → TG → G → π1,G → 1yΦ

yΦ

y
1 → TH → H → π1,H → 1

Next suppose that G and H are divisorial, and let TG = (τv)v and TH = (τw)w be dis-
tinguished systems of generators for G, respectively H, which give rise to abstract divisor
groups DivTG and DivTH for G, respectively H, and abstract divisorial lattices LG and LH.

3) For every w, denote by Xw the set of all the v to which w corresponds. Then Xw is
finite non-empty (by the fact that Φ is proper). For every w and v ∈ Xw, there exists a
unique avw ∈ Z` such that Φ(τv) = τavw

w . Equivalently, if BG = (ϕv)v and BH = (ϕw)w are
the dual bases to TG = (τv)v and TH = (τw)w as defined/introduced at Construction 2.5,
then setting

ϕw 7→
∑

v∈Xw
avwϕv ,

we get a morphism

divΦ : D̂ivH → D̂ivG

which maps DivTH ⊗ Z` into DivTG ⊗ Z` and fits into the following commutative diagram:

(∗)
0 → ÛH−→L̂H

H−→ D̂ivH−→ ĈlH → 0yφ̂

yφ̂

ydivΦ

ycan

0 → ÛG −→ L̂G
G−→ D̂ivG −→ ĈlG → 0
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4) Recall that for every divisorial ÛG-lattice LTG in L̂G we have: L̂G,fin = LTG ⊗ Z`,

and therefore, L̂G,fin it is exactly the preimage of DivTG ⊗ Z` under G. Hence from the
commutative diagram (∗) above it follows that

(∗) L̂H,fin = φ̂−1(L̂G,fin), φ̂(L̂H,fin) ∩ ÛG = φ̂(ÛH), φ̂(L̂H,fin) = φ̂(L̂H) ∩ L̂G,fin .

In particular, φ̂ maps finite co-rank submodules into such, and pre-images of finite co-rank
submodules under φ̂ are again such.

5) In the above notations, the following are equivalent:

a) There exist TG = (τv)v and TH = (τw)w such that avw ∈ Z(`) for all w, v ∈ Xw.

b) divΦ(DivTH) ⊆ DivTG .

c) φ̂(LH) ⊆ LG.
Moreover, suppose that the above equivalent conditions are satisfied. Then if TG = (τv)v

is given, TH = (τw)w is uniquely determined up to multiplication by some ε ∈ Z(`), and
vice-versa. Further, one has equalities as follows:

(∗∗) DivTH = div−1
Φ (DivTG), LTH = φ̂−1(LTG), φ̂(LTH) = φ̂(L̂H) ∩ LTG .

In particular, LTH is encoded in LTG via φ̂.

Proof of 5): The implication a) ⇒ b) follows immediately from the definition of divΦ,
and the implication b) ⇒ c) follows from the definition of LH and LG. In order to prove
c) ⇒ a), let v ∈ Xw be given. Then combining Remark 2.10, 1), with the second diagram
from Remark 3.3, 4), we get a commutative diagram of the form

LTH
w

−→ Z(`)ϕwyφ̂

yavw

LTG
v

−→ Z(`)ϕv

hence it follows that avw ∈ Z(`), as claimed. Finally, let us show that in the case the equivalent

conditions a), b), c), are satisfied, the equalities (∗∗) hold. First remark that since φ̂ and
divΦ are injective, all the above equalities are equivalent. Thus it is enough to prove one of
them, say the first one: Recall that by point 3) above, DivTH ⊗ Z` and DivTG ⊗ Z` are free
Z` modules on the bases BH = (ϕw)w, respectively BG = (ϕv)v, and that divΦ maps the
former one into the latter one. Hence div−1

Φ (DivTG) ⊆ DivTH ⊗ Z`. Now let x =
∑

w bwϕw

with bw ∈ Z` be an element of div−1
Φ (DivTG). Then divΦ(x) =

∑
w

∑
v∈Xw

bwavwϕv lies in
DivTG , hence bwavw ∈ Z(`) for all w and v ∈ Xw. On the other hand, since avw ∈ Z(`), it
follows that bw are rational numbers. Since they lie in Z` too, it follows that bw ∈ Z(`). But
then we finally get: x =

∑
w bwϕw lies in LTH as claimed.

Definition 3.6. Let Φ : G → H be a level δ proper morphism of divisorial abstract
decomposition graph. We call Φ divisorial, if all residual morphisms Φṽ : Gṽ → Hw̃ with w̃
of length < δ satisfy the equivalent conditions a), b), c) from 5) above. In particular, the

residual Kummer morphism φ̂ṽ maps divisorial lattices for Hw̃ into divisorial lattices for Gṽ.

It is not too difficult to give examples of proper morphisms Φ of divisorial abstract de-
composition graphs such that Φ are not divisorial. Indeed, one can give such examples even
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in the case where both G and H are complete curve like, and Φ is a proper morphism of level
δ = 1. The next Proposition shows that actually the case δ = 1 is the “generic” source for
proper non-divisorial morphisms.

Proposition 3.7. Let Φ : G → H be a level δ = δH > 0 proper morphism of divisorial
abstract decomposition graphs. Let ṽ, w̃ be all pairs of the multi-indices of G, respectively of
H, such that w̃ has length δH − 1 and corresponds to ṽ. Suppose that for all such pairs ṽ, w̃
the residual morphism Φṽ : Gṽ → Hw̃ is divisorial. Then Φ : G → H is divisorial.

Proof. One makes induction on δG:

Case 1) δG = 1. Then δ = δH = 1, and the assertion follows from/by the definitions and
the hypothesis of the Proposition.

Case 2) δ > 1 arbitrary: Let v be some 1-index of G, and w the image of v under Φ. Note
that w is either the trivial valuation w0, or otherwise w is a 1-index of H. We show that the
resulting residual morphism Φv : Gv → Hw satisfies the hypothesis of the Proposition: First
Φv : Gv → Hw is a proper morphism, as Φ : G → H was so by hypothesis. Second, let w̃w be
a multi-index of Hw of length δHw − 1, and ṽw a multi-index of Gv such that w̃w corresponds
to ṽw under Φv.

Claim 1. Φṽw : Gṽw → Hw̃w is divisorial.

Indeed, let us first suppose that w = w0 is the trivial valuation. Then Hw = H, and
w̃ := w̃w is a multi-index of H of length δ − 1. Further, (ṽw, v) is a multi-index of G which
corresponds to w̃. And we have: Gṽw = G(ṽw,v), Hw̃w = Hw̃, and Φṽw : Gṽw → Hw̃w is
actually the same as Φ(ṽw,v) : G(ṽw,v) → Hw̃. But then the Claim follows from the hypothesis
of the Proposition. Next suppose that w 6= w0 is a 1-index of H. Then Φṽ has level
δ−1 = δH−1 = δHw . Moreover, if w̃w is a multi-index of Hw of length δHw −1, then (w̃w, w)
is a multi-index of H of length

(δHw − 1) + 1 = δHw = δH − 1 .

And since w̃w corresponds to ṽw, and w to v, it follows that (w̃w, w) corresponds to (ṽw, v).
But then by the hypothesis of the Proposition we have: The residual morphism

Φ(ṽw,v) : G(ṽw,v) → H(w̃w,w)

is divisorial. On the other hand, by definitions we have identifications G(ṽw,v) = Gṽw and
H(w̃w,w) = Hw̃w , and Φ(ṽw,v) = Φṽw .

This completes the proof of the Claim 1.

Coming back to the proof of the Proposition, let LH and LG be divisorial lattices in L̂H,

respectively L̂G. For Γ ⊂ L̂H of finite co-rank and satisfying Γ ∩ ÛH = (0), set ∆ := φ̂(Γ).

Claim 2. φ̂ : L̂H → L̂G maps Γ isomorphically onto its image ∆, and further one has:

∆ ∩ ÛG = (0), and ∆ is a finite co-rank Z`-submodule of L̂G.
Indeed, by the diagram (∗) from Remark 3.5, 3), and in the notations from there, we have:

H is injective on Γ, as Γ ∩ ÛH = (0). Since d̂ivΦ is injective, it finally follows that H(Γ) is

mapped injectively into D̂ivG. Therefore, φ̂ maps Γ injectively into L̂G, and ∆ := φ̂(Γ) has

trivial intersection with ÛG. Now let us check that ∆ has finite co-rank in L̂G: First let v
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be a valuation of G such that v(Γ) 6= (0). Equivalently, ∆ = φ̂(Γ) has a non-trivial image
under

v ◦ φ̂ : L̂H
φ̂−→L̂G

v

−→Z`ϕv.

Hence v ◦ φ̂(∆) is non-trivial. Since the above sequence is `-adically dual to Tv ↪→ G Φ−→H,
it follows that Φ(Tv) 6= 1 in H. Since Φ is proper by hypothesis, it follows that there exists w
such that Φ(Tv) ⊆ Tw, and Φ(Tv) is open in Tw. Hence finally w corresponds to v. Therefore,
if v(∆) 6= (0), then there exists some w 6= w0 corresponding to v.

Next, by the commutativity of the second diagram in Remark 3.3, 4), it follows that
v(∆) 6= (0) if an only if w(Γ) 6= (0). Now since Γ has finite co-rank, there exist only finitely
many valuations w of H such that w(Γ) 6= (0). Finally, for each such w there exist only
finitely many v’s such that w corresponds to one of the v’s. Thus finally there are only
finitely many valuations v of G such that v(∆) 6= (0).

This completes the proof of Claim 2.

