RECOVERING FIELDS FROM THEIR DECOMPOSITION GRAPHS

FLORIAN POP

1. INTRODUCTION

Recall that the birational anabelian conjecture originating in ideas presented in GROTH-
ENDIECK'S Esquisse d’un Programme |[G1] and Letter to Faltings |G2], asserts roughly the
following: First, there should exist a group theoretical recipe by which one can recognize
the absolute Galois groups Gk of finitely generated infinite fields K among all the profinite
groups. Second, if G = G is such an absolute Galois group, then the group theoretical
recipe recovers the field K from G in a functorial way. Third, the recipe should be invari-
ant under open homomorphisms of absolute Galois groups. In particular, the category of
finitely generated infinite fields (up to Frobenius twist) should be equivalent to the category
of their absolute Galois groups and open outer homomorphisms between these groups. A
first instance of this situation is the celebrated Neukirch—Uchida Theorem, which says that
global fields are characterized by their absolute Galois groups. I will not go into further
details about the results concerning Grothendieck’s (birational) anabelian geometry, but the
interested reader can find more about this in SzZAMUELY’s Bourbaki Séminaire talk [Sz|, and
FarTiNgs’ Séminare Bourbaki talk [Fa], and newer results by Stix [St], MocHizuk1 [Mz|,
Sami-Tamacawa [S-T], and KoenigsMANN [Ko|, Minhyong Kim [Ki| concerning the (bira-
tional) section conjecture.

The idea behind Grothendieck’s anabelian geometry is that the arithmetical Galois action
on rich geometric fundamental groups (like the geometric absolute Galois group) makes
objects very rigid, so that there is no room left for non-geometric morphisms between such
rich fundamental groups endowed with arithmetical Galois action.

On the other hand, Bocomorov [Bo| advanced at the beginning of the 1990’s the idea that
one should have anabelian type results in a total absence of an arithmetical action as follows:
Let ¢ be a fixed rational prime number. Consider function fields K |k over algebraically closed
fields k& of characteristic # £. For each such a function field K|k, let Gy := Gal(K"|K) be
the Galois group of a maximal pro-¢ abelian-by-central Galois extension K”|K. Note that
if GOHY = [GD Gg](GD)™, where i > 0 and G(©) = G, are the central £> terms of the
absolute Galois group G of K, then we have Gy = G0 /G®?). Further, G = G©/GW is
the Galois group of the maximal pro-¢ abelian sub-extension K'|K of K”|K; and denoting by
G(*) the intersection of all the G it follows that G (¢) := G /G is the maximal pro-/
quotient of G. Now the program initiated by BocoMmoLov in loc.cit. has as ultimate goal to
recover function fields K|k with tr. deg(K|k) > 1 as above from G} in a functorial way. (Note
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that BocomoLov denotes Gy by PGalS..) If successful, this program would go far beyond
Grothendieck’s birational anabelian conjectures, as k being algebraically closed implies that
there is no arithmetical action in the game. The program initiated by BocomoLov is not
completed yet, and the present paper is a contribution towards trying to settle that program.
See the Historical Note below for more about this.

In [P1] a sketch of a strategy to recover K|k was presented, which has as starting point the
following idea: Let K := lim K*/n, n = (¢, be the (-adic completion of the multiplicative

group K* of K|k. Since the cyclotomic character of K is trivial, one can identify the ¢-adic
Tate module Ty g := limpe ;¢ of K with Z;, and let 1x : Ty x — Z, be such an identification.

Then via Kummer Theeory, one has isomorphisms of /-adically complete groups:
[/(\' - Homcont(Gll{a TE,K) Z—K> Homcont<G]l{> Zﬁ)a

> / " . . . . " /
i.e., K can be recovered from Gy, hence from Gy via the canonical projection Gy — G-

On the other hand, since k* is divisible, K equals the f-adic completion of the free abelian
group K*/k*. Now the idea of recovering K|k is as follows:

a) First, give a recipe to recover the image jx (K X) K*/k* of the f-adic completion
functor jx : K* — K*/k* C K inside the “known” K = Homeont (G, Zg).

b) Second, interpreting K*/k* =: P(K) as the projectivization of the (infinite) dimen-
sional k-vector space (K, +), give a recipe to recover the projective lines [, , := (kx+ky)*/k*
inside P(K).

c¢) Third, apply the Fundamental Theorem of Projective Geometries, see e.g., ARTIN [Ar],
and deduce that K|k can be recovered from P(K) endowed with all the lines [, ,,.

d) Finally, check that these recipes are invariant under isomorphisms of profinite groups
Gy = GL' which are induced by ones between GII(' and GL”, hence such isomorphisms originate
actually from geometry.

The strategy from |[P1] to tackle the above problems a), b), ¢), d), above is in princi-
ple similar to the strategies (initiated by Neukirch and Uchida) to tackle Grothendieck’s
anabelian conjectures. It has two main parts as follows, the terms being as introduced later:

Part 1. Local theory: It has as input Galois theoretic information, like G, or like G (¢)
as considered in [P3]. It should be a recipe which in a first approximation recovers the
decomposition groups of prime divisors of K|k together with their inertia subgroups. The
final output of the local theory should be the (geometric) decomposition graphs Gp,. of Gy
together with their rational quotients 2x = {®,, }.,. This recipe should be invariant under
isomorphisms Gy = G, which are induced by isomorphisms between Gy and G .

Part II. Global theory: Its input is a geometric decomposition graph Gp,. for K|k together
with its set of rational quotients Ax = {P,, },. It should be a group theoretical recipe to
recover P(K) and its projective lines, thus finally to recover the function field K|k. And this
recipe should be invariant under isomorphisms of decomposition graphs Gp, = Gp, which
are compatible with rational quotients.

The present manuscript concerns Part II of the above strategy, and the final answer to
that is Theorem (1.1} which we reproduce below in a slightly modified form as the Main
Result. Before that let us define the geometric decomposition graphs Gp, of K|k and their

sets of rational quotients A = {®,, }..
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o The valuation theoretical side

Let K be an arbitrary field. The space of all the equivalence classes of valuations Valg of
K is in a canonical way a partially ordered set by: w < v iff O, C O,, iff m,, C m,, and if
so, then m,, C O, is a prime ideal, and O, is the localization O,, = (O,)m,. The unique
minimal element of Valg is the trivial valuation vy which has O,, = K as valuation ring.
Further, the minimal non-trivial elements of Valg are exactly the rank 1 valuation rings of K
(which then correspond to the equivalence classes of non-archimedean absolute values of K).
Note that if w < v, then O, /m,, is a valuation ring in the residue field Kw of w. We denote
the corresponding valuation of Kw by v/w, and call it the quotient of v by w. Conversely,
given w € Valg and a valuation w; of Kw, the preimage O of O,, under O, — Kw is a
valuation ring of a valuation v > w such that v/w = w;. We denote w; o w := v, and call it
the composition of w; and w.

Valg has in a canonical way the structure of a (half-oriented) graph with origin K = Kwy
as follows:

- The vertices are the residue fields Kv indexed by v € Valg.

- The set of edges from Kw to Kv is non-empty if and only if w < v and rank(v/w) < 1.
If so, then v/w is the unique edge from Kw to Kv. We say that v/w is a non-trivial oriented
edge if rank(v/w) = 1, respectively we call v/w a trivial non-oriented edge if v = w, i.e.,
v/w is the trivial valuation of Kw.

We will call the graph defined above the valuation graph for K. There are two functorial
constructions one should mention here:

1) Embeddings. Let 1 : L — K be a field embedding, and ¢, : Valx — Valy, v — vy :=v|p,
be the canonical restriction map. Then ¢, is surjective and compatible with the ordering of
valuations. And if w < v in Valg, then wy < vy in Valy, and rank(vy/wg) < rank(v/w).
Hence if the edge v/w from Kw to Kv exists, then the edge vy /wy, from Lwy to Lvy exists
too. Therefore, ¢, defines a canonical projection from the valuation graph of K onto the
valuation graph of L, under which Kv is mapped to Lvy, and the edge v/w from Kw to Kv
(if it exists) is mapped to the edge vy /wy from Lwy, to Lvy. Note that if v/w is a non-trivial
oriented edge such that vy, = wy, then v/w is mapped to the trivial non-oriented edge of
LUL == L’LUL.

2) Restrictions. Let Kw be the residue field of w, and Val,, = {v € Valg | v > w} be the
set of all refinements of v. Then Val, — Valg,, v — v/w, is a canonical bijection which
respects the ordering, thus defines an isomorphism of the subgraph Val, of the valuation
graph for K onto the valuation graph Valg,, for Kw.

Geometric prime divisor graphs

Now let us come back to the case where K is a function field K|k over k as above. Recall
that a (Zariski) prime divisor of a function field Kk is a discrete valuation v of K whose
valuation ring is the local ring Ox ,, of the generic point x; of some Weil prime divisor of
some normal model X — k of K|k. If so, then the residue field Kv of v is the function field
Kv = k(x1), thus tr. deg(Kwv|k) = tr. deg(K|k) — 1. A set of Zariski prime divisors D of K|k
is called a geometric set, if there exists a quasi-projective normal model X — k of K|k such
that D = Dy is the set of the valuations v,, defined by the generic points x; of all the Weil
prime divisors of X. Further, for a k-valuation v of K the following are equivalent:
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i) There exists a chain wy < -+ < w, := ¥ and tr. deg(Kv|k) = tr. deg(K|k) — r.
ii) © is the composition © = v, o --- o vy, where vy is a prime divisor of K := K, and
setting K; = K;_jv; for 0 <7 < r, one has: v; is a prime divisor of K;_;.
We will say that a valuation ¢ of K is a prime r-divisor of K|k, if 0 satisfies the above
equivalent conditions. In particular, one has r < tr. deg(K|k). If the rank r is not essential

for the context, we will simply say that © is a generalized prime divisor of K|k.

We define the total prime divisor graph D" of K to be the sub-graph of Valx whose vertices

are index by all the generalized prime divisors ¥ of K |k. Equivalently, for each vertex ¥ one
has: The set Dj of all the non-trivial edges starting at Ko equals the set of all the prime
divisors of Kv. Note that all the maximal branches of non-trivial edges of D" start at the
origin vertex K = K, and have length equal to tr. deg(K|k).

A geometric prime divisor graph for K|k is any connected subgraph Dy of D' which
satisfies: First, for each vertex Ko of Dy, the set D; of all the non-trivial edges of D
starting at Ko is a geometric set of prime divisors of Kv. Second, all maximal branches
of non-trivial edges of Dy originate at K = K, and have length equal to tr.deg(K|k).
Equivalently, Dy is a half-oriented connected graph having K = K as origin and satisfying:

I) The vertices of D are distinct function fields K;|k over k.

IT) For every vertex K;, the trivial valuation of K; is the only edge from K; to itself. And
the set of non-trivial edges starting at K; is a geometric set of prime divisors of K;, and if vy
is a nontrivial edge from K; to Ky, then K; = K,;vy, hence tr. deg(Ky|k) = tr. deg(K;|k)—1.

[IT) All the maximal branches of non-trivial edges of Dy have length equal to tr. deg(K |k).

The functorial behavior of geometric prime divisor graphs is as follows:

1) Embeddings. Let L|l — K|k be an embedding of function fields which maps [ isomor-
phically onto k. Then the canonical restriction map Valx — Valy gives rise to a morphism
of the total prime divisor graphs ¢, : D" — D' which moreover is surjective. The relation
between geometric prime divisor graphs Di and Dy, is a little bit more subtle. One shows
the following, see Proposition [3.13} Given geometric prime divisor graphs Dy and Dy, there
exist geometric prime divisor graphs DY and DY containing Dy, respectively Dz, such that
©, defines a surjective morphism of geometric prime divisor graphs:

¢, : DY — DY,
2) Restrictions. Given a generalized divisor @ of K|k, let D2* be the set of all the
generalized prime divisors v of K|k with @ < ©. Then the restriction map
Dt — DRY O 0/w
is an isomorphism of valuation graphs. Moreover, if v is a vertex of some geometric prime

divisor graph Dy for K|k, then one has: The maximal subgraph Dy of Dk whose initial
vertex is Kv is isomorphic to a geometric graph of prime divisors of Kw.



e The Galois decomposition theoretical side

Let ¢ be a fixed prime number as above. For every field K, let K'|K be a maximal
pro-¢ abelian extension, and G} = Gal(K’|K) denote its Galois group. For v € Valg, and
prolongations v of v to K’, we have: The inertia/decomposition groups T,, C Z, of the
several prolongations v'|v are conjugated under Gy. Hence these groups are equal, as Gy
is commutative. We will denote them by 7, C Z,, and call them the inertia/decomposition
groups at v. Recall that Gy, = Z,/T, canonically.

Via Hilbert decomposition theory and Galois correspondence, we attach to Valg a graph
Gval, of pro-¢ abelian groups with an origin vertex as follows: The vertices of Gya, are
indexed by the (distinct) residue fields Kv with v € Valg, and we endow each Kv with the
abelian pro-¢ group Gy,. Concerning edges, if v/w is the unique edge from some Kw to
some Kv (hence, either w = v and v/w is the trivial valuation on Kv = Kw, or w < v and
rank(v/w) = 1 on Kw), we endow the edge v/w with the pair of groups T,/, C Z,/,. Note
that in the case v/w is the trivial valuation, we have merely by definition: 7,,, = 1 and

’

Zv/w — Kuv*
We will call Gy, the valuation decomposition graph of K, or of Gj.

Finally, remark that the above functorial constructions concerning embeddings and re-
strictions, give rise functorially to corresponding functorial constructions on the Galois side
as follows:

1) Embeddings. Let v+ : L — K be an embedding of fields, and consider a prolongation
'+ I < K’ of +. Then ¢ gives rise to a projection ®, : G5 — G}, which in turn gives rise
canonically to a morphism of valuation decomposition graphs, which we denote by ®, again:

D, : Gvaix — Gval, -

Note that ¢, maps the profinite group GII(U at the vertex Kwv into the profinite group GL/UL
at the corresponding vertex Lvy. And concerning edges, ®, maps T, /, C Z,/,, into the pair
Ty, jwy € Zuy jw, of the corresponding inertia/decomposition subgroups of vy /wy, in GL/wL.

2) Restrictions. For v € Val,, one has Z, C Z,, and T,, C T,. And under the canonical
projection Z,, — Gll(w, every T, C Z, is mapped onto T}/, € Z,/y in GI'(w, etc.

Geometric decomposition graphs

Next suppose that K is a function field K|k as considered above. Then we have the
following, see e.g., [P4], Introduction, for a discussion of these facts: For every prime divisor
v of K|k one has T, = Tk, and for every prime r-divisor @ one has T; = T} ;. Further,
for generalized prime divisors v; and 75 one has: Zz N Zz, # 1 if and only if 01, 0y are not
independent as valuations, i.e., O := Oz, O3, # K is a proper valuation ring of K. Moreover,
if ¥ is the valuation defined by O, then o is the unique generalized prime divisor of K|k with
T, = T; N T, and also the unique generalized prime divisor of K|k maximal with the
property Zs,, L, C Zs.

In the above context, let Dy be a geometric graph of prime divisors of K|k. We attach
to Dk C Valk the corresponding subgraph Gp,. C Gval, of Gyay,, and call Gp, a geometric
decomposition graph for K|k (or Gj).

Next recall that the isomorphy type of (the maximal abelian pro-¢ quotient of) the funda-

mental group 7} (X) of complete regular models X — £, if such models exist, does depend on
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K|k only, and not on X — k. Moreover, one can recover 7, (X) as being 7} (X) = Gy /Tk,
where T is the subgroup of G generated by all the inertia groups 7, with v prime divisor of
K|k. This justifies introducing the following terminology: We set 7 ;- 1= Gy /Tx and call it
the birational fundamental group for K|k. As discussed in Fact 2.15, there always exist quasi
projective normal models X — & for K|k such that 7 ;- classifies the connected normal
covers of X which are unramified above Dy, i.e., unramified in co-dimension 1. We call such
models X — k and the corresponding geometric sets D := Dx complete regular like. And
we will say that a geometric decomposition graph Gp, is complete regular like, if for all the
vertices ¥ of Gp,. one has: If tr. deg(Ko]k) > 1, then the set D; of non-trivial edges of Gp,.
originating from Ko is complete regular like, and if tr.deg(Kv|k) = 1, then Dj consists of
all the prime divisors of Ko|k (and in particular, it is complete regular like).

By the functorial properties of embeddings we get the following: Let ¢ : L|l — K|k be
an embedding of function fields, and Dg and Dy, be geometric prime divisor graphs of K|k,
respectively L|l, such that ¢ gives rise to a morphism ¢, : D, — Dg. Then ¢ gives rise
canonically to a morphism of decomposition graphs:

®,: Gp, — Gp,, -

Rational quotients

Let K|k be a function field as above satisfying tr. deg(K|k) > 1. For every non-constant
function t € K, let K; be the relative algebraic closure of k(t) in K. Since tr. deg(/;|k) =1,
it follows that K; has a unique complete normal model X; — k, which turns out to be a
projective smooth curve. Therefore, the set of prime divisors of K|k is actually in bijection
with the (local rings at the) closed points of X, thus with the set of Weil prime divisors
of X;. Therefore, the total prime divisor graph D' for K, is actually the geometric prime

divisor graph, whose non-trivial edges are in bijection with Dy,. We will denote D" simply
by DKt'

Let o : K; — K be the canonical embedding, and ®x, : G — Gy, the (surjective)
canonical projection. Then by the functoriality of embeddings we get: For every geometric
decomposition graph Gp, for K|k, the projection @, gives rise to a morphism of geometric
decomposition graphs @k, : Gp, — Gk,.

In the above context, we say that ®g, : Gp, — Uk, is a rational quotient of Gp,, if
K; = k(t), i.e., k() is relatively algebraically closed in K. We will call £ a “general element” of
K, and usually denote general elements of K by x, and K, by k, in order to distinguish them
from the “usual” K;. A “birational Bertini” type argument shows that there are “many”
general elements in K, see Lana |L2], Ch.VIII, and Fact For any given algebraically
independent functions z,¢ € K, not both inseparable, ¢, , := t/(a’z+a) is a general element
of K for almost all a’,a € k. A set of general elements > C K is a Bertini set if ¥ contains
almost all elements t, , for all z,¢ as above. We denote by Ax = {®P,, },, the set of all the
rational quotients of K|k, and consider subsets 2 C 2k containing all the &4, € A, t; € X,
and X some Bertini set of general elements. For short, we call such subsets 2l C g, Bertini
type sets of rational quotients.

The relation between rational projections and morphisms of geometric decomposition
graphs is as follows: Let ¢ : L|l — K|k be an embedding of function fields with +(l) = k, and

K1(L) a separable field extension. Then there exists a Bertini type set B = {®, },, for Gp,
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such that , := 1(k,) is relatively algebraically closed in K for all x,. Hence for all ®, € B
and the corresponding @, € Ag, K, := 1(ky), we get: The isomorphism @, ., : G., — Gs,
defined by 1.,,, := 1., satisfies the condition:

Q. 0P, =D, ., 0Dy, .
Because of this property, we will say that ®, is compatible with the rational quotients.

e Abstract decomposition graphs

It is one of our main tasks in the present manuscript to define and study abstract decompo-
sition graphs which resemble the geometric decomposition graphs Gp,.. And to define proper
morphisms of such abstract decomposition graphs, in particular their rational quotients. The
abstract decomposition graphs, which endowed with families of rational quotients resemble
the complete regular like geometric decomposition graphs as introduced above will be called
geometric like abstract decomposition graphs. The main result of the global theory we men-
tioned above as Part II is the following, see Theorem and Definitions 2.16, 3.2, 3.9, 3.15,
for the precise definitions of all the terms:

Main Theorem.

Let K|k be a function field with tr.deg(K|k) > 1, and let Gp,. be a complete regqular like
geometric decomposition graph for K|k. We endow Gp,. with a Bertini type set 2 of rational
quotients, and view it as a geometric like abstract decomposition graph.

1) Let H endowed with a family of rational quotients B be a geometric like abstract de-
composition graph. Then up to multiplication by (-adic units, and composition with auto-
morphisms ®, : Gp,. — Gp,. defined by embedding of function fields v : K|l — K|k such that
K(K) is purely inseparable, there exists at most one isomorphism ® : Gp,. — H of abstract
decomposition graphs which is compatible with the rational quotients A and B.

2) Let L|l be a further function field with tr.deg(L|l) > 1, and let Hp, be a complete
reqular like abstract decomposition graph for L|l. We endow Hp, with a Bertini type set B
of rational quotients, and view it as a geometric like abstract decomposition graph. Let

d: Gy — G
be an open group homomorphism which defines a proper morphism ® : Gp, — Hp, of

abstract decomposition graphs compatible with the rational quotients 8 and 2A. Then there
exist an -adic unit € and an embedding of function fields

1: LIl — K|k

such that ® = e - ®,, where ®, : Gp,, — Hp, is the canonical morphism defined by v as
indicated above.

Further, 1(l) = k, and v is unique up to Frobenius twists.

As mentioned previously, the Main Theorem above settles the global theory, hence reduces
the problem of recovering function fields K|l from Gy to recovering: First, the complete reg-
ular like geometric decomposition graphs Gp,. for K|k. Second, the sets of rational quotients
A = {Ky}x, of such decomposition graphs Gp,.. So far, the manuscripts [P4], together with
ideas from [P3| can be used to completely answer the two questions above in the case k is
an algebraic closure of a finite field (and a manuscript about this is in preparation). In a

similar but more technical way, one can recover from G[/(/ the complete regular like geometric
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decomposition graphs for K|k and their rational quotients in the case k is an algebraic clo-
sure of a global field and K|k is “very general”, i.e., the birational fundamental group m x
is finite, see Definition 2.16, for the definition of m k. Thus after building the corresponding
local theory, one gets the following “target result”:

There exists a group theoretical recipe which does the following: First it recog-
nizes the Galois groups of the form GII(/ among all the profinite groups, where
K|k is a function field with tr.deg(K|k) > 1 over fields k which are algebraic
closures of either finite fields or global fields with char(k) # (. Second, this
recipe gives the isomorphy type of K|k and is invariant under isomorphisms,
i.e., if L|l is a further function field over an algebraically closed field I, and
Gr = Gy is a given isomorphism, then its abelianization Gy = G, is induced
by an isomorphism of function fields L'|l = K'|k.

Historical note.

The first attempt to give a recipe to recover K|k from Gy was made by BocoMoLov
in his fundamental paper |Bo|. Although the loc.cit. is too sketchy in order to be sure
what the author precisely proposes, a thorough inspection shows that loc.cit. provides a
fundamental tool for recovering inertia elements of valuations v of K (which nevertheless
may be non-trivial on k). This is BocomorLov’s theory of liftable commuting pairs, see
BocomoLov-TscHINKEL [B—T1] for detailed proofs. Nevertheless, there are serious technical
issues and difficulties when one wants to develop a global theory along the lines suggested
in [Bo).

A sketch of a viable global theory —at least in the case k is an algebraic closure of a finite
field can be found in the notes of my MSRI Talk from the Fall of 1999, see |[P1]. That was
followed by [P2], where several technical details from [P1] were worked out.

The present manuscript is actually an elaborated version of [P2|, with the main result
here, which is Theorem [4.1], being a generalization of that of loc.cit.: Here we prove namely
the Hom-form of the (Isom-form of the) main result from [P2]. I should though mention that
the manuscript [P2] considers the mixed “arithmetic 4+ geometric situation”, which might
be applied to the case when k is not necessarily algebraically closed.

Finally, I would also like to mention the manuscripts:

e BocomoLov-TscHINKEL [B-T2|, which considers the case K = k(X) with X — k
a (projective, smooth) surface over an algebraic closure of a finite field k. (In its initial
variant, BocoMoLov—TSCHINKEL considered only the case when 7 (X) is finite.)

e [P3] gives a recipe to recover K|k from G (¢) under the hypothesis & an algebraic closure
of a finite field. The full G (¢) and not only Gy was used, because the “right” local theory,
now developed in [P4], was not available back then.

Thanks: I would like to thank several people who showed interest in this work. My special
thanks go among others to J.-L. Colliot-Thélene, D. Harbater, M. Jarden, J. Koenigsmann,

P. Lochak, J. Minac¢, H. Nakamura, M. Saidi, T. Szamuely, J. Stix, A. Tamagawa.
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2. PRO-{ ABSTRACT DECOMPOSITION GRAPHS

In this section we develop an abelian pro-¢ prime divisor decomposition theory for “ab-
stract function fields”, which is similar in some sense to the abstract class field theory.

A) Azioms and definitions
Throughout this chapter let ¢ be a fixed prime number.

Definition 2.1. A level 6 > 0 (pro-¢) abstract decomposition graph is a connected half
oriented graph G whose vertices are endowed with pro-¢ abelian groups, and whose edges are
endowed with pairs of pro-¢ abelian groups, satisfying the following axioms:

Axiom I): The vertices of G are pro-¢ abelian free groups G;, and G has an origin, which we
denote by G = Gj.

Axiom II):

i) For every vertex G, there exists a unique non-oriented edge v;o from G; to itself, and
v is endowed with the pair of pro-¢ groups {1} C G;. For every other vertex Gy # G,
there exists at most one edge vy from G; to G If vy exists, we say that vy is the oriented
edge from G; to Gy, and vy is endowed with a pair T,, C Z,, of subgroups of G; such that
Tvi, = Zg, and Gi/ = Zvi,/Tvi,.

The edges of G are also called valuations of G, in particular the edges originating from G;
are called valuations of GG;. And the edge v;g is called the trivial valuation of G;, whereas v;
are called non-trivial valuations of G;.

The groups T,, C Z,, are called the inertia, respectively decomposition, groups of v;;
and G is called the residue group of v;. For the sake of uniformity, we will also say that
{1} =: Tyo C Zy := G, are the inertia, respectively decomposition, groups of the trivial
valuation v;; and note that G; = Z;o/Tjo is the residue group of vy.

ii) For distinct non-trivial edges vy # vy originating at G, one has Z,, N Z,, = {1} in
G, hence T, N T, = {1} too.

For every co-finite subset &; of the set of non-trivial edges v originating at G;, let Ty,
be the closed subgroup of G; generated by all the T;,, vy € ;. A system (Ui o)a of such
co-finite subsets is called co-final, if every finite set of valuations v; as above is contained in
the complement of 4; , for some a.

iii) There exist co-final systems (;q)o such that T, N Ty, = {1} for all o and all
Uy ¢ 111'70[.

Axiom III): All maximal branches of non-trivial edges of G have the length 0.

Definition/Remark 2.2. Let G be an abstract decomposition graph of level ég > 0.
We will say that G is a level dg abstract decomposition graph on G = Gy. A valuation vy
of G; will be called an i’-edge of G. If no confusion is possible, we will denote the 1-edges
of G simply by v; thus the corresponding pro-¢ groups involved are denoted T, C Z, and
G, = Z,/T,.

1) Consider any § such that 0 < § < dg. By induction on ¢ it is easy to see that G has a
unique maximal connected abstract decomposition sub-graph containing the origin Gy of G

and having all branches of length ¢.
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2) Let © = (vs,...,v1) be a path of non-trivial valuations starting at G and having length
05 := 0 > 0. Hence vy is a non-trivial valuation of Gy, and inductively, if G; is the residue
group of v;, then v,y is a non-trivial valuation of G; for all ¢ < §. In particular, Gy is the
residue group of vs. Then there exists a unique maximal connected subgraph G; of G having
G as origin. Clearly, G; is in a natural way an abstract decomposition graph of level g —
on Gj.

We say that G; is a d-residual abstract decomposition graph of G. In particular, the unique
O-residual abstract decomposition graph of G is G itself.

3) For every branch o of length d; = 0 as above, we will say that G; := Gy is a d-residual
group of G; or precisely, that G is the v-residual group of G. One can further elaborate here
as follows: For § > 1 we define inductively the following: Set w = (vs_1, ..., v1), and suppose
Ty C Zy are defined, hence in particular Zg /Ty =: G = Gs_1 is the residue group of .
We then define the inertia/decomposition groups T; C Z; of ¥ in G as being the pre-images
of irv5 g Zv(g via Zu; - Z,,I]/Tw = GU5_1-

Note that we have Z;/T; =: G5 = G5, and Tj = Z9.

We call v a generalized valuation of G, or a multi-index of lenth d; of G. And we will say
that 05 is the rank of o, or that v is a generalized r-valuation if r = ;.

Given generalized valuations 0 = (v, ...,v1), W = (ws,...,w1), we say that @ < 0 if
s < r, and v; = w; for all i < s. Directly from the definitions one gets: If w < o, then
Zs C Zg, and Ty C T;. On the other hand, by Axiom II, ii), it immediately follows that the
converse of (any of) these assertions is also true. We will say that © and @ are dependent,
if there exists some ¢ > 0 such that v; = w; for ¢ <¢. For dependent generalized valuations
v and w as above the following are equivalent:

a) t is maximal such that v; = w; for i <.

b) Ts NTy 2 Z2E.

¢) tis maximal such that Z;, Z; are both contained in the decomposition group of some
generalized t-valuation of G.

4) In order to have a uniform notation, we view © = vy to be the trivial multi-index, or the
trivial path, of G as the unique one having length equal to 0. We further set Z,, := G and
T,, = {1}. In particular, one has Gy, = Z,,/T., = G, which is compatible with the other
notations/conventions. Further, vy < ¢ for all multi-indices .

Definition/Remark 2.3. Let G be a level dg abstract decomposition graph on G = Gy.
In the notations from above we consider the following:

1) Denote Eg = Hom(G, Zg). Since G is a pro-{ free abelian group, Zg is a free (-adically
complete Z,-module (in ¢-adic duality with G).

From now on suppose that dg > 0. Recall that T,, C Z, and G, = Z,/T, denote respec-
tively the inertia, the decomposition, and the residue, groups at the 1-edges v of G, i.e., at
the valuations v of G.

2) Denote by T" C G the closed subgroup generated by all the inertia groups 7, (all v as
above). We set m g := G/T and call it the abstract fundamental group of G. One has a
canonical exact sequence

1-T—-G—-mg:=G/T—1.
10



Taking continuous Z,~-Homs, we get an exact sequence of the form
g ~
0— Ug:= Hom (71, Zy) can, po = Hom (G, Z) = Ly = Hom(T, Zy).

We will call Ug = Hom (7T1’g, Zg) the unramified part of Eg. And if no confusion is possible,
we will identify ﬁg with its image in Eg.

3) Now let us have a closer look at the structure of Eg. For an arbitrary 1-edge v as above,
the inclusions T}, — Z, — G give rise to restriction homomorphisms as follows:

~

P Lo L = Hom(Z,, Z) =% Ly, := Hom (T, Zy).

We set U1 ker(resz, ) and U, = ker(y”) and call them the principal v-units, respectively the
v-units, in Eg And remark that the unramified part of Eg is exactly Ug =N, ker(y").