Now suppose that Γ is non-trivial. Then we have the situation: Γ and its isomorphic image

∆ are non-trivial finite co-rank submodules of L̂H, respectively L̂G. Since ∆ ∩ ÛG = (0), it
follows that ∆∩LG is a lattice in ∆ which completely determines the divisorial lattice LG in
the `-adic equivalence class of all the divisorial lattices of G. Correspondingly, the same is

true for Γ∩ ÛH and LH, etc. On the other hand, since ∆ has finite co-rank, by the ampleness
of G, there exist valuations v of G such that the following are satisfied:

j) ∆ ⊂ Ûv and v maps ∆ injectively into L̂Gv .

jj) ∆v := v(∆) satisfies: ∆v ∩ ÛGv = (0), as ∆ ∩ ÛG = (0) by the discussion above.

For such a valuation v, the lattice ∆∩LG is mapped by v isomorphically onto a lattice in
∆v. Hence by the properties i), ii), from Fact 2.8, we get: There exists a unique divisorial

ÛGv -lattice LGv of Gv such that v(∆∩LG) = ∆v ∩LGv . For v as above we analyze the cases:

Case a) Φ(Tv) = 1. Then the trivial valuation w0 corresponds to v, and for the residual
morphism Φv : Gv → H we have: First, Φv is divisorial by Claim 1. Hence by Remark 3.5, 5),

there exists a unique divisorial ÛH-lattice LH of H such that the Kummer homomorphism

φ̂v : L̂H → L̂Gv maps LH into LGv .

Case b) Φ(Tv) 6= 1. Then there is a non-trivial valuation w corresponding to v, and for the
corresponding residual morphism Φv : Gv → Hw we have: First, Φv is divisorial by Claim 1.

Hence by Remark 3.5, 5), there exists a unique divisorial ÛHw-lattice LHw of Hw such that

the Kummer homomorphism φ̂v : L̂Hw → L̂Gv maps LHw into LGv . Moreover, since φ̂ maps
Γ isomorphically onto its image ∆, and v maps ∆ isomorphically onto its image ∆v, we get:
Since v ◦ φ̂ and w ◦ φ̂v coincide on Γ, it follows that w maps Γ isomorphically onto its image
Γw, and that φ̂v maps Γw isomorphically onto ∆v. Therefore, w satisfies mutatis mutandis
the conditions j), jj), above with respect to Γ. Hence Γw∩LHw is a lattice in Γw. Hence there

exists a unique divisorial ÛH-lattice LH of H such that Γ ∩ LH is mapped isomorphically
onto Γw ∩ LHw .

Claim 3. In both cases above, φ̂ maps LH into LG.
First, in the notations from above, it is clear by the discussion above, that φ̂ maps Γ∩LH

isomorphically onto ∆∩LG. Now let Γ′ be a finite co-rank Z`-module such that Γ′ ∩ ÛH = 1

and Γ ⊆ Γ′. Let L′H be the divisorial ÛH-lattice given by the construction above when
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starting with Γ′ instead of Γ. Then we have: Γ ∩ L′H is a lattice in Γ, which is `-adically

equivalent to Γ ∩ LH. Hence φ̂(Γ ∩ LH) and φ̂(Γ ∩ L′H) are `-adically equivalent lattices in

∆ = φ̂(Γ), and both of them are contained in LG. Hence φ̂(Γ∩LH) and φ̂(Γ∩L′H) are equal;
and therefore Γ ∩ LH and Γ ∩ L′H are equal. Hence finally LH and L′H are equal. In other
words, for every finite co-rank Z`-module Γ′ of H as above we have: If Γ ⊆ Γ′, then Γ′ ∩LH
is mapped into LG. But then LH = ÛH + ∪Γ′(Γ

′ ∩ LH) is mapped into LG, as claimed. �

B) Geometric like abstract decomposition graphs

We begin by first defining rational quotients of divisorial abstract decomposition graphs.
The point is that (divisorial) abstract decomposition graphs which arise from geometry posses
“sufficiently many” rational quotients; and morphisms of (divisorial) abstract decomposition
graphs arising from geometry are compatible with the rational quotients. This suggests that
for applications, one should consider/study divisorial abstract decomposition graphs endowed
with “sufficiently many” rational quotients, and morphisms of such enriched structures.

To begin with, let Gα be a level δ = 1 complete curve like abstract decomposition graph.
Recall the notations from the Construction 2.5, Case δ = 1: For every distinguished system
of generators Tα = (τv)v of Gα, we have an exact sequence of the form:

0 → ÛGα ↪→ LTα

Gα

−→ DivTα

can−→ ClTα
∼= Z(`) → 0 .

Definition/Remark 3.8. In the notations from above we define:
1) A level δ = 1 divisorial abstract decomposition graph Gα is called projective line like, if

ÛGα = (0) for some (thus every) distinguished system of inertia generators Tα of Gα.

We remark the following: Since ÛGα = (0), every ÛGα-lattice in Gα is actually a lattice in

L̂Gα . Let Tα = (τv)v be a distinguished system of inertia generators, and Bα = (ϕv)v the
corresponding Z(`)-basis of DivTα , see loc.cit. for notations. An element of the form

x = ϕv′ − ϕv

is called a generating element of LGα . We set (x)0 := v′ and (x)∞ := v, and call these the
zero, respectively the pole, of x. Further we denote

Pv = {x ∈ LTα | x generating, and (x)∞ = v } = {ϕv′ − ϕv | all v′ 6= v } ,
and call it a generating set at v for LTα . Clearly, Pv defines a Z(`)-basis of LTα for every v.

Note that if T′α = Tε
α is another distinguished system of inertia generators, and P ′v is

correspondingly defined, then ε ∈ Z×` is the unique `-adic unit such that ε · P ′v = Pv.

Let G be a level δ > 0 divisorial abstract decomposition graph. We will consider quotients

Φα : G → Gα of G such that Gα is projective line like, and let φ̂α : L̂Gα → L̂G be the
corresponding Kummer homomorphism. In order to simplify notations we set

L̂α := φ̂α(L̂Gα) ⊆ L̂G .

Further, for every multi-index ṽ of G, let ṽ : Ûṽ → L̂ṽ be the canonical reduction homo-
morphism, see Remark 3.3 for definitions.

2) In the above notations, we say that Φα is a rational quotient of G, if Φα is divisorial,

and for all multi-indices ṽ the following hold: If ṽ is non-trivial on L̂α ∩ Ûṽ, then L̂α ⊂ Ûṽ,

and ṽ is injective on L̂α, or equivalently, ṽ ◦ φ̂α is injective on L̂Gα .
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3) Let LG be a divisorial ÛG-lattice in L̂. Since Φα is divisorial, by Remark 3.5, 5), it

follows that there exists a unique divisorial lattice LGα in L̂Gα such that φ̂α(LGα) ⊂ LG.
Moreover, since Φα defines Gα as a quotient of G, and π1,Gα = 1 is trivial, by Remark 3.5, 5),

it follows that Lα := φ̂α(LGα) can be recovered from L̂α = φ̂α(L̂Gα) and LG as follows:

(∗) Lα := φ̂α(LGα) = L̂α ∩ LG .

Definition 3.9. Let G be a divisorial abstract decomposition graph, and let LG ⊂ L̂G be

a fixed divisorial ÛG-lattice. Let A0 = {Φα}α be the set of rational quotients of G. For every
subset A ⊆ A0, we denote

LA = < Lα | all α with Φα ∈ A >

the Z(`)-submodule of LG ⊂ L̂G generated by all the Lα with Φα ∈ A.

1) We say that A is an ample set of rational quotients of G, if the following hold:

i) For all α, α′ one has: If Φα 6= Φα′ , then L̂α ∩ L̂α′ = (0).

ii) LA ∩ ÛG = (0) and LA is `-adically dense in L̂G.

2) Suppose that A is an ample set of rational quotients of G. We will say that G is geometric
like with respect to A, if for every α, α′ there exists a multi-index ṽ of G such that:

j) L̂α and L̂α′ are contained in Ûṽ.

jj) ṽ maps L̂α and L̂α′ injectively into LGṽ
, and ṽ(L̂α) = ṽ(L̂α′).

3) In the above context, we will call LA an A-arithmetical lattice. Its `-adic equivalence
class depends in general on A, and not only on equivalence class of LG. Further,

ÛG + LA ⊆ LG
is a ÛG-lattice in L̂G, and therefore LG / (ÛG + LA) is a torsion free divisible group, hence a

Q-vector space. But in general, ÛG + LA is not necessarily a divisorial ÛG-lattice.

Definition/Remark 3.10. Let G and H be geometric like abstract decomposition graphs
with respect to some sets of rational quotients A0 = {Φα}α, respectively B0 = {Φβ}β, and
let a proper morphism Φ : G → H of level δ := δH be given.

1) We say that Φ is compatible with rational quotients, if there exist ample subsets A ⊆ A0

and B ⊆ B0 satisfying the following: First, G and H are geometric like with respect to
A, respectively B. Second, for each Ψβ ∈ B there exists Φα ∈ A and an isomorphism
Φαβ : Gα → Hβ such that the following diagram is commutative:

(∗)
G Φ−→ HyΦα

yΨβ

Gα

Φαβ−→ Hβ

2) We remark that in the above context, for every Ψβ ∈ B there exists a unique Φα

satisfying hypothesis (∗). Indeed, let Φα′ together with Φα′β also satisfy hypothesis (∗).
Then we have L̂Gα = φ̂αβ(L̂Hβ

), and by the commutativity of the diagram (∗), we get:

L̂α := φ̂α(L̂Gα) = φ̂α

(
φ̂αβ(L̂Hβ

)
)

= φ̂
(
ψ̂β(L̂Hβ

)
)

= φ̂(L̂β).
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Since the same is true correspondingly for α′, we finally get L̂α = φ̂(L̂β) = L̂α′ . But then by
Definition 3.9, 1), i) it follows that Φα = Φα′ , as claimed.