We further denote Egyﬁn = {z € Lg | () = 0 for almost all v}. We remark that by

Axiom I1, iii), Egﬁn is dense in Lg. Indeed, consider a co-final system (), of subsets of the
set of 1-edges v. As at loc.cit., denoting G, = G/Ty,, and T, = T'/Ty,, we have a canonical
exact sequence

1-T, =Gy —mg—1,
and T, is generated by the images T, , of T, (all v ¢ ,) in G,. Clearly, the image of the
inflation map inf,, : Hom(Ga, Zg) — Hom(G, Zg) is exactly
Ay i={z €Ly | (x)=0forall ve Uy} = Nyey, ker(5") .
Finally, taking inductive limits over the co-final system (i, )., the density assertion follows.
A closed Z,-submodule A C Eg is said to be a finite co-rank submodule, if A C EgVﬁn

and A/ Ug is a finite Zs-module; or equivalently, A is contained in ker(;*) for almost all v.

Clearly, the sum of two finite co-rank submodules of Eg is again of finite co-rank. Thus the
set of such submodules is inductive. And one has:

Zg’ﬁn = U (all finite co-rank A) = U, A, .
4) By the discussion above, the family (7). gives rise canonically to a continuous homo-
morphism &, ¥ of f-adically complete Z,-modules
L Zg — Ly — é\UETU = @Hom(Tv,ZZ) .
We identify Lr with its image inside @, ETU. Therefore, 1 = @, 3 on Eg.
We denote f);/g = 3, EATU and call it the f-adic abstract divisor group of G.
Finally, we set Q/:\[g = coker(79), and call it the (-adic abstract divisor class group of G.
And remark that we have a canonical exact sequence
0—Ug — Lg ng <, @lg — 0.

5) We say that G is complete curve like if the following holds: There exist generators 7, of
T, such that [, 7, = 1, and this is the only pro-relation satisfied by the system of elements
T = (7y)y. We call such a system T a distinguished system of inertia generators.

We remark the following: Let T = (7)), be another distinguished system of inertia gener-

ators. Then 7, = 75v for some (-adic units €, € Zy, as both 7, and 7, are generators of T,,.
11



Hence we have 1 =[], 7/ =[], 7¢*. By the uniqueness of the relation [[, 7, = 1, it follows
that €, = € for some fixed f-adic unit € € Z,.

Next consider some § with 0 < § < dg. We say that G is level § complete curve like if all
the (§ — 1)-residual abstract decomposition graphs G; are residually complete curve like. In
particular, “level 1 complete curve like” is the same as “complete curve like”.

6) For every 1-vertex v consider the exact sequence 1 — T, — Z, — G, — 1 given by
Axiom II, i). Let inf, : Hom(Gv,Zg) — HOHI(ZU,Zg) be the resulting inflation homomor-

phism. Since T, = ker(Z, — G,), it follows that resy, (U,) is the image of the inflation map
infl,. Therefore there exists a canonical exact sequence:

0— [75 — ﬁv j—”>Hom(Gv,Z5) = Egv — 0,
and we call 7, the v-reduction homomorphism.

7) In particular, if ég > 1, then dg, > 0 for every l-vertex v. Hence we have the corre-
sponding exact sequence for the residual abstract decomposition graph G,:

v ——

0— [/]\gv — Egv R Divg,.
We will say that G is ample, if dg > 0, and the following conditions are satisfied:
i) 9% Eg — @yex, L, is surjective for every finite set 3, where 7™ := @ ex’.
ii) If 6g > 1, then the following hold:
a) Jv(ﬁg) c ﬁgv and ﬁgv _'_]U(EQ,Hn N (7@) = Egv,ﬁn for every v.
b) For every ﬁAnitegSo—r/a\nk subrllodule A C Zg, there exists v such that A C l/]\v, and
ker(A 2% Lg 21— Divg,) C Ug.
Note that the condition ii) above is empty in the case ég = 1. Thus if ég = 1, then

condition i) is necessary and sufficient for G to be ample.

Next consider 0 < § < dg. We say that G is ample up to level ¢, if all the residual abstract
decomposition graphs Gz for v such that 0 < §; < ¢ are ample. In particular “ample up to
level 17 is the same as “ample”.

B) Abstract Zy divisor groups

Definition 2.4. 1) Let M be the f-adic completion of a free Z-module. We say that a
Z-submodule M C M of M is a Zy-lattice in M, (for short, a lattice) if My is a
free Z»-module, and it is f-adically dense in M, and it satisfies the following equivalent
conditions:

a) M/t = M/t

b) My has a Zy)-basis B which is (-adically independent in M.

c) Every Z-basis of My is (-adically independent in M.

2) Let N, My € M be Zg-submodules of M such that N, M/N are (-adically complete
and torsion free. We call My an N-lattice in M, if (M + N)/N is a lattice in M/N.

3) Finally, in the context above, a true lattice in M is a free Abelian subgroup M of M
such that My := M ® Z is a lattice in M in the above sense. And we will say that a

Z-submodule M C M is a true N-lattice in M, if (M + N)/N is a true lattice in M/N.
12



4) Next we introduce the f-adic equivalence: Let M be an arbitrary Z,module. We say
that subsets My, My of M are (-adically equivalent, if there exists an /-adic unit € € Z, such
that My = e - M inside M. Further, given systems S} = (x;); and Sy = (y;); of elements of
M, we will say that S; and Sy are (-adically equivalent, if there exists an f-adic unit € € Z;
such that z; = ey; (all 7).

5) We define correspondingly the ¢-adic N-equivalence of N-lattices, etc.

Construction 2.5. Let G be an abstract decomposition graph on G which is level §
complete curve like and ample up to level § for some given § > 0. Recall the last exact
sequence from point 4) from Definition/Remark [2.3}

~ ~ g ~
0— Ug — Lg <= Divg &% ¢lg — 0.
The aim of this subsection is to describe the f-adic equivalence class of a lattice Divg
in Divg —in the case it exists, which will be called an abstract divisor group of G. By

construction, this will be equivalent to giving the equivalence class of a Ug-lattice Lg in Lg,
which will turn out to be the pre-image of Divg in Lg.

The case § = 1, i.e., G complete curve like and ample.

In the notations from Definition/Remark [2.3] 5) above, let T = (7,), be a distinguished
system of inertia generators. Further let Fz be the Abelian pro-¢ free group on the system
T (written multiplicatively). Then one has a canonical exact sequence of pro-¢ groups

1— 78 - Fe - T —1,

where 7 = [[, 7, in Fz is the pro-¢ product of the generators 7, (all v). Remarking that
Hom(}":;g, Zg) = Divg in a canonical way, and taking (-adically continuous Hom’s, we get
an exact sequence

0— ET = Hom(T, Zg) — [/)ng = Hom(]:g, Zg) — Ly = Hom(TZe, Zg) — 0,

where the last homomorphism maps each ¢ to its “trace”: ¢ — (7 — Y., ¢(7,)). Thus Ly
consists of all the homomorphisms ¢ € Hom (.7-"3, Zg) with trivial trace.

Consider the system B = (p,), of all the functionals ¢, € Hom(}"g,Zg) = BEQ defined
by (1) =1 if v = w, and ¢,(7,) = 0 for all v # w. We denote by

Dive =< ‘B > C ﬁ/g

the Z-submodule of Hom (]-":;, Zg) = ]SEQ generated by 8. Then Divg is a lattice in BEQ,
and ‘B is an ¢-adic basis of Divg. We next set

Div := {3, ay ¢y € Dive | ¥, ay = 0} = Dive N Ly

Clearly, Div% is a lattice in ET. And moreover, the system (e, = @, — )20 is an f-adic
Z)-basis of Div} for every fixed v.

The dependence of Dive on ¥ = (7,), is as follows. Let ¥ = (7)), = ¢ with € € Z]
be another distinguished system of inertia generators. If B’ = (¢! ), is the dual basis to T,
then € - B’ = B. Thus B and B’ are f-adically equivalent, and we have: Divg = € - Divgs
and Div% =€- Div%,.

13



Therefore, all the subgroups of ]SiT/g and EAT of the form Divg, respectively Div%, are
(-adically equivalent (for all distinguished ¥). Hence the ¢-adic equivalence classes of Divg
and Div} do not depend on ¥, but only on G.

Fact 2.6. In the above context, denote by ég the pre-image of Div% in Eg. Further
consider all the finite co-rank submodules A of £g. Then the following hold:

(i) Lz is a Ug-lattice in Lg, and L C Zgﬁn.

(ii) AN Lg is a Ug-lattice in A (all A as above).
Moreover, j*(Ls) = Zypo (all v).

Proof. Clear. U

Definition 2.7. In the context of Fact above, we define objects as follows:

1) A lattice of the form Divg C ER/Q will be called an abstract divisor group of G. We will
further say that Div% is the abstract divisor group of degree 0 in Divsg.

2) The ﬁg—lattice L= is called a divisorial ﬁg—lattice for G in Eg. And we will say that Lz
and Divg correspond to each other, and that ¥ defines them.

The case: § > 1.

We begin by mimicking the construction from the case 6 = 1, and then conclude the
construction by induction on §. Thus let ¥ = (7,), be any system of generators for the
inertia groups T, (all 1-edges v). Further let Fz be the Abelian pro-¢ free group on the
system ¥ (written multiplicatively). Then T is a quotient Fx — T — 1 in a canonical way.

Remarking that Hom (.7-"3, Zg) = ﬁi;g in a canonical way, by taking ¢(-adic Hom’s we get an
exact sequence
0 — Hom(T, Z¢) — Hom(Fz, Z¢) = Divg.

Next let B = (¢,), be the system of all the functionals ¢, € Hom(Fz,Z;) defined by

0p(Tw) = 1if v = w, and ¢, (7,) = 0 for all v # w. We denote by
Divg = < B >, C Hom(F, Z)

the Z,)-submodule of Hom (.7:, ZZ) generated by B. Then B is an (-adic basis of Hom (J”:, Zg),
i.e., Divg is f-adically dense in Divg = Hom (.7-" , Zg), and there are no non-trivial /-adic rela-
tions between the elements of B. We will call 8 = (¢,), the “dual basis” to T, and remark
that Divg is a lattice in Hom(T, Zg).

Finally, let ' = (1), be another system of inertia generators, and suppose that ¥’ = <€ for
some € € Zg. If B’ = (¢)), is the dual basis to T', then ey), = ¢, inside Hom (T, Z;). Thus
e-B’ = B. In other words, B and B’ are (-adically equivalent, and we have: Divg = €-Divsr.

Fact 2.8. In the notations from above, let a ﬁgv—lattice Lg, C Egv with (/]\gv C Lg, be
given for every valuation v of G. Then the following hold:

1) Up to f-adic equivalence, there exists at most one ﬁg—lattice Lg in Zg such that first,
ﬁg CLgC Eg}ﬁn, and second, for every finite co-rank submodule A C Egﬁn and the
corresponding A, := 5,(AN (71,) C Egmﬁn the following hold:

i) La:=ANLgis a Ug-lattice in A.
14



i) 7,(LaN Uv) is a Ug,-lattice in A,, which is (-adically Ug, -equivalent to £g, NA,.

Moreover, if the ﬁg—lattice Lg exists, then its f-adic equivalence class depends only
on the f-adic equivalence classes of the Ug, -lattices Lg, (all ’U)

2) In the above context, suppose that g is ample and that the Ug lattice Eg satisfying

i),ii), exists. Then Ug +70(Lg nU, )isa Ug -lattice which is ¢-adically Ugu equivalent
to Lg, (all v).

Proof. To 1): Let Lg, L be ﬁg—lattices in Eg satisfying the conditions from 1) above. Let
A e Egﬁn be chosen such that A # (0) and AN Ug = (0). Then by the ampleness of G,
it followi that there exists v such that A C (71,, and 7, maps A injectively into Egv, and
J(A) N Ug, = (0).

For A as above, set £y, = AN L. Then by hypothesis i), it follows that Lo and L/, are
both Ug-lattices in A. And since A = AN U, by hypothesis ii) it follows that j,(£a) and
J0(Ly) are both lattices in A, = j,(A), which are Ug, -equivalent to the Ug,—lattlce Lg,NA,.
Therefore, there exists € = €ea, E Z; such that 3,(L)%) = €- 3,(La). Now since 3, is an
isomorphism on A, the above equality implies that £\, = €- La. Equivalently, £\ and La
are equivalent lattices in A. On the other hand, since

(*) ﬁg =Ua LA and Eéj = Ua E/A,
one immediately gets that £y = € - £, as claimed.

To 2): First, since Lg = Ua La as at (%) above, it follows from the hypothesis i), ii), that
ﬁgv + 70(Lg N ﬁv) is f-adically equivalent to some ﬁgv—sublattice of Lg,, as this is the case
for all the ﬁgv + 2,(La N (7 ). After replacing Lg, by some properly chosen /(- adic multiple,
say € - Eg with € € Ze , without loss of generality, we can suppose that 7,(Lg N U ) C Lg,,

thus Ugv + 20 (Lg N U, ) C Lg,. For the converse inclusion, let I' C Eg be a finite co-rank
submodule. Then by the ampleness of G, see Deﬁmtlon/ Remark 2.3, 7), ii), there exists

a finite co-rank submodule A C Eg such that I' C Ug + jU(A N U) But then by the
properties i), ii), we get: I'N Lg, € Ug + 2,(La N U, ) C Ugv + 30(Lg N U, ). Since I' was
arbitrary, and Lg, = Ug, + Up(I' N Lg, ), the converse inclusion follows. O

Let G be an abstract decomposition graph which is both level o complete curve like and
ample up to level ¢ for some 6 > 1. In particular, all residual abstract decomposition graphs
Gs to non-trivial indices © of length §; < & are both level (6 — d5) complete curve like and
ample up to level (§ — d8;); and if 5 = 6 — 1, then G; is complete curve like and ample.
Hence if 0; = § — 1, then G; has an abstract divisor group Divg, as defined/introduced in
Definition 2.7} In the above context, let us fix notations as follows:

Definition 2.9. In the above context, we define an abstract divisor group of G (if it exists)
to be the lattice defined by any particular system ¥ of inertia generators as above

Divg := Divg C ﬁi?fg ,
which together with its preimage Lg in Eg satisfies inductively on § the following:

i) Abstract divisor groups Divg, exist for all residual abstract decomposition graphs G,.
Let Lg, be the preimage of Divg, in Lg, (all v).
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ii) Lg satisfies conditions i), ii) from Fact [2.8) for all finite co-rank submodules A C Lg
with respect to the pre-images Lg, defined at i) above.

e Note that Lg C Zg’ﬁn by its very definition: If x € Lg, then 3¥(z) = 0 for almost all v.

Remark 2.10. Let G be an abstract decomposition graph which is level § complete curve
like and ample up to level § for some o > 0. Suppose that an abstract divisor group
Divg := Divg for G exists, and let Lg be its pre-image in £g. Then one has:

1) The canonical homomorphism ;" : Eg = HOI’Il(G,Zg) &Hom(Tv,ZZ) = Zy\p, gives
rise by restriction to a surjective homomorphism

jv : ,Cg — Z(g) Py -

Indeed, by condition i) of the ampleness, see Definition/Remark 7), it follows that
J"(Lg) = Zy p,. Further, since Lg is ¢-adically dense in Lg, it follows that 7¥(Lg) is dense in
Zy p,. Thus the assertion.

2) Moreover, the ﬁg—lattice Lg endowed with all the valuation homomorphisms j” deter-
mines Divg, as being the additive subgroup

Divg =3, Zwypo = >_, " (Lg) C Divg
generated by the j(Lg) for all the v. Therefore, giving an abstract divisor group Divg, is
equivalent to giving a Ug-lattice Lg in Lg such that inductively we have:

i) Lg satisfies the conditions i), ii) from Fact with respect to the pre-images Lg, of
some abstract divisor groups Divg, (all v).

ii) °(Lg) = Zy (all v), and Lg is the pre-image of @,7°(Lg) via 9.
3) Finally, for an abstract divisor group Divg for G, and its pre-image Lg in Zg, we set

€lz, = Divg/s9(Lg), and call it the abstract ideal class group of Lg. Thus one has a
commutative diagram of the form

0— U5 — L5 25 Divg <% ¢y —0
l l . /L lje‘r (*)
0— (/jg — //jg N Dng =5 Q/:\[g — 0

where the first three vertical morphisms are the canonical inclusions, and the last one is the
(-adic completion homomorphism.

Proposition 2.11. Let G be an abstract decomposition graph which is level & complete
curve like and ample up to level 6 > 0. Then v any two abstract divisor groups Divg and Divg
for Q are (-adically equivalent as lattices in DlVg Equivalently, their pre-images Lg and Ly
n Eg are (-adically equivalent Ug -lattices in ,Cg

Proof. We prove this assertion by induction on §. For = 1, the uniqueness is already shown,
see Fact [2.6, and Definition in case 6 = 1. Now suppose that § > 1. Let Divg, and Divg be
abstract divisor groups for G used for the definition of Divg, respectively Divg (all v). By the
induction hypothe81s Divg, and Divg are (-adically equivalent. Thus their pre-images £,

and L] in Eg » are f-adically equivalent Ug o-lattices. Therefore, by Fact 2.8 the lattices Lg
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and £y (which are the pre-images of Divg respectively Divg in Eg) are (-adically equivalent.
Finally, use Remark 2), above to conclude. O

Definition 2.12. Let G be an abstract decomposition graph which is level § complete
curve like and ample up to level 6. We will say that G is a divisorial abstract decomposition
graph, if it has abstract divisor groups Divg = Divg as introduced above. If this is the case,

we will denote by Lg the pre-image of Divg in £g, and call it a divisorial Ug lattice in Lg

C) Ezxample: abstract decomposition graphs arising from algebraic Geometry

Let K|k be a function field over an algebraically closed field k& with char(k) # ¢. General-
izing the geometric prime divisor graphs from the Introduction, we define a level § geometric
prime divisor graph for K|k as being a (half) oriented graph Dy defined as follows:

I) The vertices of Dk are distinct function fields K;|k over k. And Dk has an origin which
is K() =K.

IT) For every vertex K;, the trivial valuation vy of K is the only edge from K to itself,
and we view this edge as a non-oriented one, or a trivial edge. Further, the set of all the
oriented edges starting at K; is a geometric set D; of prime divisors v; of K;. We call these
edges non-trivial, and if vy € D; is such a nontrivial edge from K; to Ky, then K; = K;vy.
In particular, tr. deg( Ky |k) = tr. deg(K;|k) — 1.

I1T) All the maximal branches of non-trivial edges of Dk have length equal to d, hence
§ < tr.deg(K|k).

As indicated in the Introduction, using Hilbert decomposition theory for valuations, we
attach to Dy the corresponding subgraph Gp, C Gyay,. Hence by definition one has:

I) The vertices of Gp,. are in bijection with the vertices of D, via the Galois correspon-
dence, i.e., the vertices of Gp, are the pro-£ groups GI/{Z_ with K; vertex of Dg. In particular,
G[/<0 := Gy is the origin of Gp,..

IT) The trivial edge v;o from K; to itself is endowed with {1} =: T,,, C Z,,, := Gf/{i, ie.,
with {1} C GI'( The set of non-trivial edges originating from GI'(Z, equals the set D; of non-
trivial edges vy originating from K, and vy € D; is endowed with the inertia/decomposition
groups T,,, C Z,,. In particular, if vy is an edge from Kj to Ky = K;vy, then GI/(i, = Zy, /Tvi,.

[IT) All the maximal branches originating from GII(O and consisting of non-trivial edges of
Gp, have length 0.

Proposition 2.13. In the above notations, Gp, is a level & abstract decomposition graph.

Proof. Indeed, all the axioms of an abstract decomposition graph are more or less well
known facts concerning Hilbert decomposition theory for valuations. For instance, if vy is
a valuation of K, then all the prolongations v}, of vy to K| are conjugated under GI/Qv and
therefore, their inertia, respectively decomposition, groups are equal; say equal to T,,, C Z,,,,.
Further, T;,, = Zy, and the residue field Kjv}, equals (K;vy)', thus Gy = (Kyvy) = Z,, /T,
etc. Moreover, for Zariski prime divisors vy # wy of K;|k one has the following, see e.g.
Pop [P4], Introduction, and especially Proposition 2.5, 2): The decomposition groups Z,,
and Z,,, have trivial intersection. And finally, if X; — & is a normal quasi-projective variety

such that D; = Dy, is the set of Weil prime divisors of X;, then every open subgroup of GI/Q
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contains almost all inertia groups T,,,. Indeed, in every finite extension of K; only finitely
Weil prime divisors of X; are ramified, etc. 0

Remarks 2.14. Let G := Gp,. be a level ¢ abstract decomposition graph as introduced
above. Then by Kummer Theory we have:

1) Lg=Hom(Gy,Z) = K.

In order to compute Ug, ﬁg, and QAZ[g, we do the following: First let X — k be a quasi-
projective normal model of K|k such that its set of Weil prime divisors Dx equals the set
of non-trivial 1-edges v of G. Let H(X) denote the group of principal divisors of X, and
consider the canonical exact sequence 0 — H(X) — Div(X) 25 €1 (X) — 0. Then passing
to f-adic completions, we get an exact sequence of ¢-adic complete groups of the form:

0 — Tpx — H(X) — Div(X) — €1(X) — 0,
where Ty x = lim &1 (X), n = (¢, is the (-adic Tate module of €[(X).
2) Note that ;or every prime divisor v of K|k one has a commutative diagram of the form:
K v, oK
(*)o l lev
Hom(Gy,Z) —— Hom(T,,Z)
This diagram gives rise to a canonical inertia generator 7, € T, which we call the arithmeti-

cal inertia generator, and which is defined as follows: Let v, be the unique positive generator
of vK = Zv. Then 1, € T, is the unique generator of T;, such

0" (vy) (Tv) =1.
The diagrams (x), with v € Dx give rise canonically to a commutative diagram:

~

K — Div(X) =@,vK — C(X) — 0

O

Hom(G[/(,Zg) AN G/B\UHom(Tv,Zg) s Px — 0

where the vertical maps are isomorphisms, and 7/5)( is simply the quotient of the middle
group by the first one.

3) From this we deduce: Divg = m(X) and €lg = Px = CI(X).

Concerning ﬁg, the situation is a little bit more complicated. Let me recall that we defined
Ug = Hom (| g,7Z), where m} 5 := Gy /T and T is the group generated by all the inertia
groups T, with v € Dx. In geometrical terms, this means the following: 7 ; classifies all
the generically finite integral /-abelian Galois covers Y — X which are not ramified at any
v € Dx. In particular, we have a canonical projection

Wiyg — m(X) = Wf’ab(X)

which is not injective is in general. Nevertheless, if X is regular, then by the purity of the

branch locus, it follows that 7 ; = 7} (X).
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4) Let D}, be the set of all prime divisors of K|k. For D C D} a subset, let Tp C Gy be
the subgroup generated by all the T, with v € D, and set

T p = Gy /Tp .

In particular, 7 ;- := 7 ,, is a birational invariant of K, which we will call the abelian
) I e
pro-{ birational fundamental group for K. We note the following:

i) For every D C Dj there is a canonical (obvious) surjective projection 7} , — 7 k.

ii) If X — k is a quasi-projective normal model of K|k, then there is a canonical
surjective projection 7} 5 — ) (X) which is not necessarily an isomorphism.

iii) Nevertheless, if in the context of ii) above X is regular, then 7} , — 7(X) is an
isomorphism by the purity of the branch locus.

Now let us show the following:

Fact 2.15. In the above context, the following hold:
a) If X — k is complete normal model of K |k, then there exists a canonical surjective
projection 7}  — m(X).

b) For every given geometric subset Dy C Di, there exist geometric sets Dx C Dk
such that Dy C Dx and the canonical projection 7}, — 7] f is an isomorphism.

¢) If X is a affine normal curve, and 7} = @ ., then either X = A, or X = F\{pt}
with £ an elliptic curve.

In particular, 7'['{’ x as well as all the m p, are always finitely generated.

Proof. First, one gets a) easily by the fact that a base change of an étale cover is étale. Now
since X — k is a complete variety, for every v € D}, there exists a dominant canonical
k-morphism SpecO, — X. If X’ — X is some étale cover classified by 7}(X), then X’
is integral, and X’ x x Spec O, is étale over O,. Equivalently, v is unramified in the field
extension k(X) < k(X’), hence the image of the inertia group 7, in 71 (X) is trivial.

For the assertion b), first consider a small enough affine open subset Xy C X’ such that X
is regular. Then Xy — k is a quasi-projective regular model for K|k, hence 7} Dx, = 71 (Xo),
by the purity of the branch locus. Therefore, 7 Dx, is finitely generated, hence a finite
Z¢-module as it is an abelian pro-£ group. Since ) Dx, — T i 18 surjective, T ;- is a finite
Z¢-module too. But then

A = Ker(w, p,, — Tc)

is also a finite Zs,-module. Finally, by the definition of 7] x, it follows that for every g € A
there exists some v € D} such that g € T,. Since A is finitely generated, there exists a
finite set ¥ C Dy, such that the images of T, (all v € X) in 7}, Dy, generate A. In order to
conclude, consider any quasi-projective normal model X — k such that Dx/, > C Dx (hence
in particular, Dx, C Dx too).

Finally, assertion c) follows immediately from the structure theorem for (the Abelian pro-¢
quotient of the) fundamental groups of a normal curve. O

19



Definition 2.16. 1) We will say that a normal quasi-projective model X — k for K|k
is regular complete like, if ) , = 7} ;. And we will say that a geometric set Dx of prime
divisors is regular complete like, if X — £k is so.

2) Let Dg be a level § geometric graph of prime divisors for K |k. For each vertex ¢ of Dy,
let X; — k be a quasi-projective model of Ko | k such that Dy, is the set of non-trivial edges
originating from Kv. We say that Dy is regular complete like, for all ¥ one has: X; — k£ is
regular complete like if dim(X;) > 1, and X; — k is a complete normal curve if dim(X;) = 1.

Proposition 2.17. In the above notations and context one has:

1) Gp, is level § complete curve like if (and only if) 6 = tr.deg(K k), and each d-residual
variety Xz is a complete normal curve.

2) Let Gp,. be complete reqular like. Then Gp,. is ample up to level §.

3) Suppose that 6 = tr.deg(K|k), and let Gp, be complete reqular like. Then Gp,. is a
divisorial abstract decomposition graph, and Div(X)) = Div(X) ® Zy) C EE(X) is an
abstract divisor group of Gp,., which we call the canonical abstract divisor group of Gp,. .

Finally, ﬁgDK is the (-adic dual of 7| ;c, and the preimage Lx of Div(X)() in Eg =K

will be called the canonical divisorial ﬁgDK -lattice of Gp, .

Proof. To simplify notations set G := Gp,. .

To (1): Clear by the structure of G, in the case L|k is a function field of a curve. It is
nevertheless more/quite difficult to prove the “only if” part of (1), which we will not directly
use, thus omit the proof here.

To (2): We make induction on d = tr. deg(K|k). In the notations from Definition /Remarks
, 3), let A C K be a finite co-rank submodule such that AN ﬁg = 0. Then there exists an
open affine subset X’ C X such that for all v € Dy one has: A C (/]\v. Hence the canonical
projection m,(X') — m1(X) gives rise to an embedding U(X) — U(X’), and A C U(X).
Using DE Jonas’s alterations, and the inclusion/norm maps for divisors and divisor class
groups, w.l.o.g. we can suppose that X is a smooth k-variety. Finally, let X;,..., X,, be the
finitely many Weil prime divisors in X\X’, and ¥ = {zy,...,2,} C D} be their generic
points. Then the T, with x, € X generate Tx x := ker (7T1 (X)) —-m (X))

Now let 2 : X — P¥ be some k-embedding. For a general hyper-plane H C PY we set
Y=HNX,Y=HNX" Y, =X, NH (1 <m <mn). Then by a Bertini type argument,
each Y,, is a prime divisor of Y. Let T := {y1,...,y,} be the set of the generic points of the
Y, (1 <m <n). By Bertini we have:

i) The canonical projections 7 (Y) — m1(X) and m1(Y’) — m(X') are surjective.

ii) Set Tyy := ker (Fl(Y/> — 7T1(Y)). Then Ty y is generated by the inertia groups at
all the y,,, (1 <m <mn).

iii) Finally, Ty~ y is mapped surjectively onto T’x: x under the projection m(Y’) — m(X’)
from i) above.

This is now exactly the translation of the fact that for the Zariski prime divisor v of K
defined by the Weil prime divisor Y = H N X of X, the assertion from Definition/Remarks
2.3 3), holds for A at v.

To (3): It follows immediately from (1) and (2) above. O
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3. FROM ABSTRACT DECOMPOSITION GRAPHS TO FIELDS

A) Morphisms of abstract decomposition graphs

Let G and H be given abstract decomposition graphs of levels dg and dy, based on G = Gy,
respectively H = H,. We denote as usually by T, C Z, and G, = Z,/T, the l-edges,
respectively the 1-vertices of G, and correspondingly by T, C Z,, and G,, = Z,,/T,, the ones
for H. Further, G, and H,, are the corresponding 1-residual abstract decomposition graphs,
which have then level dg — 1, respectively d, — 1. We also recall that vy and wy are the trivial
valuations of G, respectively H, and that their inertia groups are trivial by definition.

Definition/Remark 3.1. 1) In the context above, let ® : Gy — Hy be a (continuous)
group homomorphism. Let v and w be multi-indices for G and H. We define inductively on
the length of ¥ the fact that w corresponds to ¥ via ® as follows, see Definition/Remark ,
especially loc.cit. 3 and 4), to recall notations:

i) The trivial multi-index @ = wy corresponds to ¥ if and only if ®(7;) = 1 and ®(Z;)
is open in Hy. And the only @ which corresponds to the trivial multi-index v = vq is the
trivial multi-index w = wy.

ii) Suppose that @w = (wy, ..., w;) and 0 = (v,,...,v;) are both non-trivial, and let us set
0 = (01,v1) and W = (W, w;) with 97 and @ the corresponding multi-indices for the residual
abstract decomposition graphs G,,, respectively H,,. (Note that #; and/or @w; might be
trivial.) Then we say that w corresponds to ¢ if and only if one of the following hold:

a) If ®(T,,) = 1, then under the induced homomorphism ¢,, : G,, = Z,,/T,, — Ho,
inductively one has: w corresponds to 0.

b) If ®(T,,) # 1, then ®(T,,) C T,,, and ®(Z,,) C T, are open subgroups, and under
the induced homomorphism ®,, : Gy, = Z,, /Ty, — Zw,/Tw, = H,, inductively one
has: w; corresponds to v; .

2) We remark that if @ corresponds to some o, and @' is a truncation of w, then @’ also
corresponds to some truncation ¢ of ¥. The proof follows immediately by induction on the
length of w, and we will omit it here.

3) Finally, let Vertg and Verty be the sets of all the vertices of G, respectively H, and let
Vertg s C Vertg be the set of all the vertices v € Vertg such that there exists some vertex
Wy € Verty which corresponds to 0. Then the correspondence relation introduced at 1)
above gives rise to a well defined map g : Vertg e — Verty, 0 ¢o(0) =0 := W;.