In the above context, we say that α corresponds to β, if the hypothesis (∗) is satisfied for

Ψβ and Φα. The discussion above shows that α corresponds to β if and only if φ̂(L̂β) = L̂α.

Proposition 3.11. In the context of the Definition above, let Φ : G → H be a level δ := δH
proper morphism of geometric like abstract decomposition graphs which is compatible with
the rational quotients A and B. Then Φ is divisorial.

1) More precisely, let φ̂ : L̂H → L̂H be the Kummer homomorphism of Φ. Let LB be an
arithmetical lattice for H defined by B. Then there exists a unique arithmetical lattice LA

for G defined by A such that φ̂(LB) ⊆ LA, and moreover, one actually has:

φ̂(LB) = φ̂(L̂H) ∩ LA .

2) In the above context, suppose that φ̂(LB) ⊆ LA. For each β, let LHβ
⊂ L̂Hβ

be the

unique divisorial lattice such that Lβ := φ̂β(LHβ
) = φ̂β(L̂Hβ

) ∩ LB. And for each α, let

LGα ⊂ L̂Gα be the unique divisorial lattice such that Lα := φ̂α(LGα) = φ̂α(L̂Gα) ∩ LA. Then
for all α, β one has: Φα ∈ A corresponds to Ψβ ∈ B if and only if

φ̂αβ(LHβ
) = LGα , φ̂(Lβ) = Lα .

Proof. It is clear that assertion 2) follows from assertion 1) and previous discussion. Therefore
we will concentrate on the proof of assertion 1).

First recall that by Definition/Remark 3.10, 2), we have: α corresponds to β if and only

if φ̂(L̂β) = L̂α. Using this we deduce:

- φ̂ maps L̂B :=
∑

Ψβ∈B L̂β into L̂A :=
∑

Φα∈A L̂α.

- Let LB and LA be fixed arithmetical lattices of H, respectively G. For a given β, choose
α corresponding to it. By the Definition/Remark 3.8, 3) above, and in the notations from

there we have: There exists a unique divisorial lattice LGα in L̂Gα such that φ̂α maps LGα

into LA, and actually φ̂α(LGα) = L̂α ∩LA. And correspondingly, the same is true for β, i.e.:

There exists a unique LHβ
in L̂Hβ

such that ψ̂β(LHβ
) = L̂β ∩ LB.

Since α corresponds to β, in the notations from Definition 3.10, let φ̂αβ be the Kummer

isomorphism defined by Φαβ. Then φ̂αβ(LHβ
) is a divisorial lattice in L̂Gα . Thus there exists

an `-adic unit εαβ such that

φ̂αβ(LHβ
) = εαβ · LGα .

On the other hand, the commutativity of the diagram (∗) from Definition/Remark 3.10
translated in terms of Kummer homomorphisms means that the above equality is equivalent
to the following: For all β and its corresponding α one has:

(αβ) φ̂(Lβ) = εαβ · Lα .

Let β and β′, and the corresponding α and α′ be given. Hence φ̂ maps L̂β and L̂β′

isomorphically onto L̂α, respectively L̂β′ . Since G is geometric like with respect to the family
of rational projections A, it follows that there exists some multi-index ṽ of G which has the
properties j), jj), of Definition 3.9, 2).
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Before moving on, we recall that by Fact 2.8, 2), the fixed divisorial ÛG-lattice LG of G
defines uniquely a ṽ-residual ÛGṽ

-lattice LGṽ
by setting

LGṽ
:= ÛGṽ

+ ṽ(LG ∩ Ûṽ).

We further remark that condition j) from Definition 3.9, 2) implies that Φα(Tṽ) = 1. Hence

Φα gives rise to a residual morphism Φṽα : Gṽ → Gα. And if φ̂ṽα : L̂Gα → LGṽ
is the Kummer

homomorphism of Φṽα, then ṽ ◦ φ̂α = φ̂ṽα. Therefore we have

ṽ(L̂α) = φ̂ṽα(LGα), ṽ(Lα) = φ̂ṽα(LGα).

Now since Φα is divisorial, Φṽα is so by definition. Hence by Remark 3.5, 5), we have:

φ̂ṽα(LGα) = φ̂ṽα(L̂Gα) ∩ LGṽ
.

Thus combining the assertions above, we finally get

ṽ(Lα) = ṽ(L̂α) ∩ LGṽ
.

On the other hand, both α and α′ satisfy condition j) from Definition 3.9, 2). Hence by
symmetry, the equalities above hold correspondingly for α′ too. And since by condition jj)

of Definition 3.9, 2), one has φ̂ṽα(L̂Gα) =: L̂ṽ,αα′ := φ̂ṽα′(L̂α′), we finally get:

(α) ṽ(Lα) = L̂ṽ,αα′ ∩ LGṽ
= ṽ(Lα′) .

On the other hand, since Φ is proper, there exists some w̃ corresponding to ṽ. Recall the
second diagram in Remark 3.3, 3), from which we bring forward:

Ûw̃
w̃−→ L̂Hw̃yφ̂

yφ̂ṽ

Ûṽ
ṽ−→ L̂Gṽ

and recall that φ̂ and φ̂ṽ are injective. Since L̂β = φ̂(L̂Gα), and L̂β′ = φ̂(L̂Gα′
), we get:

c) L̂β, L̂β′ ⊂ Ûw̃.

d) L̂β and L̂β′ are mapped by w̃ : Ûw̃ → L̂Hw̃
injectively into L̂Hw̃

, and have equal

images w̃(L̂β) =: L̂w̃,ββ′ := w̃(L̂β′).

And note that φ̂ṽ maps Lw̃,ββ′ isomorphically onto Lṽ,αα′ . Then going through the same
steps as above and using notations correspondingly, we finally get as above:

(β) w̃(Lβ) = w̃(Lβ′) .

We conclude the proof of the Proposition as follows: For β, β′ and α, α′ corresponding to
them, in the notations from above we have by relation (α) above:

εαβ · Lα = φ̂(Lβ) and εα′β′ · Lα′ = φ̂(Lβ′)

for some `-adic units εαβ and εα′β′ . Applying ṽ to the above equalities, and taking into

account that by the commutativity of the diagram above one has ṽ ◦ φ̂ = φ̂ṽ ◦ w̃ on Ûw̃,

thus on Lβ, Lβ′ ⊂ Ûw̃, we finally get:

ṽ(εαβ · Lα) = ṽ
(
φ̂(Lβ)

)
= (ṽ ◦ φ̂)(Lβ)

)
= (φ̂ṽ ◦ w̃)(Lβ)

)
= φ̂ṽ

(
w̃(Lβ)

)
30



and correspondingly

ṽ(εα′β′ · Lα′) = ṽ
(
φ̂(Lβ′)

)
= (ṽ ◦ φ̂)(Lβ′)

)
= (φ̂ṽ ◦ w̃)(Lβ′)

)
= φ̂ṽ

(
w̃(Lβ′)

)
.

On the other hand, w̃(Lβ) = w̃(Lβ′) by remark (β) above, hence the last two terms of the
equalities above are equal. Thus we get

ṽ(εαβ · Lα) = ṽ(εα′β′ · Lα′), hence εαβ · ṽ(Lα) = εα′β′ · ṽ(Lα′).

On the other hand, we also have ṽ(Lα) = ṽ(Lα′), by equalities (α) above. Thus finally

εαβ · ṽ(Lα) = εα′β′ · ṽ(Lα) .

Now recall that if φ̂ṽα : L̂Gα → L̂Gṽ
is the Kummer homomorphism of Φṽα : Gṽ → Gα, then

we have ṽ(Lα) = φ̂ṽα(LGα), and the latter is a ÛGṽ
-sublattice of LGṽ

. Hence finally εαβ/εα′β′
must be a rational `-adic unit. Since β, β′ were arbitrary, we conclude that for every fixed
β0 and the corresponding α0, after setting ε := εα0β0 , one has

φ̂(Lβ) = ε · Lα .

Equivalently, φ̂ maps LB =
∑

β Lβ into ε · LA = ε ·
∑

β Lα. �

C) Morphisms arising from algebraic geometry

Let k and l be algebraically closed fields of characteristic 6= `. Let K|k and L|l be function
fields, and let

ı : L|l ↪→ K|k
be an embedding of function fields such that l is mapped isomorphically onto k, and K|ı(L)
is a separable field extension, see e.g. Lang [L2] for a thorough discussion of this situation.

As introduced in the Introduction, let Dtot
K and Dtot

L be the total graphs of prime divisors
on K, respectively on L. Then ı gives rise in a canonical way to a morphism of graphs prime
divisors

ϕı : Dtot
K → Dtot

L .

The precise definition of ϕı is as follows: First let v be a prime divisor of K|k. Then the
restriction vL := v|L of v to L|l is either the trivial valuation w0 of L|l, or vL is a prime
divisor of L|l otherwise. In both cases, ı gives rise to an embedding of the residue function
fields

ıv : (LvL)|l ↪→ (Kv)|k .
Inductively, we deduce from this: If ṽ = vr ◦ · · · ◦ v1 is a prime r-divisor of K|k as defined

in Introduction, then w̃ := ṽ|L is a prime s-divisor of L|l for some 0 ≤ s ≤ r. Moreover,
by general valuation theory, it follows that every generalized prime divisor of L|l is the
restriction of some generalized prime divisor of K|k, hence ϕı is surjective, etc.