If pe(0) = W, we also say that & maps ¥ to w, or that w is the image of © under ®.
Definition 3.2. In the above notations, let § be an integer satisfying 0 < 9§ < dg, 6. We
define a level § morphism ® : G — H inductively on § and dg as follows:

1) A level 6 = 0 morphism ® : G — H is any group homomorphism ® : G — H under
which wq corresponds to vg. Equivalently, ® is open.

2) A level § > 0 morphism ® : G — H is any group homomorphism ¢ : G — H which is
open, and inductively on g and on ¢ has further properties as follows:

i) Almost all 1-vertices of H correspond to some 1 vertices of G, and every 1-vertex of

H corresponds to only finitely many (maybe to none) of the 1-vertices of G.
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ii) If wy corresponds to a 1-vertex v, then dg, = dg — 1 > ¢, and the canonical group ho-
momorphism &, : G, = Z, /T, — Hy defines a level § morphism of the corresponding
residual abstract decomposition graphs G, and H.

iii) If w is a 1-vertex corresponding to the 1-vertex v, then the canonical group homo-
morphism ¢, : G, = Z,/T, — Z,/T, = H, defines a level (§ — 1) morphism of the
corresponding residual abstract decomposition graphs G, and H,,.

Remarks 3.3. In the above context, let ® : G — H be a level 4 morphism of abstract
decomposition graphs.

1) Then @ gives rise to a Kummer homomorphism
EH = Hom(H, Zg) i>Hom(G,Zg) =: Eg, pr—@pod.
Note that since ® has an open image, and Eg and ZH are torsion free, 95 is injective.

From now on suppose that 6 > 0, and that v and w are the multi-indices of G, respectively
‘H which correspond to each other. Let 05 and 045 be their lengths, and suppose that d; < 9.

2) ®; : G5 — Hy has level (0 — d,,) and gives rise to the residual Kummer homomorphism
gi) EH — Eg , which is injective, by the remark above applied to ®;.

3) To simplify notations, let us set £Zﬁ = HOHI(Z{;,Z[) and ETa = Hom(Tﬁ,Zg), thus

in particular, EATﬁ = Z‘g’;. The inclusions T; — Z; — G and the canonical exact sequence
1 — T; — Zy — G5 — 1 give rise in the same way as at Definition/Remark 2.3 points 3)
and 6), to morphisms of (-adically complete Z,-modules as follows:

jf) : Zg ez EZ resT £T and 0 — Eg~ inf ‘CZ ikl ET — 0.
In particular, setting Ul := ker(resz) and Uy = ker(5%), we get exact sequences

O—>U~—>£g—>£T — 0 and O—>U~<—>U~ Cg — 0.

The surjective morphism j; : U; — qu3 is called the canonical v-reduction homomorphism.

By induction on d; and dz, one gets the following: ®(Z;) C Zz and ®(Z;) is open in
Zg, and ®(T;) C Ty and ®(T3) is open in Ty. Hence since ® is open and restricts to
open homomorphism Z; — Z; and T; — Ty, by taking f-adic duals, we get commutative
diagrams with injective columns and exact rows as follows:

ﬁw — ZZm — ETu_) (71% — ﬁ~ J—qjj> EH@
p lé p and lqs l‘?’ lqs
[717 —_— ZZﬁ — ETﬂ (7{} — (7~ J—5> EHU

4) A special case of the above discussion is when © = v and w = w are 1-vertices. If 7,
and 7, are inertia generators at v, respectively w, then there exists a unique a,,, € Z, such
that the ®(7,) = 7%»». And we have commutative diagrams dual to each other:

T, — G Ln 5 Zp,

lé l‘b iqs U law

Tw — H ﬁg J—> Z@QOU
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where ¢, and ¢, are as in the Construction [2.5l Further, the horizontal maps in the first
diagram are the inclusions, and the last vertical map in the second diagram denotes the
Zg-morphism defined by @, — Qypw@o-

Definition 3.4. Let ® : G — 'H be a level § morphism of abstract decomposition graphs.
We will say that:

1) ® is proper, if each w corresponds to some o, and vice-versa, to each ¢ there is some
w corresponding to it (which might be the trivial valuation wy). In particular, if @ and ©
corresponds to each other, then the residual morphism ®; : Gz — G is a proper one.

In particular, ® : G — H is a proper morphism if and only if in the notations from
Definition /Remark we have: Vertg ¢ = Vertg, and the map g : Vertg — Verty is onto.

2) ® defines H as a level § quotient of G, or that H is a level 6 quotient of G via &, if ¢ is
proper, and we have ®(G) = H.

Remarks 3.5. Let ® : G — H be a level 6 > 0 proper morphism.

1) Let © be a multi-index of G, and T; = Zgﬁ be the inertia group at v, as defined in
Remark/Definition [2.2] 3). Then ®(7}) is a free Z,-module of rank & < §;. Suppose that
0’ < 4. Then using the properness of ®, one checks by induction on d; that there exists a
unique multi-index @ such that the following hold: ®(Z;) C Zz and ®(T};) C T are open
subgroups. Thus in particular, @w corresponds to o.

2) Denote by Tg the subgroup of G generated by all the inertia elements of G, and define
Ty, € H correspondingly. Then in the notations from Definition/Remark , 2), ® gives
rise to a commutative diagram as follows:

l— Tg - G —mg —1

[+ |- ]

l— Ty —H—my —1

Next suppose that G and H are divisorial, and let ¢ = (7,), and Ty = (7)w be dis-
tinguished systems of generators for G, respectively H, which give rise to abstract divisor
groups Divg, and Divg,, for G, respectively H, and abstract divisorial lattices Lg and L.

3) For every w, denote by X, the set of all the v to which w corresponds. Then X, is
finite non-empty (by the fact that ® is proper). For every w and v € X, there exists a
unique ., € Zy such that ®(r,) = 75~. Equivalently, if Bg = (¢,), and By = (Y )w are
the dual bases to Tg = (7,), and Ty = (7y)w as defined/introduced at Construction [2.5]
then setting

Pw = D e x, GowPo
we get a morphism
divg : Divy — ﬁg
which maps Divg,, ® Z, into Divg, ® Z, and fits into the following commutative diagram:

~ -~ H — o~
0— Uy— Ly 2> Divyy—Clyy — 0

(*) Lé LZ) } inV@ J{Can

0— Ug—>2gj—>Dng—>Q/f\[g — 0
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4) Recall that for every divisorial ﬁg—lattice Ls, in Eg we have: Eg’ﬁn = Lz, ® Zy,

and therefore, Eg,ﬁn it is exactly the preimage of Divg, ® Z, under 99. Hence from the
commutative diagram (x) above it follows that

() ZH,ﬁn = ¢271<Zg,ﬁn)a é(zﬁ,ﬁn) N ﬁg = ¢Z([7H), é(ZH,ﬁn) = é(fﬂ) N Eg,ﬁn-

In particular, & maps finite co-rank submodules into such, and pre-images of finite co-rank
submodules under ¢ are again such.

5) In the above notations, the following are equivalent:

a) There exist Tg = (7,), and Ty = (7y)w such that a,, € Z) for all w, v € X,,.
b) dchp(DngH> g Dingg.

¢) &(Ly) C Lg.
Moreover, suppose that the above equivalent conditions are satisfied. Then if Tg = (7,),
is given, Ty = (Tu)w is uniquely determined up to multiplication by some € € Z), and
vice-versa. Further, one has equalities as follows:

() Divs, = divg'(Dive,), Lg, =06 '(Ls,), (Ls,) = (L) N Ls, .
In particular, Lg,, is encoded in Lg, via <;A§

Proof of 5): The implication a) = b) follows immediately from the definition of dive,
and the implication b) = ¢) follows from the definition of £ and Lg. In order to prove
c) = a), let v € X, be given. Then combining Remark , 1), with the second diagram
from Remark 4), we get a commutative diagram of the form

,CQH J—> Z(E) Puw

lqg lw

Lz, = L,
hence it follows that a,., € Z(), as claimed. Finally, let us show that in the case the equivalent

conditions a), b), c), are satisfied, the equalities (x*) hold. First remark that since ¢ and
dive are injective, all the above equalities are equivalent. Thus it is enough to prove one of
them, say the first one: Recall that by point 3) above, Dive,, ® Z,; and Divg, ® Z, are free
Zy modules on the bases By = (pu)w, respectively Bg = (¢,)y, and that dive maps the
former one into the latter one. Hence divgl(Div%) C Divg,, ® Zy. Now let © =) by,
with b, € Z; be an element of divgy'(Dive,). Then dive(z) = >, > vex,, Pwluwpy lies in
Divg,, hence byay, € Zy) for all w and v € X,,. On the other hand, since a,, € Zy, it
follows that b,, are rational numbers. Since they lie in Z, too, it follows that b,, € Z,. But
then we finally get: © =" by, lies in Lg,, as claimed.

Definition 3.6. Let ® : G — H be a level § proper morphism of divisorial abstract
decomposition graph. We call ® divisorial, if all residual morphisms ®; : G; — Hgz with @
of length < § satisfy the equivalent conditions a), b), ¢) from 5) above. In particular, the
residual Kummer morphism g%;, maps divisorial lattices for Hg into divisorial lattices for Gz.

It is not too difficult to give examples of proper morphisms ® of divisorial abstract de-

composition graphs such that ® are not divisorial. Indeed, one can give such examples even
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in the case where both G and ‘H are complete curve like, and ® is a proper morphism of level
0 = 1. The next Proposition shows that actually the case 6 = 1 is the “generic” source for
proper non-divisorial morphisms.

Proposition 3.7. Let ® : G — H be a level 6 = dy > 0 proper morphism of divisorial
abstract decomposition graphs. Let v, w be all pairs of the multi-indices of G, respectively of
H, such that W has length 01y — 1 and corresponds to v. Suppose that for all such pairs v, w
the residual morphism ®; : Gz — Hg is divisorial. Then ® : G — H is divisorial.

Proof. One makes induction on dg:

Case 1) dg = 1. Then § = 4 = 1, and the assertion follows from/by the definitions and
the hypothesis of the Proposition.

Case 2) ¢ > 1 arbitrary: Let v be some 1-index of G, and w the image of v under ®. Note
that w is either the trivial valuation wg, or otherwise w is a 1-index of H. We show that the
resulting residual morphism &, : G, — H,, satisfies the hypothesis of the Proposition: First
o, : G, — H, is a proper morphism, as ® : G — H was so by hypothesis. Second, let w,, be
a multi-index of H,, of length d4,, — 1, and v,, a multi-index of G, such that w,, corresponds
to 7, under ®,,.

Claim 1. &3, : G5, — Hyg, is divisorial.

Indeed, let us first suppose that w = wy is the trivial valuation. Then H, = H, and
W = 1, is a multi-index of H of length § — 1. Further, (0,,v) is a multi-index of G which
corresponds to w. And we have: Gz, = G0y, Ha, = Ha, and @5, 1 G, — Hy, is
actually the same as @, ) : G(,,0) — Ha. But then the Claim follows from the hypothesis

Vw ,U

of the Proposition. Next suppose that w # wy is a 1-index of H. Then ®; has level
d—1=0y—1=dy,. Moreover, if w,, is a multi-index of H,, of length d,, — 1, then (w,,, w)
is a multi-index of ‘H of length

(Op, —1)+1=0n, =0n—1.

And since w,, corresponds to 0, and w to v, it follows that (w0, w) corresponds to (0, v).
But then by the hypothesis of the Proposition we have: The residual morphism

P 5,0) * G(ow) — Hwww)
is divisorial. On the other hand, by definitions we have identifications G, = G, and
H(www) = Hu"}w, and @(f)w’z}) = (I);)w.
This completes the proof of the Claim 1.

Coming back to the proof of the Proposition, let L3 and Lg be divisorial lattices in EH,
respectively Lg. For T' C Ly of finite co-rank and satisfying I' N Uy = (0), set A := (I).

Claim 2. ¢ Ly — Eg maps I' isomorphically onto its image A, and further one has:
ANUg = (0), and A is a finite co-rank Zs-submodule of Lg.

Indeed, by the diagram (x ) from Remark 3.5 l3 ), and in the notations from there, we have:

" is injective on T, as I' N UH = (0). Since divg is injective, it finally follows that j™(T") is

J
mapped injectively into DlVg. Therefore, ¢ maps I' injectively into Lg, and A := ¢(I") has

trivial intersection with Ug. Now let us check that A has finite co-rank in Lg: First let v
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be a valuation of G such that 7*(I') # (0). Equivalently, A = ¢(I') has a non-trivial image
under o,

Jod: Ly Lo Lep,.
Hence ¥ o &(A) is non-trivial. Since the above sequence is (-adically dual to T, — G -2 H,
it follows that ®(7},) # 1in H. Since ® is proper by hypothesis, it follows that there exists w
such that ®(T,) C T,,, and ®(T,,) is open in T,,. Hence finally w corresponds to v. Therefore,
if 7°(A) # (0), then there exists some w # wy corresponding to v.

Next, by the commutativity of the second diagram in Remark , 4), it follows that
7°(A) # (0) if an only if y*(I") # (0). Now since I' has finite co-rank, there exist only finitely
many valuations w of H such that j*(I') # (0). Finally, for each such w there exist only
finitely many v’s such that w corresponds to one of the v’s. Thus finally there are only
finitely many valuations v of G such that j”(A) # (0).

This completes the proof of Claim 2.

Now suppose that I" is non-trivial. Then we have the situation: I" and its isomorphic image
A are non-trivial finite co-rank submodules of Ly, respectively Lg. Since A N Ug = (0), it
follows that AN Lg is a lattice in A which completely determines the divisorial lattice Lg in
the f-adic equivalence class of all the divisorial lattices of G. Correspondingly, the same is
true for 'NUy and Ly, etc. On the other hand, since A has finite co-rank, by the ampleness
of G, there exist valuations v of GG such that the following are satisfied:

j) AC U, and 7, maps A injectively into Egv.
i) Ay = 20(A) satisfies: A, N Ug, = (0), as AN Ug = (0) by the discussion above.

For such a valuation v, the lattice AN Lg is mapped by 3, isomorphically onto a lattice in
A,. Hence by the properties i), ii), from Fact we get: There exists a unique divisorial
Ug, -lattice Lg, of G, such that j,(ANLg) = A,NLg,. For v as above we analyze the cases:

Case a) ®(T,) = 1. Then the trivial valuation w, corresponds to v, and for the residual
morphism &, : G, — H we have: First, ®, is divisorial by Claim 1. Hence by Remark , 5),
there exists a unique divisorial ﬁH—lattice L4 of 'H such that the Kummer homomorphism
by : EH — Egv maps Ly into Lg, .

Case b) ®(T,) # 1. Then there is a non-trivial valuation w corresponding to v, and for the
corresponding residual morphism &, : G, — H,, we have: First, ®, is divisorial by Claim 1.
Hence by Remark , 5), there exists a unique divisorial ﬁHw—lattice Ly, of H, such that
the Kummer homomorphism QASU : EHw — Egv maps Ly, into Lg,. Moreover, since ngS maps
I' isomorphically onto its image A, and 7, maps A isomorphically onto its image A,, we get:
Since 3, oq@ and 7,0 gﬁv coincide on I, it follows that 7, maps I' isomorphically onto its image
I, and that ¢, maps I',, isomorphically onto A,. Therefore, w satisfies mutatis mutandis
the conditions j), jj), above with respect to I". Hence I',, N L3, is a lattice in I',,. Hence there
exists a unique divisorial UH—lattice L4, of H such that I' N L4 is mapped isomorphically
onto I'y, N Ly, .

Claim 3. In both cases above, QAS maps Ly into Lg.

First, in the notations from above, it is clear by the discussion above, that g% maps I' N Ly
isomorphically onto AN Lg. Now let I be a finite co-rank Z,-module such that I'NUx = 1

and I' C I". Let £}, be the divisorial ﬁH—lattice given by the construction above when
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starting with I" instead of I'. Then we have: I' N £}, is a lattice in I', which is (-adically
equivalent to I' N Ly. Hence QAS(F N L) and QE(F N L},) are (-adically equivalent lattices in
A = ¢(I), and both of them are contained in £g. Hence ¢(I'N Ly) and ¢(T NL},) are equal;
and therefore I' N L4, and I' N £}, are equal. Hence finally £4; and £}, are equal. In other
words, for every finite co-rank Z,-module I of H as above we have: If I' C I, then IV N Ly
is mapped into Lg. But then £y, = Up, + Ur (I N L) is mapped into Lg, as claimed. [

B) Geometric like abstract decomposition graphs

We begin by first defining rational quotients of divisorial abstract decomposition graphs.
The point is that (divisorial) abstract decomposition graphs which arise from geometry posses
“sufficiently many” rational quotients; and morphisms of (divisorial) abstract decomposition
graphs arising from geometry are compatible with the rational quotients. This suggests that
for applications, one should consider /study divisorial abstract decomposition graphs endowed
with “sufficiently many” rational quotients, and morphisms of such enriched structures.

To begin with, let G, be a level ) = 1 complete curve like abstract decomposition graph.
Recall the notations from the Construction 2.5 Case § = 1: For every distinguished system

of generators T, = (7,), of G,, we have an exact sequence of the form:

~ Qa
0— Ug ‘—>£f1 —>D1V‘§ —>€[TQ—Z()—>O.

Definition/Remark 3.8. In the notations from above we define:
1) A level § = 1 divisorial abstract decomposition graph G, is called projective line like, if

ﬁga = (0) for some (thus every) distinguished system of inertia generators ¥, of G,.
We remark the following: Since I/jga = (0), every l/]\ga—lattice in G, is actually a lattice in

Lg.. Let T, = (7,), be a distinguished system of inertia generators, and B, = (¢,), the
corresponding Z)-basis of Divg,, see loc.cit. for notations. An element of the form

T =Py — Py
is called a generating element of Lg,. We set (x) := v/ and (x) := v, and call these the
zero, respectively the pole, of . Further we denote
P, ={x € Lz, | x generating, and (€)oo = v} ={ v — @, | allv' #£0v},
and call it a generating set at v for Lg,. Clearly, P, defines a Z-basis of Ls, for every v.
Note that if ¥ = T¢ is another distinguished system of 1nert1a generators, and P, is
correspondingly defined, then € € Z; is the unique f-adic unit such that e - P, = P,,.
Let G be alevel § > 0 divisorial abstract decomposition graph. We will con51der _quotients
: G — G, of G such that G, is projective line like, and let (ba : Lg, — Eg be the
correspondmg Kummer homomorphism. In order to smlphfy notations we set

Ly = ¢a(£ga> - ‘Cg :
Further, for every multi-index v of G, let 7; : Us — Ly be the canonical reduction homo-
morphism, see Remark [3.3] for definitions.
2) In the above notations, we say that ®, is a rational quotient of G, 1f d, is d1v1sor1al

and for all multi- 1ndlces v the following hold: If y; is non-trivial on ,C N Uv, then E C U,,7

and 73 is injective on Ea, or equivalently, 7; o qﬁa is injective on L'g
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Let Lg be a divisorial Ug-lattice in £. Since @, is divisorial, by Remark |3 5 5),
g G-

follows that there exists a unique divisorial lattice Lg, in Eg such that ¢o(Lg,) C Eg
Moreover, since @, defines G, as a quotient of G, and m g, = 1 is trivial, by Remark [3.5) m, 5),

it follows that L, := ¢o(Lg,) can be recovered from L, = qga(fga) and Lg as follows:
(%) Lo = 0u(Lg,)=LyNLg.

Definition 3.9. Let G be a divisorial abstract decomposition graph, and let L5 C Eg be
a fixed divisorial Ug-lattice. Let 2y = {®,}, be the set of rational quotients of G. For every
subset A C 2y, we denote

Lo =< L, ]all « with ®, €A >

the Z)-submodule of Lg C Zg generated by all the £, with &, € .
1) We say that 2 is an ample set of rational quotients of G, if the following hold:

i) For all o, o one has: If @, # ®o/, then L. OEO/ = (0).
ii) LoNUg = (0) and Ly is l-adically dense in Lg.

2) Suppose that 2( is an ample set of rational quotients of G. We will say that G is geometric
like with respect to 2, if for every «, o’ there exists a multi-index © of G such that:
j) L., and L, are contained in Us.
jj) 75 maps L, and L, injectively into Lg,, and j;,(CAa) = j;,(fo/).
3) In the above context, we will call Ly an 2-arithmetical lattice. Its (-adic equivalence
class depends in general on 2, and not only on equivalence class of Lg. Further,

Ug + Lo C Lg

is a Ug lattice in Eg, and therefore Lg / (Ug + L) is a torsion free divisible group, hence a
Q-vector space. But in general, Ug + Ly is not necessarily a divisorial Ug lattice.

Definition/Remark 3.10. Let G and H be geometric like abstract decomposition graphs
with respect to some sets of rational quotients Ay = {®P, }a, respectively By = {Ps}4, and
let a proper morphism ® : G — H of level § := dy be given.

1) We say that ® is compatible with rational quotients, if there exist ample subsets 2 C 2,
and B C B, satisfying the following: First, G and H are geometric like with respect to
2, respectively B. Second, for each Wz € B there exists &, € 2 and an isomorphism
®,5: Go — Hp such that the following diagram is commutative:

G = H
" b L

2) We remark that in the above context, for every Wz € B there exists a unique @,
satisfying hypothesm (*) Indeed, let @, together with ®,5 also satisfy hypothesis (x).

Then we have Eg = qbag(EHﬁ) and by the commutativity of the diagram (x), we get:
= 6u(La,) = ba(Gap(Lr,)) = (s(Lny)) = G(Lp).
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Since the same is true correspondingly for o, we finally get £, = ngS(EB) — L. But then by
Definition [3.9] 1), i) it follows that ®, = <I>O/, as claimed.

In the above context, we say that « corresponds to (3, if the hypothesis () is satisfied for
Vg and ®,. The discussion above shows that o corresponds to 3 if and only if gb(ﬁﬁ) E :

Proposition 3.11. In the context of the Definition above, let ® : G — H be a level § :== oy
proper morphism of geometric like abstract decomposition graphs which is compatible with
the rational quotients A and B. Then P is divisorial.

1) More precisely, let gg : [,AH — EH be the Kummer homomorphism of ®. Let Lo be an
arithmetical lattice for H defined by B. Then there exists a unique arithmetical lattice Ly
for G defined by A such that ¢(Lss) C Lo, and moreover, one actually has:

O(Lay) = (L) N Loy
2) In the above context, suppose that QAS(E%) C Lq. For each 3, let Ly, C EHﬁ be the

unique divisorial lattice such that Lz := ggﬁ(EHﬂ) = qg,g(fﬁﬁ) N Ly. And for each «, let

Lg, C Lg, be the unique divisorial lattice such that Lo = ¢o(Lq,) = ¢a(Lg,) N La. Then
for all o, 3 one has: ®, € A corresponds to ¥z € B if and only if

Gas(Lr,) = Lany  H(Ls) = La.

Proof. 1t is clear that assertion 2) follows from assertion 1) and previous discussion. Therefore
we will concentrate on the proof of assertion 1).

First recall that by Definition/Remark |3 . 2), we have: « corresponds to 3 if and only
if gb(ﬁﬁ) L.. Using this we deduce:

- ¢ maps E% = Z%e% Eg into Lo 1= > o.enLa

- Let Lo and Lg be fixed arithmetical lattices of 'H, respectively G. For a given 3, choose
« corresponding to it. By the Definition/Remark [3.8 - ) above, and in the notations from
there we have: There exists a unique divisorial lattice Lg, in Eg such that ¢, maps Lg,
into Ly, and actually ¢a(£g ) LoN Ly And correspondmgly, the same is true for 3, i.e.:
There exists a unique Ly, in ‘CHB such that ¢5(£H5) Eg N EgB

Since « corresponds to (3, in the notations from Definition |3.10] let ¢a5 be the Kummer

isomorphism defined by ®,3. Then gbag (L) is a divisorial lattlce in Eg Thus there exists
an (-adic unit €, such that

Gas(Lr,) = €as + Lg, -

On the other hand, the commutativity of the diagram () from Definition/Remark
translated in terms of Kummer homomorphisms means that the above equality is equivalent
to the following: For all 3 and its corresponding a one has:

(O‘B> Qg([,@) = €8 - ,Ca .

Let 8 and (', and the corresponding « and o' be given. Hence (5 maps Eg and Eg/

isomorphically onto Ea, respectively Egl. Since G is geometric like with respect to the family
of rational projections 2, it follows that there exists some multi-index © of G which has the
properties j), jj), of Definition [3.9] 2).
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Before moving on, we recall that by Fact m, 2), the fixed divisorial ﬁg—lattice Lg of G
defines uniquely a v-residual Ug_-lattice Lg, by setting
Lo, = Ug, + 35(Lg N Ty).
We further remark that condition j) from Definition [3.9] 2) implies that ®,(7;) = 1. Hence

®,, gives rise to a residual morphism @z, : G5 — G,. And if ¢g, : Lg, — Lg, is the Kummer
homomorphism of ®;,, then j; 0 ¢, = ¢z. Therefore we have

75(L a) vaa(ﬁga) J5(La) = ng)a(ﬁga)-
Now since ®,, is divisorial, ®;, is so by definition. Hence by Remark , 5), we have:
éﬁa(ﬁga) = (ﬁfza<ﬁga) n EQ@ :
Thus combining the assertions above, we finally get
95(La) = 35(La) N Lg,

On the other hand, both a and o’ satisfy condition j) from Definition 2). Hence by
symmetry, the equalities above hold correspondmgly for o/ too. And since by condition jj)

of Definition [3.9] 2), one has qbw(ﬁga) =: Ev ool 1= gbw (L /), we finally get:
(Oé) jf,(ﬁa) = ,C{HQO/ N Egﬁ = j5(£a1> .

On the other hand, since ® is proper, there exists some w corresponding to v. Recall the
second diagram in Remark , 3), from which we bring forward:

Upo 2% Ly,
E IE
Uy 2% Lg,
and recall that ¢ and ¢; are injective. Since Eg = ¢(£ga), and 25/ = qg(fga,), we get:
C) Eﬁ, Eg/ C ﬁ*
d) Eg and £ﬁ/ are mapped by Ji ﬁ — CAHU} injectively into EH@: and have equal
images 75(Ls) =t Laga = ja( L)

And note that qﬁf, maps Ly gz isomorphically onto L ae. Then going through the same
steps as above and using notations correspondingly, we finally get as above:

(B) J5(Ls) = ga(Ls) -

We conclude the proof of the Proposition as follows: For 3, 3" and «, o’ corresponding to
them, in the notations from above we have by relation («) above:

€as - ﬁa = ¢(£ﬁ) and € - ﬁo/ = ¢(£ﬁ/)
for some (-adic units €,3 and €, . Applying 7; to the above equalities, and taking into

account that by the commutativity of the diagram above one has 7; 0 ¢ = ¢3 0 J5 on (71;,,
thus on L3, Lz C Uy, we finally get:

Jo(€ap - La) = Iz (é(ﬁﬁ)) = (w0 é)(gﬁgﬁ)) = ((,51; OJw)(/:ﬁ)) = éﬁ (Jw(ﬁﬁ))



and correspondingly

Jo(€awp - Lor) = Jﬁ(ﬂg(ﬁﬁ’)) =(Js o Qg)(ﬁﬁ')) = (Qgﬁ ij)(ﬁﬁ')) = Qgﬁ (]w(ﬁﬂ’))-
On the other hand, 75(Ls) = 75(Ls) by remark () above, hence the last two terms of the
equalities above are equal. Thus we get

jf}(eaﬁ ' Eoz) = ]ﬁ(ea’ﬁ’ : Ea’)7 hence €af - jﬁ(£a> = €up * ]ﬁ(ﬁa’)~
On the other hand, we also have 7;(L,) = J5(Ls ), by equalities («) above. Thus finally

€af - .]T)(Ea) = € - ]ﬁ(ﬁa) .

Now recall that if éﬁa : Zga — Egﬁ is the Kummer homomorphism of ®;, : Gz — G,, then
we have J5(Ls) = dsa(Lg, ), and the latter is a ﬁgﬁ—sublattice of Lg,. Hence finally e,5/€. s
must be a rational ¢-adic unit. Since (3,5’ were arbitrary, we conclude that for every fixed
Bo and the corresponding oy, after setting € := €,,3,, one has

~

¢(£5) = €- ,Ca .
Equivalently, ¢ maps Lo = Y.pLpintoe- Lo=c¢€-) 5L, d

C) Morphisms arising from algebraic geometry

Let k and [ be algebraically closed fields of characteristic # ¢. Let K|k and L|l be function
fields, and let
1: L)l — K|k

be an embedding of function fields such that [ is mapped isomorphically onto k, and K|(L)
is a separable field extension, see e.g. LANG [L2| for a thorough discussion of this situation.

As introduced in the Introduction, let D' and D" be the total graphs of prime divisors
on K respectively on L. Then 1 gives rise in a canonical way to a morphism of graphs prime
divisors

o, : DR — DY,

The precise definition of ¢, is as follows: First let v be a prime divisor of K |k. Then the
restriction vy := v|; of v to L|l is either the trivial valuation wqy of L|l, or vy is a prime
divisor of L|l otherwise. In both cases, 1 gives rise to an embedding of the residue function
fields

1y 1 (Lop)|l — (Kv)lk .

Inductively, we deduce from this: If o = v, o --ow; is a prime r-divisor of K|k as defined
in Introduction, then @ := 0|y is a prime s-divisor of L|l for some 0 < s < r. Moreover,
by general valuation theory, it follows that every generalized prime divisor of L|l is the
restriction of some generalized prime divisor of K|k, hence ¢, is surjective, etc.

The situation will become clearer after analyzing in more detail how geometric prime
divisor graphs Dy of K|k behave under ¢,.

First, remark that if K[¢(L) is finite, then for every generalized prime divisor w of L|l,
its fiber is finite of cardinality bounded by [K : «(L)]. From this one immediately deduces
that the image of every geometric decomposition graph for K|k under ¢, is a geometric

decomposition graph for L|l, etc.
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Therefore, let us assume from now on that K|:(L) is not algebraic. Then denoting by K|k
the relative algebraic closure of +(L) in K, we have: K;[¢(L) is finite separable, and K|K; is
a regular function field extension. The situation of L|l < K;|k was explained above. Thus
mutatis mutandis, we can suppose that K|i(L) is regular field extension.

Lemma 3.12. Let X — k be a projective normal normal model for K|k, and let D O Dx
be any set of prime divisors with D\ Dx ﬁm'te. Then there exists a projective normal model
X — k and a dominant k morphism ¢ : X — X such that D C Dy.

Proof. Clear. U

Using the Lemma above, we have: There exist projective normal models X — k for K|k
such that Dy contains the 1-edges of Dg and is complete regular like. And correspondingly,
the same is thus for L|l and Dy. On the other hand, the regular embedding of function fields
v : L|l — K]k is the generic fiber of a dominant rational map f : X ---Y which factors
through 2 : | — k. And note that since X and Y are normal, f is defined at all points
x1 of co-dimension 1 of X. Moreover, replacing X — k by a properly chosen blowup, and
normalizing the resulting k-variety, we can suppose that f : X — Y is a k-morphism of
projective normal varieties. And since K|i(L) is a regular field extension, it follows that
f X — Y has geometric generic integral fibers. Hence by the characterization of (the
dimension of) the fibers the following hold:

e At almost all points z; of codimension 1, f(x;) is either the generic point of Y, or
y1 = f(z1) is a point of codimension 1 of Y otherwise.

e On a Zariski open subset V' C Y, the fiber X, at y is irreducible, and one has
codim(y) + dim(X,) = dim(X).