The situation will become clearer after analyzing in more detail how geometric prime
divisor graphs DK of K|k behave under ϕı.

First, remark that if K|ı(L) is finite, then for every generalized prime divisor w̃ of L|l,
its fiber is finite of cardinality bounded by [K : ı(L)]. From this one immediately deduces
that the image of every geometric decomposition graph for K|k under ϕı is a geometric
decomposition graph for L|l, etc.
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Therefore, let us assume from now on that K|ı(L) is not algebraic. Then denoting by K1|k
the relative algebraic closure of ı(L) in K, we have: K1|ı(L) is finite separable, and K|K1 is
a regular function field extension. The situation of L|l ↪→ K1|k was explained above. Thus
mutatis mutandis, we can suppose that K|ı(L) is regular field extension.

Lemma 3.12. Let X → k be a projective normal normal model for K|k, and let D ⊇ DX

be any set of prime divisors with D\DX finite. Then there exists a projective normal model
X̃ → k and a dominant k morphism φ : X̃ → X such that D ⊂ DX̃ .

Proof. Clear. �

Using the Lemma above, we have: There exist projective normal models X → k for K|k
such that DX contains the 1-edges of DK and is complete regular like. And correspondingly,
the same is thus for L|l and DL. On the other hand, the regular embedding of function fields
ı : L|l → K|k is the generic fiber of a dominant rational map f : X --->Y which factors
through ı : l → k. And note that since X and Y are normal, f is defined at all points
x1 of co-dimension 1 of X. Moreover, replacing X → k by a properly chosen blowup, and
normalizing the resulting k-variety, we can suppose that f : X → Y is a k-morphism of
projective normal varieties. And since K|ı(L) is a regular field extension, it follows that
f : X → Y has geometric generic integral fibers. Hence by the characterization of (the
dimension of) the fibers the following hold:

• At almost all points x1 of codimension 1, f(x1) is either the generic point of Y , or
y1 = f(x1) is a point of codimension 1 of Y otherwise.

• On a Zariski open subset V ⊂ Y , the fiber Xy at y is irreducible, and one has

codim(y) + dim(Xy) = dim(X) .

Hence for almost all points y1 of codimension 1 in Y , the fiber Xy1 is irreducible and has
dim(Xy1) = dim(X) − 1. Equivalently, Xy1 is a Weil prime divisor of X, and its generic
point x1 has codimension 1 in X.

In birational terms this means the following: For every prime divisor v = vx1 ∈ DX let
w := v|L = ϕı(v) be its restriction to L. Then the center of w on Y is exactly f(x1), and we
have the possibilities:

a) w is the trivial valuation iff f(x1) is the generic point of Y .

b) w is a prime divisor of L|l and f(x1) has codimension 1 in Y . Then w is the Weil prime
divisor defined by y1 := f(x1).

c) w is a prime divisor of L|l and f(x1) has codimension > 1.

In particular, we see that the following hold: First, all w ∈ DY have preimages v in DX ,
and for almost all w the preimage v is unique. Second, there are at most finitely many
“exceptional” v ∈ DX for which ϕı(v) does lie in DY . Let Σf be that set.

We now claim that for the given models X → k and Y → l as above, there exist quasi
projective normal models X0 → k and Y0 → l dominating X → k and Y → l, and a
morphism f0 : X0 → Y0 extending f : X → Y , and having the following property:

(∗) ϕı(DX0 ∪ {v0}) = DY0 ∪ {w0} .

Note that in particular, DX ⊆ DX0 and DY ⊆ DY0 .
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Indeed, if ϕı(DX ∪ {v0}) = DY ∪ {w0}, i.e., if the exceptional set Σf is empty, then there
is nothing to prove. Hence consider some v := vx1 ∈ Σf , such that the center yv of w = ϕı(v)
has co-dimension > 1. Let Yv ⊂ Y be the closure of yv in Y . Then setting Y1 := Y , and
Z1 := Yv, we consider a sequence of blowups . . . → Yn+1 → Yn → . . . as follows: Zn ⊂ Yn

is the closure of the center of w on Yn. We stop if Zn has codimension 1, and blow up Zn

otherwise. Then the above sequence is finite. Moreover, if codim(Zn) > 1, then Yn+1 → Yn

is an isomorphism outside Zn. But then if the process above stops say at Yn, it follows that
Zn is the center of w on Yn, and codim(Zn) = 1. An easy Noether induction shows that
one gets models Y ′0 dominating Y such that ϕı(DX) ⊆ DY ′0

∪ {w0}. On the other hand,
f : X → Y can be interpreted as a dominant rational map f0 : X --->Y ′0 . Since X is
normal, and Y ′0 is complete, f0 is defined at all points v ∈ DX , and map these points into
DY0 by the discussion above. To conclude, let SY ⊂ Y ′0 be the Zariski closure of the (finite)
complement of DY ′0

\ϕı(DX), and SX the preimage of SY under f . Finally, set Y0 := Y ′0\SY ,
and X0 = U(f)\SX , where U(f) is the the domain of f . Then by the choices made, it follows
that f defines a dominant morphism f0 : X0 → Y0 which has the required property (∗).

Now proceeding by induction on the transcendence degree of the residual function fields
Lw̃|l ↪→ Kṽ|k, and using the fact (∗) above, we finally get the following:

Proposition 3.13. In the above context, let DK ⊂ Dtot
K and DL ⊂ Dtot

L be geometric graphs
of prime divisors for K|k, respectively L|l. Then there exists a unique maximal geometric
subgraph D′K ⊂ DK such that ϕı defines by restriction a morphism of graphs of prime divisors

ϕı : D′K → DL .

Moreover, for given geometric graphs DK ⊂ Dtot
K and DL ⊂ Dtot

L as above, there exist geo-
metric graphs of prime divisors D0

K ⊇ DK and D0
L ⊇ DL for K|k, respectively L|l, such that

ϕı defines by restriction a surjective morphism of graphs of prime divisors

ϕı : D0
K → D0

L .

Using the Galois theory and decomposition theory of valuations, the above facts have the
following translation in terms of abstract decomposition graphs:

Let ı′ : L′ → K ′ be a prolongation of ı : L|l→ K|k to L′, and let

Φı : G
′

K → G
′

L

be the corresponding canonical projection of Galois groups. Then since ı : L|l → K|k is a
morphism of function fields, it follows that the relative algebraic closure L1 of L|l in K|k is
a finite extension of L, thus a function field over l. But then it follows that Φı is an open
homomorphism.

Moreover, if ϕı(v) = w, and v′ is a prolongation of v to K ′, then the restriction w′

of v′ to L′ satisfies: First, w′ is a prolongation of w to L′. Second, let Tv ⊂ Zv and
Tw ⊂ Zw be the corresponding decomposition groups. Then Φı(Zv) ⊂ Zw and Φı(Tv) ⊂ Tw

are open subgroups. (This discussion includes the case where w is the trivial valuation
of L.) Moreover, if w is non-trivial, then wL ⊂ vK has finite index e(v|w). Hence we have
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commutative diagrams of the form:

L w−→ wL ⊂ ŵL = Hom
(
Tw,Z`

)yı

ye(v|w)

K v−→ vK ⊂ v̂K = Hom
(
Tv,Z`

)
Therefore, if γw and γv are the unique positive generators of vK, respectively wL, then γw is
mapped to e(v|w) ·γv. Thus if τv ∈ Tv and τw ∈ Tw are the arithmetical inertia generators as
defined/introduced at Remark 2.14, 2), then from the commutativity of the above diagrams

and definitions it follows that Φı(τv) = τ
e(v|w)
w .

Now combining this observation with Proposition 3.13 above, we obtain the following by
merely applying the definitions:

Proposition 3.14. In the notations from Proposition 3.13, the embedding of function
fields ı : L|l ↪→ K|k and the resulting canonical homomorphism Φı : G

′
K → G

′
L give rise in

a natural way to a level δ = tr. deg(L|l) morphism Φı : GDK
→ GDL

of the corresponding
abstract decomposition graphs.

1) Moreover, if ϕı : DK → DL is a proper morphism of graphs of prime divisors, then the
corresponding Φı : GDK

→ GDL
is a proper morphism of abstract decomposition graphs.

2) The Kummer homomorphism φ̂ : L̂ → K̂ of Φ is actually the `-adic completion of the
embedding of function fields ı : L|l ↪→ K|k. In particular, ı defines Φı uniquely.

3) Moreover, Φı defines ı uniquely up to Frobenius twists.

Proof. We already proved 1), and 2) above.

To 3): Recall that in Introduction we considered an identification ıK : T`,K → Z` of
the `-adic Tate module of K with Z`, and via that identification one gets the identification

K̂ = Homcont(G
′

K ,Z`). Explicitly, this identification works as follows: For each x ∈ K×,
let δ(x) : G

′
K → T`,K be the corresponding character defined in Kummer Theory. Then

δx := ıK ◦ δ(x) is the homomorphism δx : G
′

K → Z` defined by x. Given the embedding
ı : L|l ↪→ K|k, by the functoriality of Kummer Theory one has δ

(
ı(y)

)
= ı ◦ δ(x) ◦ Φ.

Therefore, if we choose the identifications ıK : T`,K → Z`, ıL : T`,L → Z` compatible with ı,
i.e., such that ıL = ıK ◦ ı, it follows that δı(y) = δu ◦ Φ, hence the Kummer homomorphism
defined by Φı is:

φ̂ : L̂ = Hom(G
′

L,Z`) → Hom(G
′

K ,Z`) = K̂, δy 7→ δı(y),

and therefore, φ̂ is exactly the `-adic completion of the embedding ı : L× → K×.