Hence for almost all points y; of codimension 1 in Y, the fiber X, is irreducible and has
dim(X,,) = dim(X) — 1. Equivalently, X, is a Weil prime divisor of X, and its generic
point x; has codimension 1 in X.

In birational terms this means the following: For every prime divisor v = v,, € Dx let
w = | = ¢,(v) be its restriction to L. Then the center of w on Y is exactly f(z1), and we
have the possibilities:

a) w is the trivial valuation iff f(z) is the generic point of Y.

b) w is a prime divisor of L|l and f(x;) has codimension 1 in Y. Then w is the Weil prime
divisor defined by y; := f(x1).

¢) w is a prime divisor of L|l and f(x;) has codimension > 1.

In particular, we see that the following hold: First, all w € Dy have preimages v in Dy,
and for almost all w the preimage v is unique. Second, there are at most finitely many
“exceptional” v € Dx for which ¢,(v) does lie in Dy. Let ¥; be that set.

We now claim that for the given models X — k and Y — [ as above, there exist quasi
projective normal models Xy, — k and Yy — [ dominating X — k£ and Y — [, and a
morphism fy : Xy — Yj extending f : X — Y, and having the following property:

(*) ¢.(Dxo U{vo}) = Dy, U{wo} .

Note that in particular, Dx C Dx, and Dy C Dy,.
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Indeed, if ¢,(Dx U{vo}) = Dy U {wo}, i.e., if the exceptional set ¥ is empty, then there
is nothing to prove. Hence consider some v := v,, € 3¢, such that the center y, of w = ¢,(v)
has co-dimension > 1. Let Y, C Y be the closure of y, in Y. Then setting Y; := Y, and
Zy :=Y,, we consider a sequence of blowups ... — Y,.1 — Y, — ... as follows: Z,, C Y,
is the closure of the center of w on Y,,. We stop if Z,, has codimension 1, and blow up Z,
otherwise. Then the above sequence is finite. Moreover, if codim(Z,) > 1, then Y1 — Y,
is an isomorphism outside Z,,. But then if the process above stops say at Y,,, it follows that
Zy is the center of w on Y,,, and codim(Z,) = 1. An easy Noether induction shows that
one gets models Y; dominating Y such that ¢,(Dx) € Dy; U {wp}. On the other hand,
f X — Y can be interpreted as a dominant rational map fo : X --->Yj. Since X is
normal, and Yj is complete, fy is defined at all points v € Dy, and map these points into
Dy, by the discussion above. To conclude, let Sy C Y be the Zariski closure of the (finite)
complement of Dys\y,(Dx), and Sy the preimage of Sy under f. Finally, set Yj := Y\ Sy,
and Xy = U(f)\Sx, where U(f) is the the domain of f. Then by the choices made, it follows
that f defines a dominant morphism fy : Xg — Yy which has the required property ().

Now proceeding by induction on the transcendence degree of the residual function fields
Lw|l — Ko|k, and using the fact (%) above, we finally get the following;:

Proposition 3.13. In the above context, let Di C D' and Dy, C D be geometric graphs
of prime divisors for K|k, respectively L|l. Then there exists a unique mazimal geometric
subgraph Dy C Dk such that @, defines by restriction a morphism of graphs of prime divisors

¢, : Dy — Dy,

Moreover, for given geometric graphs Dx C D' and Dy C D¥* as above, there exist geo-
metric graphs of prime divisors D% D Dy and DY D Dy, for K|k, respectively L|l, such that
©, defines by restriction a surjective morphism of graphs of prime divisors

¢, : DY) — DY .

Using the Galois theory and decomposition theory of valuations, the above facts have the
following translation in terms of abstract decomposition graphs:

Let o' : L’ — K’ be a prolongation of v : L|l — K|k to L', and let
d,: G — G,

be the corresponding canonical projection of Galois groups. Then since ¢ : L|l — K|k is a
morphism of function fields, it follows that the relative algebraic closure Ly of L|l in K|k is
a finite extension of L, thus a function field over [. But then it follows that ®, is an open
homomorphism.

Moreover, if ¢,(v) = w, and v is a prolongation of v to K’, then the restriction w’
of v to L' satisfies: First, w’ is a prolongation of w to L’. Second, let T, C Z, and
T, C Z, be the corresponding decomposition groups. Then ¢,(Z,) C Z, and ®,(T,) C T},
are open subgroups. (This discussion includes the case where w is the trivial valuation

of L.) Moreover, if w is non-trivial, then wL C vK has finite index e(v|w). Hence we have
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commutative diagrams of the form:

L - wLCwLl=Hom(T,,Z)

lz le(v|w)

K % oK CuK =Hom(T,,Z)

Therefore, if v,, and ~, are the unique positive generators of vK, respectively wL, then 7, is
mapped to e(v|w)-v,. Thus if 7, € T, and 7, € T, are the arithmetical inertia generators as
defined/introduced at Remark 2), then from the commutativity of the above diagrams

and definitions it follows that ®,(r,) = 75"

Now combining this observation with Proposition [3.13] above, we obtain the following by
merely applying the definitions:

Proposition 3.14. In the notations from Proposition the embedding of function
fields 1 - L|l < K|k and the resulting canonical homomorphism ®, : G, — Gy give rise in
a natural way to a level 6 = tr.deg(L|l) morphism ®, : Gp,, — Gp, of the corresponding
abstract decomposition graphs.

1) Moreover, if @, : Dx — Dy is a proper morphism of graphs of prime divisors, then the
corresponding ®, : Gp,, — Gp, s a proper morphism of abstract decomposition graphs.

2) The Kummer homomorphism b : LK of ® is actually the (-adic completion of the
embedding of function fields v : L|l — K|k. In particular, v defines ®, uniquely.

3) Moreover, ®, defines v uniquely up to Frobenius twists.

Proof. We already proved 1), and 2) above.

To 3): Recall that in Introduction we considered an identification vx : Ty x — Zy of
the ¢-adic Tate module of K with Z,, and via that identification one gets the identification
K = Homeont (G, Zg). Explicitly, this identification works as follows: For each z € K*,
let 6(z) : G — Tyx be the corresponding character defined in Kummer Theory. Then
6 = 15 0 6(z) is the homomorphism d, : Gy — Z, defined by 2. Given the embedding
v 2 L|l — Klk, by the functoriality of Kummer Theory one has §(¢(y)) = 10 d(z) o ®.
Therefore, if we choose the identifications 1x : Ty x — Zy, 11, : Ty, — Zy compatible with 1,
i.e., such that ¢y, = 15 01, it follows that d,¢) = J, o ®, hence the Kummer homomorphism

defined by @, is:
¢ : L = Hom(G,,Z) — Hom(Gy., Zy) = K, 0y = Oy,

and therefore, é is exactly the f-adic completion of the embedding 2 : L* — K*.

Now let ¢’ : L|l — K|k be a further embedding of function fields such that ®, = ®,. Then
choosing ¢y : Ty, — Z; such that ¢, =15 07/, it follows that the Kummer homomorphism &
of &, = ®, in this new setting is the f-adic completion of /. On the other hand, there exists
an (-adic unit € € Z; such that ¢; = €-17. If so, then we have ¢ =e-pon L. Since ¢ is the
(-adic completion of 2, and ¢’ is the f-adic completion of ¢, if we denote by jx : K* — K
the ¢-adic completion homomorphisms, we have:

Ik (W) =€ gk (y)), yel*.
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Therefore, e must be a rational ¢-adic unit, say e = m/n with n, m natural numbers relatively
prime to £. But then for every y € L there exists a, € k such that 7'(y) = a,(y)™™ in K,
hence ' (y) = w™" in K, as k is algebraically closed. But then #/(y) is a n'" power in K.
Since this is the case for all /(y) € ¢/(L), it finally follows that n = p* is a power of the
characteristic exponent p of k and [. By symmetry, the same is true for m. Hence finally € is

a power of the characteristic exponent of k£ and [. Equivalently, ¢ is a Frobenius twist of «.
O

D) Rational quotients from algebraic geometry

Next we turn our attention to rational projections of abstract decomposition graphs Gp,
as above. Let t € K be an arbitrary non-constant function, and let K; be the relative
algebraic closure of k() in K. Then K|k is a function field in one variable. We endow K|k
with its unique complete normal model X; — k —which is also projective, and consider the
corresponding graph of prime divisors Dg, on K;, and the resulting abstract decomposition
graph Gk, on GI/Q. Note that by Proposition @, Uk, has level § = 1, and is complete curve
like. Hence in particular, G, is divisorial. Moreover, if g, is the geometric genus of X, then
we have:

- Clg,, 2 Z,.

- (/]\gKt > 7,29 as being the f-adic dual of 7} (X,) = Z;?. In particular, g; is encoded in Gr,.

Finally, the inclusion 4, : K, < K gives rise to a surjective morphism ®g, : Gy — Gil(t of
pro-£ groups, which in turn defines a level 6 = 1 divisorial morphism of abstract decomposi-
tion graphs @k, : Gp, — Ok,.

Fact 3.15. Suppose that Gp,. is a level § = tr. deg(K|k) divisorial abstract decomposition
graph. Then for z € K the following are equivalent:

i) @k, : Gp, — Gk, is a rational quotient of Gp, .

ii) K, is a rational function field.

Proof. To i) = ii): First recall that (7ng >~ 7,29 where g, is the genus of X,. Hence Gy, is
projective line like if and only if g = 0, or equivalently, K, is a rational function field.

To ii) = 1), we have to check property 2) from Remark/Definition [3.8|

Step 1: Gk, is projective line like. Indeed, by the discussion above, we have [/J\gkz =0
and Q/:\[ng & Zy, thus the claim.

Step 2: @k, : Gp, — Gk, defines G, as a quotient of Gx. Indeed, first Og, : GI; — GII(I
is surjective by the definition of K. Thus it is left to show that ®_ is proper, i.e., to show:
If ®;: Gz — Gk, is a level § = 1 residual morphism for ®x_, then the following hold:

a) Each 1-index of G; is mapped under ®; to some multi-index of G, .

b) Each multi-index of Gk, corresponds to some multi-index of Gj.

To prove a), let X; — k be a normal model of Kj|k such that Dy, is the set of all the 1-
vertices of G;. Then 1 : K, — Kj is defined by some dominant rational map f : X;--- X,.
Since Xj is normal and X, is complete, it follows that f is defined at all points of co-

dimension 1. This means that for every v € Dx,, we have: If v is trivial on K, then f(v) is
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the generic point of X, hence v is mapped to the trivial index of Gk ; and if v is non-trivial
on K., then f(v) is a closed point in X,.

To prove b), we proceed by induction on d; = tr. deg(K;|k). If dj = 1, then X5 is a normal
curve. Since Gp, was assumed to be divisorial, G; is divisorial too by definition. Hence by
Proposition , 1), X3 — k is a complete normal curve. But then the dominant rational
map [ : Xz---> X, is a surjective morphism. Finally, if d; > 1, then there exist “many”
w € Dx, which are trivial on K,. But then ®; gives rise to a level = 1 residual morphism
., : Gy — Gg, of G5. Since tr.deg(Kwl|k) < d, by induction we have: ®,, is proper. On
the other hand, the set of vertices Vertg, of G, is contained in the set of vertices Vertg,.
Hence finally every vertex of Gy, corresponds to some vertex of G;.

Step 3. If jv(ﬁ Nk, ) 18 non-trivial, then j; maps K, injectively into K. Indeed, let

U = v,0---0v; with v; prlme divisors. Then one has: If v is not trivial on K, then K v =k,
hence j; is trivial on K N U~ Second, if v is trivial on K, then K, = K, hence K C U~
and j; is injective on K 0]

Notations 3.16.

1) Let {x, = k(x) | x general element of K} be the set of all the subfields of K generated
by general elements © € K. Note that k, = k. if and only if 2/ = (ax + b)/(cx 4+ d) is a
linear transformation of x.

Further let Ax = {®,, }., be the set of the corresponding rational quotients of Gp, , and
note that ®,, = ®, , if and only if 2’ = (az + b)/(cz + d) is a linear transformation of x.

2) In order to simplify notations, we identify x, with the corresponding subfield of K. This

identification defines a canonical embedding k, < K which turns out to be the inflation
map defined by the canonical projection ®,_ : G1/< — G,;L Therefore, the f-adic completion
homomorphism jx : K* — K identifies then j,, (k) with 75 (k) inside K.

3) Let ¢ : L|l — K|k be an embedding of function fields such that +(l) = k and K|:«(L) a
separable field extension. Denote as above by Ax = {®y, }«, and By = {V,, },, the set of all
the rational quotients of K|k, respectively L|l. Finally let B, C 9B, be the set of all the ¥
such that u(k,) is relatively algebraically closed in K. Thus in the context of Proposition |3.14}
by taking into account Fact , we get: For W, € 9, and the corresponding @, € Uy,
one has commutative diagrams in which ®,_ ., is an isomorphism:

, d,

’ ’
GK — GL g’DK I gDL
L [
‘L q>l$w)€y / (bﬁ:xﬁy
a. oal G, = G,

Fact/Definition 3.17. In the context from Notations above, the following hold:

Birational Bertini: Let x,t € K be algebraically independent over k, and z is separable
in K, i.e., x is not a p-power in K, where p = cahr(k). Then for all but finitely many a € k
one has: ax + t is a general element of K, i.e., k(ax + t) is relatively algebraically closed in
K, see e.g. Lana |L2], Ch. VIII, Lemma, in proof of Theorem 7, or RoQUETTE |[R2|, §4.

1) We will use the above “birational Bertini” repeatedly in the following form: Let z,t € K
be fixed algebraically independent functions over k, with x separable, e.g., general.

a) t, := ax + 1t is a general element of K for almost all a € k.
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b) tw . :=t/(ad'r + a) is a general element of K for all o’ € k* and almost all a € k.

) trwa = (d"t+dz+a+1)/(t+ad'x+a) is a general element of K for all ” € k and
almost all a’,a € k.

2) For z,t € K as above, the general elements of the form t,, ty 4, te a0, Will be called
general elements of Bertini type defined by z,t. Further, a set ¥ C K* will be called a Bertini
set, if for all x,¢ € K which are algebraically independent over k, and x is separable, one
has: ta,tara,taraa € X for all @’ € k, and almost all a’,a € k. Clearly, ¥ generates the
multiplicative group K* by 1b) above.

We say that a set of rational quotients 2l C 2k is of Bertini type, if 2 has a subset of the
form 2As, := {Pr(y) | ©o € X} for some Bertini set ¥ C K*.

3) Next let ¢ : L|l — Kk be an embedding of function fields such that «(I) = k£ and
K|1(L) separable. Then for every separable element y € L one has: x :=1(y) is a separable
element of K |k. Further, directly from the definition of a general element of Bertini type one
gets: Let wp, wy p, upyr i p € L be general elements of Bertini type defined by some y,u € L.
Then for all b” € [, and almost b',b € [ one has: The images t, := o(y), typ = t(upp),
tor v p = t(upr iy ) are general elements of Bertini type in K|k defined by = := 1(y), ¢ := o(u).

4) From this we deduce that there exist Bertini sets A C L* and ¥ C K* such that
1(A) C 3. Therefore, for the corresponding Bertini type sets of rational quotients B and
2y, we have: If k, € B4, then x, 1= 1(k,) lies in Ay, ete.

Proof. The only assertions which are maybe not obvious are 1b) and 1c).