Now let ı′ : L|l ↪→ K|k be a further embedding of function fields such that Φı′ = Φı. Then

choosing ı′K : T`,L → Z` such that ı′L = ıK ◦ ı′, it follows that the Kummer homomorphism φ̂′

of Φı′ = Φı in this new setting is the `-adic completion of ı′. On the other hand, there exists

an `-adic unit ε ∈ Z×` such that ı′L = ε · ıL. If so, then we have φ̂′ = ε · φ̂ on L̂. Since φ̂ is the

`-adic completion of ı, and φ̂′ is the `-adic completion of ı′, if we denote by K : K× → K̂
the `-adic completion homomorphisms, we have:

K
(
ı′(y)

)
= ε · K

(
ı(y)

)
, y ∈ L× .
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Therefore, ε must be a rational `-adic unit, say ε = m/n with n,m natural numbers relatively
prime to `. But then for every y ∈ L there exists ay ∈ k such that ı′(y) = ayı(y)

m/n in K,
hence ı′(y) = um/n in K, as k is algebraically closed. But then ı′(y) is a nth power in K.
Since this is the case for all ı′(y) ∈ ı′(L), it finally follows that n = pk is a power of the
characteristic exponent p of k and l. By symmetry, the same is true for m. Hence finally ε is
a power of the characteristic exponent of k and l. Equivalently, ı′ is a Frobenius twist of ı.

�

D) Rational quotients from algebraic geometry

Next we turn our attention to rational projections of abstract decomposition graphs GDK

as above. Let t ∈ K be an arbitrary non-constant function, and let Kt be the relative
algebraic closure of k(t) in K. Then Kt|k is a function field in one variable. We endow Kt|k
with its unique complete normal model Xt → k –which is also projective, and consider the
corresponding graph of prime divisors DKt on Kt, and the resulting abstract decomposition
graph GKt on G

′
Kt

. Note that by Proposition 2.17, GKt has level δ = 1, and is complete curve
like. Hence in particular, GKt is divisorial. Moreover, if gt is the geometric genus of Xt, then
we have:

- ĈlGKt

∼= Z`.

- ÛGKt

∼= Z2gt

` as being the `-adic dual of π′1(Xt) ∼= Z2g
` . In particular, gt is encoded in GKt .

Finally, the inclusion ıt : Kt ↪→ K gives rise to a surjective morphism ΦKt : G
′

K → G
′

Kt
of

pro-` groups, which in turn defines a level δ = 1 divisorial morphism of abstract decomposi-
tion graphs ΦKt : GDK

→ GKt .

Fact 3.15. Suppose that GDK
is a level δ = tr. deg(K|k) divisorial abstract decomposition

graph. Then for x ∈ K the following are equivalent:

i) ΦKx : GDK
→ GKx is a rational quotient of GDK

.

ii) Kx is a rational function field.

Proof. To i) ⇒ ii): First recall that ÛGKx
∼= Z2gx

` , where gx is the genus of Xx. Hence GKx is
projective line like if and only if g = 0, or equivalently, Kx is a rational function field.

To ii) ⇒ i), we have to check property 2) from Remark/Definition 3.8.

Step 1: GKx is projective line like. Indeed, by the discussion above, we have ÛGKx
= 0

and ĈlGKx
∼= Z`, thus the claim.

Step 2: ΦKx : GDK
→ GKx defines GKx as a quotient of GK. Indeed, first ΦKx : G

′
K → G

′
Kx

is surjective by the definition of Kx. Thus it is left to show that ΦKx is proper, i.e., to show:
If Φṽ : Gṽ → GKx is a level δ = 1 residual morphism for ΦKx , then the following hold:

a) Each 1-index of Gṽ is mapped under Φṽ to some multi-index of GKx .

b) Each multi-index of GKx corresponds to some multi-index of Gṽ.

To prove a), let Xṽ → k be a normal model of Kṽ|k such that DXṽ
is the set of all the 1-

vertices of Gṽ. Then ı : Kx ↪→ Kṽ is defined by some dominant rational map f : Xṽ --->Xx.
Since Xṽ is normal and Xx is complete, it follows that f is defined at all points of co-
dimension 1. This means that for every v ∈ DXṽ

, we have: If v is trivial on Kx, then f(v) is
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the generic point of Xx, hence v is mapped to the trivial index of GKx ; and if v is non-trivial
on Kx, then f(v) is a closed point in Xx.

To prove b), we proceed by induction on dṽ = tr. deg(Kṽ|k). If dṽ = 1, then Xṽ is a normal
curve. Since GDK

was assumed to be divisorial, Gṽ is divisorial too by definition. Hence by
Proposition 2.17, 1), Xṽ → k is a complete normal curve. But then the dominant rational
map f : Xṽ --->Xx is a surjective morphism. Finally, if dṽ > 1, then there exist “many”
w ∈ DXṽ

which are trivial on Kx. But then Φṽ gives rise to a level δ = 1 residual morphism
Φw : Gw → GKx of Gṽ. Since tr. deg(Kw|k) < dṽ, by induction we have: Φw is proper. On
the other hand, the set of vertices VertGw of Gw is contained in the set of vertices VertGṽ

.
Hence finally every vertex of GKx corresponds to some vertex of Gṽ.

Step 3: If ṽ(Ûv ∩ K̂x) is non-trivial, then ṽ maps K̂x injectively into K̂ṽ. Indeed, let
ṽ = vr ◦· · ·◦v1 with vi prime divisors. Then one has: If ṽ is not trivial on K×x , then Kxṽ = k,

hence ṽ is trivial on K̂x∩ Ûṽ. Second, if ṽ is trivial on K×x , then Kxṽ = Kx, hence K̂x ⊆ Ûṽ,

and ṽ is injective on K̂x. �

Notations 3.16.
1) Let {κx = k(x) | x general element of K} be the set of all the subfields of K generated

by general elements x ∈ K. Note that κx = κx′ if and only if x′ = (ax + b)/(cx + d) is a
linear transformation of x.

Further let AK = {Φκx}κx be the set of the corresponding rational quotients of GDK
, and

note that Φκx = Φκx′
if and only if x′ = (ax+ b)/(cx+ d) is a linear transformation of x.

2) In order to simplify notations, we identify κx with the corresponding subfield of K. This

identification defines a canonical embedding κ̂x ↪→ K̂ which turns out to be the inflation
map defined by the canonical projection Φκx : G

′
K → G

′
κx

. Therefore, the `-adic completion

homomorphism K : K× → K̂ identifies then κx(κ
×
x ) with K(κ×x ) inside K̂.

3) Let ı : L|l → K|k be an embedding of function fields such that ı(l) = k and K|ı(L) a
separable field extension. Denote as above by AK = {Φκx}κx and BL = {Ψκy}κy the set of all
the rational quotients of K|k, respectively L|l. Finally let Bı ⊆ BL be the set of all the Ψκy

such that ı(κy) is relatively algebraically closed inK. Thus in the context of Proposition 3.14,
by taking into account Fact 3.15, we get: For Ψκy ∈ Bı and the corresponding Φκx ∈ AK ,
one has commutative diagrams in which Φκxκy is an isomorphism:

G
′

K
Φı−→ G

′
L GDK

Φı−→ GDLyΦκx

yΨκy

yΦκx

yΨκy

G
′

κx

Φκxκy−→ G
′

κy
Gκx

Φκxκy−→ Gκy

Fact/Definition 3.17. In the context from Notations 3.16 above, the following hold:

Birational Bertini : Let x, t ∈ K be algebraically independent over k, and x is separable
in K, i.e., x is not a p-power in K, where p = cahr(k). Then for all but finitely many a ∈ k
one has: ax+ t is a general element of K, i.e., k(ax+ t) is relatively algebraically closed in
K, see e.g. Lang [L2], Ch. VIII, Lemma, in proof of Theorem 7, or Roquette [R2], §4.

1) We will use the above “birational Bertini” repeatedly in the following form: Let x, t ∈ K
be fixed algebraically independent functions over k, with x separable, e.g., general.

a) ta := ax+ t is a general element of K for almost all a ∈ k.
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b) ta′,a := t/(a′x+ a) is a general element of K for all a′ ∈ k× and almost all a ∈ k.
c) ta′′,a′,a := (a′′t+ a′x+ a+1)/(t+ a′x+ a) is a general element of K for all a′′ ∈ k and

almost all a′, a ∈ k.
2) For x, t ∈ K as above, the general elements of the form ta, ta′,a, ta′′,a′,a, will be called

general elements of Bertini type defined by x, t. Further, a set Σ ⊂ K× will be called a Bertini
set, if for all x, t ∈ K which are algebraically independent over k, and x is separable, one
has: ta, ta′,a, ta′′,a′,a ∈ Σ for all a′′ ∈ k, and almost all a′, a ∈ k. Clearly, Σ generates the
multiplicative group K× by 1b) above.

We say that a set of rational quotients A ⊆ AK is of Bertini type, if A has a subset of the
form AΣ := {Φk(x0) | x0 ∈ Σ} for some Bertini set Σ ⊂ K×.

3) Next let ı : L|l → K|k be an embedding of function fields such that ı(l) = k and
K|ı(L) separable. Then for every separable element y ∈ L one has: x := ı(y) is a separable
element of K|k. Further, directly from the definition of a general element of Bertini type one
gets: Let ub, ub′,b, ub′′,b′,b ∈ L be general elements of Bertini type defined by some y, u ∈ L.
Then for all b′′ ∈ l, and almost b′, b ∈ l one has: The images tb := ı(yb), tb′,b := ı(ub′,b),
tb′′,b′,b = ı(ub′′,b′,b) are general elements of Bertini type in K|k defined by x := ı(y), t := ı(u).

4) From this we deduce that there exist Bertini sets ∆ ⊂ L× and Σ ⊂ K× such that
ı(∆) ⊆ Σ. Therefore, for the corresponding Bertini type sets of rational quotients B∆ and
AΣ we have: If κy ∈ B∆, then κx := ı(κy) lies in AΣ, etc.

Proof. The only assertions which are maybe not obvious are 1b) and 1c).

To 1b): ta′,a is general if and only if 1/ta′,a = a′(x/t) + a(1/t) is general. Now note that
if x/t, 1/t ∈ K are algebraically independent over k, and because x is separable, it follows
that at least one of the two elements is separable. Finally apply the “birational Bertini”.

To 1c): Setting α := 1−a′′, we have: ta′′,a′,a = a′′+(αa′x+αa+1]/(t+a′x+a) is general
element if and and only if t′ := (αa′x+ αa+ 1)/(t+ a′x+ a) is so. Note that t+ a′x+ a is
a general element for all a ∈ k× and almost all a′ ∈ k by the “birational Bertini”. Hence if
α = 0, then t′ := 1/(t + a′x + a) is general element. Finally, if α 6= 0, then x′ is a general
element if and only if 1/t′ = (t − 1

α
)/(αa′x + αa + 1) + 1

α
is a general element, thus if and

only if (t− 1
α
)/(αa′x+ αa+ 1) is a general element. And the latter is a general element for

all αa+ 1 ∈ k× and almost all a′ ∈ k, by Case 1b). �

Proposition 3.18. In the above notations, the following hold:
1) Suppose that tr. deg(K|k) > 1, and let GDK

be a complete regular like geometric decom-
position graph, which we view as a divisorial abstract decomposition graph. Then endowing
GDK

with a Bertini type set A ⊆ AK of rational projections, GDK
becomes a geometric like ab-

stract decomposition graph satisfying the following: K(`) := K(K×)⊗Z(`) is an arithmetical

lattice defined by A inside K̂, which we call the canonical arithmetical lattice.

2) Let ı : L|l → K|l be an embedding of function fields such that ı(l) = k, and K|ı(L) is
separable. Let HDL

be a complete regular like abstract decomposition graph for L|l such that

Φı : GDK
→ HDL

gives rise to a proper morphism of abstract decomposition graphs. Then there exist Bertini
type sets B of rational quotients for HDL

such that Φı is compatible with the rational pro-
jections B and A.
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Proof. To 1): Let us check that to check that A satisfies the conditions from Definition 3.9.
Let X → K be a normal quasi-projective model of K|k such that DX is the set of all
1-vertices of GK

Step 1. A is an ample family of rational quotients for GDK
.

Indeed, first recall that by Fact 3.17, 2), the set ΣA generates K×. Therefore, in the
notations from Definition 3.9 we have: LAΣ

= K(`), hence LA = K(`) too. From this we

deduce: First, LA is `-adically dense in K̂, as K(K×) itself is so. Second, since DK was
supposed to be complete regular like, for every non-constant x ∈ K there exists v ∈ DX such
that v(x) 6= 0. Equivalently, for every non-trivial x ∈ K(`), there exists v ∈ D1

DK
such that

v(x) 6= 0. But this means exactly K(`)∩ ÛGK is trivial. From this discussion, the condition ii)
of Definition 3.9 follows. For condition i), remark that Φκx 6= Φκx′

implies that κx 6= κx′ .

But then κx ∩ κx′ = k, hence κ̂x and κ̂x′ have trivial intersection inside K̂.

Step 2. GDK
endowed with A is geometric like.

Indeed, let κx and κx′ be given. If κx = κx′ , then there is nothing to prove. Hence let
κx 6= κx′ . Since κx and κx′ are relatively algebraically closed in K, it follows that x, x′ are
actually algebraically independent over k. Therefore, by the “birational Bertini”, it follows
that for almost all a, a′ ∈ k we have: t := ax − a′x′ gives rise to a dominant rational map
f : X ---> P1

t , satisfying: For general points t = b, the fiber Xb is a Weil prime divisor of
X, and x, x′ are non-constant on Xb. The birational translation of this is the following: If
v := vXb

∈ DX is the corresponding prime divisor of K, then x, x′ are v-units such that
v(x), v(x

′) are not constant in the residue field Kv of v. But then κ×x and κ×x′ consist of
non-principal v-units, and are mapped isomorphically into the residue field Kv. Moreover,
since t = ax − a′x′ has v(t) > 0, it follows that ax ≡ a′x′ (mod mv), hence v(κx) = v(κx′).
Taking `-adic completions, we deduce from this that conditions j), jj) of Definition 3.9 are
satisfied at v.

To 2): Clear by the Fact 3.17, 3) and 4, and the commutative diagrams from Nota-
tions 3.16, 3). �

4. Proof of the Main Result

Here is our main result concerning geometric like abstract decomposition graphs:

Theorem 4.1. Let K|k be a function field with tr. deg(K|k) > 1, and let GDK
be a complete

regular like geometric decomposition graph for K|k. We endow GDK
with a Bertini type set

A of rational quotients, and view it as a geometric like abstract decomposition graph.

1) Let H endowed with a family of rational quotients B be a geometric like abstract de-
composition graph. Then up to multiplication by `-adic units, and composition with auto-
morphisms Φı : GDK

→ GDK
defined by embedding of function fields ı : K|l→ K|k such that

K|ı(K) is purely inseparable, there exists at most one isomorphism Φ : GDK
→ H of abstract

decomposition graphs which is compatible with the rational quotients A and B.

2) Let L|l be a further function field with tr. deg(L|l) > 1, and let HDL
be a complete

regular like abstract decomposition graph for L|l. We endow HDL
with a Bertini type set B

of rational quotients, and view it as a geometric like abstract decomposition graph. Let

Φ : G
′

K → G
′

L
38



be an open group homomorphism which defines a proper morphism Φ : GDK
→ HDL

of
abstract decomposition graphs compatible with the rational quotients B and A. Then there
exist an `-adic unit ε and an embedding of function fields

ı : L|l→ K|k

such that Φ = ε · Φı, where Φı : GDK
→ HDL

is the canonical morphism defined by ı as
indicated above.

Further, ı(l) = k, and ı is unique up to Frobenius twists.

Proof. Since (1) follows from (2), it suffices to prove assertion (2).

Recall that Proposition 3.18, K(`) := K(K×) ⊗ Z(`) and L(`) := L(L×) ⊗ Z(`) are arith-
metical lattices for GDK

endowed with A, respectively for HDL
endowed with B. Now by

Proposition 3.11, it follows that φ̂(L(`)) is contained in a unique arithmetical lattice of GDK
.

Since the arithmetical lattices of GDK
are `-adically equivalent to K(`), there exists an `-adic

unit ε such that

φ̂(L(`)) ⊆ ε ·K(`) .

Therefore, after replacing Φ by ε · Φ, without loss of generality we can suppose that

Hypothesis I. φ̂ maps L(`) isomorphically into K(`).

We further recall that K(K×) = K×/k× and L(L×) = L×/l× are true lattices in K(`),
respectively L(`). In order to simplify notations, we denote by:

x = K(x) = k×x, y = L(y) = l×y

the image of x ∈ K× under K , respectively that of y ∈ L× under L. Further, we will always
denote elements of K(`), respectively of L(`), in boldface:

x ∈ K(`), y ∈ L(`) .

Next we want to understand the following: Let Φκx ∈ A correspond to some Φκy ∈ B, and

let κx,(`) ⊂ κ̂x and κy,(`) ⊂ κ̂y be the unique divisorial lattices such that φ̂κx(κx,(`)) ⊂ K(`),

respectively φ̂κy(κy,(`)) ⊂ L(`). Then by Proposition 3.11, 2), we get: φ̂κxκy(κy,(`)) = κx,(`),

φ̂◦φ̂κy(κy,(`)) = φ̂κx(κx,(`)). Hence taking into account the identifications from Notations 3.16,

i.e., κx,(`) = K(`) ∩ φ̂κx(κ̂x) inside K̂ = L̂GDK
, and κy,(`) = L(`) ∩ φ̂κy(κ̂y) inside L̂ = L̂HDL

,
the above assertion is equivalent to: If Φκx ∈ A corresponds to Φκy ∈ B, then

φ̂(κy,(`)) = κx,(`) .

Hence we have L(κ×y ) ⊂ κy,(`) and K(κ×x ) ⊂ κx,(`), and the task now is to understand the

precise relation between φ̂ ◦ L(κy
×) and K(κ×x ) inside κx,(`).

Lemma 4.2. Let Φκx ∈ A correspond to some Φκy ∈ B. Then there exist unique relatively
prime and prime to ` integers m,n > 0 such that the following hold:

1) φ̂
(
n · L(ly + l)×

)
= m · K(kx+ k)×, and φ̂

(
n · L(κ×y )

)
= m · K(κ×x ) inside κx,(`).

2) φ̂
(
n · L(y)

)
= m · K(x), provided Z(`) · L(y) is mapped by φ̂ into Z(`) · K(x), and

such a choice of a generator x for κx is always possible.
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Proof. We begin by considering the systems of arithmetical inertia generators Tκy of Gκy ,
respectively Tκx of Gκx , as introduced at Definition/Remark 2.14, 2). Let (y) = w′−w be the
divisor of y ∈ κy = l(y), and (x) = v′ − v be the divisor of x ∈ κx = k(x). Then κx = k(x),
and in the notations from Definition/Remark 3.8, 1), we have:

a) y := L(y) = ϕw′ − ϕw, and Py := Pw = L(ly + l)× ⊂ κy,(`) is the generating set at w
with respect to Tκy .

b) x := K(x) = ϕv′ − ϕv, and Px := Pv = K(kx + k)× ⊂ κx,(`) is the generating set at v
with respect to Tκy .

Moreover, we can choose x from the beginning in such a way that v′, v are the pre-images
of w′, w under Φκxκy . Equivalently, we then have φ̂(Z(`) y) = Z(`) x. Therefore there exists
unique relatively prime integers m,n > 0 such that

(∗) φ̂(n y) = m x .

On the other hand, the image Φκxκy(Tκy) of Tκy under the isomorphism Φκxκy is a dis-

tinguished systems of inertia generators for κx, such that φ̂(Pw) is the generating set at v
with respect to Φκxκy(Tκy). By the uniqueness up to `-adic equivalence of the distinguished
systems of inertia generators we have: Φκxκy(Tκy) = Tε

κx
for a unique `-adic unit ε ∈ Z×` .

Hence φ̂(Pw) = ε−1 · Pv and in particular, φ̂(y) = ε−1 · x inside κx,(`). Then by the fact (∗)
above, it follows that ε = n/m, hence both m,n are relatively prime to `. Finally, we get:

(∗)′ φ̂(nPy) = mPx .

Clearly, if m′, n′ are relatively prime integers such that φ̂(n′Py) = m′Px, then we must have

φ̂(n′ y) = m′ x. Therefore, (m,n) = (m′, n′) by the uniqueness of m,n.

Finally, since Py and Px generate κ×y/l
× inside κy,(`), respectively κx/k

× inside κx,(`), we
deduce that for the unique m,n above one has:

(∗)′′ φ̂
(
n · L(κ×y )

)
= m · K(κ×x ) .

This completes the proof of the Lemma. �

Norming 4.3. In the context of Lemma 4.2 above, suppose that Z(`) · L(y) is mapped

by φ̂ into Z(`) · K(x). Then we will say that φ̂ is y-normed, if φ̂ ◦ L(y) = K(x).

Clearly, a priori, φ̂ might not be normed with respect to any Φκy ∈ B and the correspond-
ing Φκx ∈ A. Nevertheless, we can “artificially” remedy this as follows: In the notations
from Lemma 4.2 above, suppose that we have chosen the generator x such that Z(`) · L(y) is

mapped by φ̂ into Z(`) · K(x). Hence we have φ̂◦ L(y) = (m/n) K(x). Further, remark that

ηφ̂ := m/n is an `-adic unit. And replacing the morphism Φ : G
′

K → G
′

L by its ηφ̂-multiple

Φ′ := ηφ̂ ·Φ, amounts to replacing φ̂ by its (1/ηφ̂)-multiple φ̂′ := (1/ηφ̂) · φ̂. In particular, we

have ηφ̂′ = 1, hence φ̂′ is y-normed.

Hence we have: Let κy ∈ B and its corresponding κx ∈ A be given such that Z(`) · L(y)

is mapped by φ̂ into Z(`) · K(x). Then after replacing Φ by a properly chosen multiple η ·Φ
with η ∈ Z(`), the resulting Kummer homomorphism (1/η) φ̂ is y-normed. Hence mutatis

mutandis, we can suppose that φ̂ satisfies the following norming hypothesis:

Hypothesis II. κx ∈ A corresponds to κy ∈ B, and φ̂◦L(y) = K(x), hence φ̂ is y-normed.
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Remark/Notation 4.4. If φ̂ is y-normed, then by Lemma 4.2, φ̂ defines bijections:

(†) φ̂ : L(ly + l)× → L(ky + k)×, φ̂ : L(κy
×) → L(κx)

× .

We set MK := φ̂
(
L(L×)

)
∩K(K×), and let ML ⊆ L(L×) be the pre-image of MK under φ̂.

Then L(κy
×) ⊂ML and K(κx

×) ⊂MK by the fact (†) above, and

φ̂ : ML →MK

is an isomorphism which maps L(κy
×) isomorphically onto K(κx

×).

We will say that u ∈ L× and t ∈ K× correspond to each other, if the following hold:

L(u) ∈ML, K(t) ∈MK , and φ̂ ◦ L(y) = K(x) .

Finally we remark that ML ⊗ Z(`) = L(`) inside L̂.

Lemma 4.5. Suppose that t ∈ K and u ∈ L correspond to each other via φ̂. Then

Pt := (kt+ k)×/k× = K(kt+ k)× ⊂MK, and Pu := (lu+ l)×/l× = L(lu+ l)× ⊂ML.

Proof. Case 1) u ∈ κy. Then t ∈ κx, and we are in the situation of Lemma 4.2 above with
m = n = 1, from which the assertion follows.

Case 2. u /∈ κy. Since κy = l(y) is relatively algebraically closed in L, it follows that u, y
are algebraically independent over l. Correspondingly, the same is true for t, x, i.e., t, x are
algebraically independent over k. Then by the Fact 3.17, 1), we have:

i) ta′,a := t/(a′x+ a) is a general element of K for almost all a′, a ∈ k.
ii) ub′,b := u/(b′x+ b) is a general element of L for almost all b′, b ∈ l.

Hence by condition (†) of Remark/Notation 4.4, we conclude the following: For a′, a as at i),

let ya′,a ∈ (ly + l)× be such that φ̂ ◦ L(ya′,a) = K(a′x+ a). Then by ii), ua′,a := u/ya′,a is a
general element of L for almost all a′, a ∈ k. And note that

φ̂ ◦ L(ua′,a) = φ̂ ◦ L(u/ya′,a) = K
(
t/(a′x+ a)

)
= K(ta′,a).

In particular, since A and B contain some Bertini type subsets, we can suppose that κta′,a
∈ A

and κua′,a
∈ B, and κta′,a

corresponds to κua′,a
under Φ.

On the other hand, since by hypothesis we have K(t) ∈ MK and L(u) ∈ ML, and by
Remarks/Notation 4.4 above, K(kx + k) ⊂ MK and L(ly + l) ⊂ ML, it follows that for
almost a, a′ ∈ k, the following hold:

a) ta′,a ∈ K and ua′,a ∈ L, respectively ta′,a+1 ∈ K, and ua′,a+1 ∈ L, are general elements

which correspond to each other under φ̂.

a)′ Hence φ̂ is normed with respect to both ua′,a and ua′,a+1.

For b, b′ as at ii), let xb′,b ∈ kx+ k be such that φ̂
(
L(b′y + b)

)
= K(xb′,b). Then by i), for

all b and almost all b′, one has: tb′,b := t/xb′,b is a general element of K. And note that:

K(tb′,b) = K(t/xb′,b) = φ̂ ◦ L
(
u/(b′y + b)

)
= φ̂ ◦ L(ub′,b) .

In particular, κtb′,b
∈ A and κub′,b

∈ B, and κtb′,b
corresponds to κub′,b

under Φ, and φ̂ is

normed with respect ub′,b. Reasoning as above, it follows that for almost b′, b ∈ l one has:
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b) tb′,b ∈ K× and ub′,b ∈ L, respectively tb′,b+1 ∈ K and ub′,b+1 ∈ L, are general elements

which correspond to each other under φ̂.

b)′ Hence φ̂ is normed with respect to both ub′,b and ub′,b+1.

But then by the fact (†) from Remark/Notation 4.4 applied to the functions ta′,a ∈ K×

and ua′,a ∈ L, it follows that K(κ×ta′,a) = φ̂ ◦ L(κ×ua′,a
) ⊂ φ̂ ◦ L(L×), hence K(κ×ta′,a) ⊂

φ̂ ◦ L(L×) ∩ K(K×) = MK ; and the same correspondingly for the other three pairs of

functions which correspond to each other under φ̂. Thus finally we get:

K(κ×ta′,a) ⊂MK , K(κ×ta′,a+1
) ⊂MK , and L(κ×ub′,b

) ⊂ML, K(κ×ub′,b+1
) ⊂ML .

Finally, for a, a′, a′′ ∈ k, consider the functions

ta′′,a′,a = (a′′t+ a′x+ a+ 1)/(t+ a′x+ a) .

Then by Fact 3.17, 1), it follows that for all a′′, and almost all a′, a, the function ta′′,a′,a is
a general element of K too. On the other hand, a direct computation shows that:

ta′′,a′,a =
a′x+ a+ 1

a′x+ a
· a
′′ta′,a+1 + 1

ta′,a + 1
.

Since the images via K of both the denominators and the numerators of the fractions above
lie MK , we get: K(ta′′,a′,a) ∈MK . Reasoning as previously in the case of ta′,a, we find general
elements ua′′,a′,a ∈ L such that κta′′,a′,a

corresponds to κua′′,a′,a
, etc. And we further define

correspondingly functions

ub′′,b′,b =
b′x+ b+ 1

b′x+ b
· b
′′ub′,b+1 + 1

ub′,b + 1
,

and find functions tb′′,b′,b ∈ K, etc. Finally one gets: K(κta′′,a′,a
) ⊂ MK for all a′′ ∈ k, and

almost all a′, a ∈ k. And correspondingly L(κub′′,b′,b
) ⊂ ML for all b′′ ∈ l, and almost all

b′, b ∈ l.
Now we conclude the proof of the fact that K(kt + k)× ⊆ MK as follows: First, since

K(κ×ta′′,a′,a) ⊂MK , we have K(ta′′,a′,a − 1) ∈MK . On the other hand,

ta′′,a′,a − 1 = [(a′′ − 1)t+ 1]/(t+ a′x+ a) .

Now remark that t + a′x + a = (a′x + a + 1)/t0,a′,a. Hence K(t + a′x + a) ∈ MK , as
K(t0,a′,a), K(a′x + a + 1) ∈ MK . Thus we finally deduce that K

(
(a′′ − 1)t + 1

)
∈ MK for

all a′′ ∈ k. Hence Pt = K(kt+ k)× ⊂MK , as K(t) ∈MK by hypothesis.

In a completely similar way, one concludes that Pu = L(lu+ l)× ⊂ML.
�

Lemma 4.6. Let K0 = −1
K (MK)∪{0} ⊆ K and L0 = −1

L (ML)∪{0} ⊆ L be the preimages
of MK, respectively ML, in K, respectively L, together with 0 added. Then K0 ⊆ K and
L0 ⊆ L are function subfields.

Proof. Indeed, since MK is a subgroup of K̂, its pre-image −1
K (MK) in K× is a subgroup too.

We check that K0 is closed with respect to addition: For t, t′ ∈ K0 non-zero, t′′ = t′/t ∈ K0,
and t+ t′ = t(t′′+ 1). On the other hand, by Lemma 4.5 we have t′′+ 1 ∈ K0. Hence finally
we get t + t′ = t(t′′ + 1) ∈ K0. The proof of the assertion concerning L0 is similar, and we
omit it. �
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Now remark that MK = K(K×0 ) = K×0 /k
× can be viewed in a canonical way as the

projectivization P(K0) := K×0 /k
× of the infinite dimensional k-vector space (K0,+). And

correspondingly, ML = L(L×0 ) = L×0 /l
× =: P(L0) is the projectivization of the infinite

dimensional l-vector space (L0,+). And since the Kummer homomorphism φ̂ : L̂→ K̂ maps

ML bijectively onto MK , the restriction of φ̂ defines a bijection:

φ := φ̂|P(L0) : P(L0) = ML →MK = P(K0).

We remark that the lines in P(K0) are subsets of the form lt0,t1 := (kt0 + kt1)
×/k× with

t0, t1 k-linearly independent functions in K0. In particular, setting t := t1/t0, we see that
lt0,t1 = t0 · Pt, where Pt := (k t + k)×/k× = K(kt + k)×. Further note that lt0,t1 depends
only on t0 = K(t0) and t1 := K(t1) only, and not on the functions t0, t1 themselves. We will
therefore also write lt0,t1 for the line lt0,t1 , and Pt for Pt.

Correspondingly, the same holds for lines in P(L0).

Lemma 4.7. The morphism φ : P(L0) → P(K0) respects co-lineations, more precisely φ
maps each line lu0,u1 ⊂ P(L0) bijectively onto lt0,t1 ⊂ P(K0), where t0 = φ(u0), t1 = φ(u1).

Proof. Setting t = φ(u), we get lt0,t1 = t0 · lt, and lu0,u1 = u0 · lu. Hence taking into account
that φ respects the multiplication, it follows it is sufficient to show that φ maps Pu bijectively
onto Pt, provided t := φ(u).

Recall that φ̂ is y-normed, and φ̂(y) = x, where y = L(y), x = K(x), for x and y

corresponding to each other under φ̂. Moreover, by fact (†) from Remark/Notations 4.4,

φ̂ maps Py = Py bijectively onto Px = Px. Recall that for every 1-index v of GDK
, and

the corresponding 1-index w of HDL
, one has the commutative diagrams of the form, see

Remark 3.3, 3), and 4):

Ûw
w−→ L̂w L̂

w

−→ Z`ϕwyφ̂

yφ̂v and
yφ̂

yavw

Ûv
v−→ K̂v K̂

v

−→ Z`ϕv

Let Kt be the relative algebraic closure of k(t) in K0. We claim that φ(Pu) ⊂ K(Kt).
Indeed, let v be such that v(t′) 6= 0 for some t′ = φ(u′) with u′ ∈ Pu. Then by the
commutativity of the second diagram above we get: w(u′) 6= 0. But then it follows that
w is trivial on l(u)× ∩ Uw. Hence by the commutativity of the first diagram above, it
follows that v is trivial on φ ◦ L

(
l(u)×

)
, in particular on φ(Pu). By contradiction, suppose

that φ(Pu) 6⊂ K(Kt). Then ∃ u1 ∈ Pu and t1 ∈ K0 such that t and t1 are algebraically
independent over k, and K(t1) =: t1 = φ(u1). On the other hand, since t, t1 are algebraically
independent over k, there exist “many” v satisfying the following: v is not trivial on k(t)
and t is a v-unit, and v is trivial on k(t1). Note that v being non-trivial on k(t), and t being
a v-unit implies that the residue of t at v lies in k, hence v(t) = 0. Now let w correspond
to v under Φ. Then by the commutativity of the above diagrams we have: u = L(u) is a
w-unit, and w(u) = 0. Therefore, w is non-trivial on l(u). Further, u1 = L(u1) is a w-unit,
and w(u1) 6= 0. But this contradicts the fact that w is non-trivial on l(u)!

Now choose a prime divisor v of K|k such that the following are satisfied:

i) v is trivial on κx, and t is a v-unit.

ii) x and t have equal residues in Kv, hence v(x) = v(t).
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Note that ii) implies that v is trivial on Kt too, hence v maps both κx
× and K×t injectively

into the residue field Kv.

Let w correspond to v under the proper morphism Φ : GDK
→ GDL

. Then reasoning as in
the proof of Proposition 3.11, it follows that the following hold:

j) w is trivial on κy.

jj) y and u have equal residues in Lw, hence w(u) = w(y).

Further, since w and v respect addition and multiplication, the following hold:

v(Pt) = Pv(t), v(Px) = Pv(x), and w(Pu) = Pw(u), w(Py) = Pw(y) .

Hence by i), ii), respectively j), jj), we get Pv(t) = Pv(x) and Pw(u) = Pw(y). Therefore,

since φ̂(Py) = Px by the choice of x and y, it follows from φ̂v ◦ w = v ◦ φ̂ that:

φ̂v(Pw(y)) = φ̂v

(
w(Py)

)
= v

(
φ̂(Py)

)
= v(Px) = Pv(x) .

Thus taking into account the equalities above and that v ◦ φ̂ = φ̂v ◦ w, we finally get:

v
(
φ̂(Pu)

)
= φ̂v

(
w(Pu)

)
= φ̂v

(
Pw(u)) = φ̂v(Pw(y)) = Pv(x) = Pv(t) = v(Pt) .

Hence v
(
φ̂(Pu)

)
= v(Pt). Since both φ̂(Pu) and Pt are subsets of K(K×t ), and v is injective

on K(K×t ), we get φ̂(Pu) = Pt, as claimed. �

In order to conclude the proof of the Theorem we proceed as follows:

By Lemma 4.6 above, φ respects co-lineations. Therefore, by the Fundamental theorem
of projective geometries, see e.g. Artin, φ is the projectivization φ = P(φ′) of some linear
ı0-isomorphism φ′ : (L0,+) → (K0,+), i.e., ı0 : l → k is an isomorphism of fields, and φ′ is
an isomorphism of Abelian groups, such that φ′(au) = ı0(a)φ

′(u) for all a ∈ l and u ∈ L0.
Moreover, φ′ is unique up to composition by homotheties of the form la ◦ φ′ ◦ lb (all a ∈ k,
b ∈ l). Further, as k× = ker(K) and l× = ker(L), it follows that φ′(l) = k. We set

φ0 :=
(
1/φ′(1)

)
φ′ ,

and claim that φ0 is a field isomorphism which maps l isomorphically onto k. Indeed, for
a fixed y ∈ L0, consider φy : L0 → K0 defined by φy(u) := φ0(yu). Then φy is a linear
ı0-isomorphism. Set x = φ0(y). Then considering projectivisations, and using the fact that
φ = P(φ0) is multiplicative, it follows that for all u ∈ L0 we have:

P(φy)(u) = P(φ0)(yu) = P(lx) ◦ P(φ0)(u) ,

where lx is the multiplication by x on K0. Therefore, there exist a ∈ k× and b ∈ l× such
that lb ◦ φy ◦ lb = lx ◦ φ0. In other words, a φ0(y b u) = xφ0(u) for all u ∈ L0. Setting u = 1,
and taking into account that φ0(1) = 1, we have: a ı0(b)x = x. Thus a ı0(b) = 1, hence the
effects of la and lb cancel each other. Hence we have

φ0(y u) = xφ0(u) = φ0(y)φ0(u), (all u, y ∈ L0).

Therefore, φ0 is a field isomorphism as claimed.

Finally, in order to conclude the proof of the Theorem we prove the following:

Lemma 4.8. L|L0 is a purely inseparable field extension.
44



Proof. First, recall that by the last fact in Remark/Notations 4.4, we have ML ⊗Z(`) = L(`)

inside L̂. Equivalently, for every u ∈ L× there exists a positive prime to ` integer nu > 0
such that unu ∈ L0. This means in particular that L|L0 is an algebraic extension. Since L|l
is a function field over the (algebraically closed) field l, it follows that L0|l is so, and L|L0

is actually a finite field extension, say [L : L0] = n > 0. From this we deduce that if nu

is minimal such that unu ∈ L, then nu|n. In particular, all the nth powers un, u ∈ L, are
contained in L0. But then n = [L : L0] must be a power of the characteristic, as claimed. �

For the uniqueness of ı up to Frobenius twists, one uses the last Lemma above, and applies
Proposition 3.14.

The Theorem 4.1 is proved. �
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