To 1b): ty 4 is general if and only if 1/t , = a'(x/t) + a(1/t) is general. Now note that
if z/t,1/t € K are algebraically independent over k, and because x is separable, it follows
that at least one of the two elements is separable. Finally apply the “birational Bertini”.

To 1c): Setting a := 1 —a”, we have: tor o0 = a” + (ad'z+aa+1]/(t+d’x + a) is general
element if and and only if ¢ := (aa’z + aa + 1) /(t + d’x + a) is so. Note that t +a'z + a is
a general element for all @ € k* and almost all ' € k by the “birational Bertini”. Hence if
a =0, then ¢’ := 1/(t + a’x + a) is general element. Finally, if o # 0, then 2’ is a general
element if and only if 1/t = (¢ — 1)/(ad’z + aa + 1) + < is a general element, thus if and
only if (t — 1)/(ad’z + ca + 1) is a general element. And the latter is a general element for
all aa + 1 € k™ and almost all a’ € k, by Case 1b). 0

Proposition 3.18. In the above notations, the following hold:

1) Suppose that tr.deg(K|k) > 1, and let Gp, be a complete reqular like geometric decom-
position graph, which we view as a divisorial abstract decomposition graph. Then endowing
GUp, with a Bertini type set A C A of rational projections, Gp,. becomes a geometric like ab-
stract decomposition graph satisfying the following: Ky = jx (K*) ® Zy) is an arithmetical
lattice defined by A inside K , which we call the canonical arithmetical lattice.

2) Let v : L)l — K|l be an embedding of function fields such that +(l) = k, and K[(L) is
separable. Let Hp, be a complete regular like abstract decomposition graph for L|l such that

D, : gDK - HDL

gives rise to a proper morphism of abstract decomposition graphs. Then there exist Bertini
type sets B of rational quotients for Hp, such that ®, is compatible with the rational pro-
jections B and 2.
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Proof. To 1): Let us check that to check that 2 satisfies the conditions from Definition [3.9]
Let X — K be a normal quasi-projective model of K|k such that Dy is the set of all
1-vertices of Gx

Step 1. A is an ample family of rational quotients for Gp, .

Indeed, first recall that by Fact [3.17, 2), the set ¥g generates K*. Therefore, in the
notations from Definition we have: Loy, = Ky, hence Lo = Ky too. From this we

deduce: First, Lg is f-adically dense in K, as jx(K*) itself is so. Second, since Dy was
supposed to be complete regular like, for every non-constant = € K there exists v € Dx such
that v(z) # 0. Equivalently, for every non-trivial - € Ky, there exists v € Dp,  such that

v(z) # 0. But this means exactly KN ﬁg,c is trivial. From this discussion, the condition ii)
of Definition follows. For condition i), remark that ®,, # ®, , implies that r, # Ku.

But then x, Nk, = k, hence K, and K,/ have trivial intersection inside K.
Step 2. Gp,. endowed with 2 is geometric like.

Indeed, let k, and k. be given. If k, = k,, then there is nothing to prove. Hence let
Kz 7# Kg. Since kK, and K, are relatively algebraically closed in K, it follows that z, 2" are
actually algebraically independent over k. Therefore, by the “birational Bertini”, it follows
that for almost all a,a’ € k we have: t := ax — a’2’ gives rise to a dominant rational map
[+ X---P}, satisfying: For general points ¢ = b, the fiber X, is a Weil prime divisor of
X, and x, 2’ are non-constant on X;. The birational translation of this is the following: If
v = vx, € Dx is the corresponding prime divisor of K, then x,z’ are v-units such that
Ju(x), 70(2) are not constant in the residue field Kv of v. But then 2 and k;, consist of
non-principal v-units, and are mapped isomorphically into the residue field Kv. Moreover,
since t = ax — a’z’ has v(t) > 0, it follows that ax = a’2’ (modm,), hence 3,(k.) = 7o (K ).
Taking (-adic completions, we deduce from this that conditions j), jj) of Definition are
satisfied at v.

To 2): Clear by the Fact 3) and 4, and the commutative diagrams from Nota-
tions [3.16] 3). O

4. PROOF OF THE MAIN RESULT
Here is our main result concerning geometric like abstract decomposition graphs:

Theorem 4.1. Let K|k be a function field with tr. deg(K|k) > 1, and let Gp,. be a complete
reqular like geometric decomposition graph for K|k. We endow Gp, with a Bertini type set
A of rational quotients, and view it as a geometric like abstract decomposition graph.

1) Let H endowed with a family of rational quotients B be a geometric like abstract de-
composition graph. Then up to multiplication by (-adic units, and composition with auto-
morphisms ®, : Gp,. — Gp,. defined by embedding of function fields v : K|l — K|k such that
K|«(K) is purely inseparable, there exists at most one isomorphism ® : Gp,, — H of abstract
decomposition graphs which is compatible with the rational quotients A and B.

2) Let L|l be a further function field with tr.deg(L|l) > 1, and let Hp, be a complete
regular like abstract decomposition graph for L|l. We endow Hp, with a Bertini type set B
of rational quotients, and view it as a geometric like abstract decomposition graph. Let

d:Gy — G
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be an open group homomorphism which defines a proper morphism ® : Gp, — Hp, of
abstract decomposition graphs compatible with the rational quotients 8 and 2A. Then there
exist an -adic unit € and an embedding of function fields

v Ll — K|k
such that ® = e - ®,, where ®, : Gp,, — Hp, is the canonical morphism defined by v as
indicated above.
Further, 1(l) = k, and v is unique up to Frobenius twists.

Proof. Since (1) follows from (2), it suffices to prove assertion (2).

Recall that Proposition Ku = jx(K*) ® Zy and Ly := 31(L*) ® Z) are arith-
metical lattices for Gp, endowed with 2, respectively for Hp, endowed with 8. Now by
Proposition , it follows that ¢(L(y)) is contained in a unique arithmetical lattice of Gp, .
Since the arithmetical lattices of Gp, are f-adically equivalent to Ky, there exists an ¢-adic
unit € such that

¢(Lry) S e Ky .

Therefore, after replacing ® by e - ®, without loss of generality we can suppose that

HyYPOTHESIS 1. qAb maps Ly tsomorphically into K.

We further recall that j, (K*) = K*/k* and j,(L*) = L*/I* are true lattices in Ky,
respectively L. In order to simplify notations, we denote by:

x=Jx(x) =Kz, y=71(y)=1"y

the image of x € K* under jx, respectively that of y € L™ under j.. Further, we will always
denote elements of K(y), respectively of L), in boldface:

wEK(g), yEL(Z).

Next we want to understand the following: Let ®,, € 2l correspond to some &, € B, and
let kg, ) C Ky and Ky ) C Ky be the unique divisorial lattices such that ¢, (ks ) C K,
respectively ¢y, (ky,)) C L. Then by Proposition m, 2), we get: Opun, (Fy,(0) = K0,

3.16

q@oé,{y (Ky,0) = ¢f,{z (Kz,(¢)). Hence taking into account the identifications from Notations
ie., Fp = Ky N ¢, (R,) inside K = L, and ky ) = Ly N éﬁy (Ky) inside L = Ly, |
the above assertion is equivalent to: If &, € % corresponds to ®, € B, then

U

~

DKy, 1) = Ka(0) -

Hence we have jr(r, ) C ky, ) and jr (k) C ke g, and the task now is to understand the

X

precise relation between ¢ o ,(k,*) and 7k (k) inside Ka,(0)-

Lemma 4.2. Let ®,, € A correspond to some @, € B. Then there exist unique relatively
prime and prime to £ integers m,n > 0 such that the following hold:

1) gzg(nJL(ly + Z)X) =m- jx(kx + k)*, and q@(n . jL(Ii;j)) =m- g (k)) inside Ky (o).

2) (ﬁ(n 0(y)) = m - yk(x), provided Zy - 31(y) is mapped by ¢ into Zy - 3k (x), and
such a choice of a generator x for k, is always possible.
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Proof. We begin by considering the systems of arithmetical inertia generators %, of G ,
respectively T, of G, as introduced at Definition/Remark [2.14] 2). Let (y) = w’—w be the
divisor of y € K, = I(y), and () = v' — v be the divisor of x € k, = k(z). Then k, = k(z),
and in the notations from Definition/Remark [3.8] 1), we have:

a)y = J.(y) = Yuw — Puw, and Py := Py, = yr(ly +1)* C Ky ¢ is the generating set at w
with respect to Ty, .

b) x == Jx(x) = Qo — ¢y, and Py := P, = jx(kx + k)* C Ky ) is the generating set at v
with respect to Ty, .

Moreover, we can choose = from the beginning in such a way that v’, v are the pre-images
of w',w under ®,, . . Equivalently, we then have é(Z(g) y) = Zgyx. Therefore there exists
unique relatively prime integers m,n > 0 such that

~

(%) o(ny) =mx.

On the other hand, the image ®,_,, (%,,) of ., under the isomorphism @, . is a dis-
tinguished systems of inertia generators for k,, such that qg(Pw) is the generating set at v
with respect to @, ., (%,,). By the uniqueness up to f-adic equivalence of the distinguished
systems of inertia generators we have: @, . (%.,) = T for a unique (-adic unit € € Z;.
Hence ¢(P,) = ¢! - P, and in particular, ¢(y) = e ' - x inside Kgr)- Then by the fact (*)
above, it follows that € = n/m, hence both m,n are relatively prime to ¢. Finally, we get:

~

(%) p(nPy) =mPx.

Clearly, if m/,n’ are relatively prime integers such that ¢(n’ P,) = m’ P, then we must have
¢(n’y) = m’x. Therefore, (m,n) = (m’,n’) by the uniqueness of m, n.

Finally, since P, and P, generate /f;/ [ inside ky (¢, respectively r,/k* inside kg (), we
deduce that for the unique m,n above one has:

(x)" o(n-gn(ry)) =m - gr (k).
This completes the proof of the Lemma. U

Norming 4.3. In the context of Lemma above, suppose that Zy) - 7.(y) is mapped
by ¢ into Zyy - gk (¢). Then we will say that ¢ is y-normed, if ¢ o y1,(y) = 1k ().
Clearly, a priori, é might not be normed with respect to any @, € B and the correspond-

ing ¢, € A. Nevertheless, we can “artificially” remedy this as follows: In the notations
from Lemma above, suppose that we have chosen the generator = such that Zy) - 71,(y) is

mapped by ¢ into Ze) - 7k (). Hence we have $o0(y) = (m/n) jx (x). Further, remark that
NG =m /n is an f-adic unit. And replacing the morphism ® : G — G by its 7 g-multiple
¢’ :=ny - @, amounts to replacing é by its (1/77$)—multiple ¢ = (1/77(13) - ¢. In particular, we
have g =1, hence @' is y-normed.

Hence we have: Let s, € 9B and its corresponding x, € 2 be given such that Z - .(y)
is mapped by ¢ into Zy - Jx (z). Then after replacing ® by a properly chosen multiple 7 - ®
with 1 € Zy, the resulting Kummer homomorphism (1/ 1) ¢ is y-normed. Hence mutatis
mutandis, we can suppose that QAﬁ satisfies the following norming hypothesis:

HypotHESIS II. &, € A corresponds to x, € B, and $o1L(y) = 7k (x), hence ¢ is y-normed.
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Remark/Notation 4.4. If ngS is y-normed, then by Lemma , qg defines bijections:
() O aLlly + 0 = glky +K), 62 a0(my) — gu(a)*
We set My = Qg(jL(LX))ﬂ]K(KX), and let M, C 7,(L*) be the pre-image of My under ¢.
Then j.,(k,*) C My and jx(k,*) C Mg by the fact (1) above, and
¢ Mp — Mg
is an isomorphism which maps j(x,*) isomorphically onto jx(r, ™).
We will say that w € L* and t € K correspond to each other, if the following hold:

gr(u) € My, gx(t) € Mg, and o yn(y) = jx(z).
Finally we remark that M ® Zy = L inside L.

Lemma 4.5. Suppose that t € K and uw € L correspond to each other via qg Then
Py= (kt+ k) k™ = g (kt+ k) C Mg, and Py, := (lu+1)*/1" =y, (lu+1)* C M.
Proof. Case 1) u € k,. Then t € k,, and we are in the situation of Lemma above with
m =n = 1, from which the assertion follows.

Case 2. u ¢ k. Since k, = [(y) is relatively algebraically closed in L, it follows that u,y
are algebraically independent over [. Correspondingly, the same is true for ¢, z, i.e., t,x are
algebraically independent over k. Then by the Fact 1), we have:

i) tyrq :=1/(d'x + a) is a general element of K for almost all a’,a € k.

i) up p :=u/(b'x + b) is a general element of L for almost all ¥',b € [.
Hence by condition () of Remark/Notation [4.4] we conclude the following: For @, a as at i),
let Yoo € (ly +1)* be such that éoyL(ya/,a) = jx(d'z 4+ a). Then by ii), Uy 4 = u/ya 4 is &
general element of L for almost all a’,a € k. And note that

60 11(twra) = 60 g1(u/Ywra) = 3 (t/(@'x + a)) = Jc(tara).

In particular, since 2 and B contain some Bertini type subsets, we can suppose that r; , € 2
and Ry , € B, and K, ., corresponds to Kug , under P. ’

On the other hand, since by hypothesis we have jg(t) € My and jp(u) € My, and by
Remarks/Notation above, jx(kx + k) C Mg and j.(ly +1) C My, it follows that for
almost a,d’ € k, the following hold:

a) two € K and uy o € L, respectively to o1 € K, and uy 441 € L, are general elements
which correspond to each other under ¢.
a)’ Hence (;3 is normed with respect to both u, , and ug g41.

For b,b" as at ii), let z, € kx + k be such that ng(]L(b/y +b)) = Jx(x ). Then by i), for
all b and almost all b, one has: ty;, :=t/zy is a general element of K. And note that:

Ik (typ) = 2k (t/ 2 p) = ¢ 0 9, (u/ Dy + b)) = o gr(uyy) .

In particular, xq,, € & and Ky, , € B, and ky,, corresponds to k,,,, under @, and QAS is
normed with respect uy . Reasoning as above, it follows that for almost o',b € [ one has:
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b) typ € K* and uyy € L, respectively ty 1 € K and uy p41 € L, are general elements
which correspond to each other under ¢.

b)" Hence $ is normed with respect to both wy , and wy p41.

But then by the fact (f) from Remark/Notation applied to the functions t, , € K*
and ug o € L, it follows that jr (s, ) = ¢ o jr(ky, ) C ¢ o yr(L*), hence jr(k;, ) C
b o (LX) N g (K*) = Mp; and the same correspondingly for the other three pairs of
functions which correspond to each other under ¢. Thus finally we get:

]K(“txaga) C Mg, jK(Ii;;,’aJrl) C Mg, and gp(ky, ) C My, jx(k

Uyt ub/’bJrl)

C My .
Finally, for a,a’,a” € k, consider the functions
toraa=("t+dzx+a+1)/(t+dx+a).
Then by Fact , 1), it follows that for all a”, and almost all @', a, the function ¢,/ 4, is
a general element of K too. On the other hand, a direct computation shows that:
dr+a+1 a"tyan+1
ar+a torat+1
Since the images via jx of both the denominators and the numerators of the fractions above
lie My, we get: Jx (tar ara) € Mk. Reasoning as previously in the case of ¢, 4, we find general

elements uq» o, € L such that x; , , corresponds to #, , , , etc. And we further define
correspondingly functions

ta”,a’,a =

Ve +b4+1 buyp +1
OVr+0 ‘ Up b +1
and find functions #y 4 € K, etc. Finally one gets: ji(ky, , ) C Mg for all a” € k, and
almost all a’,a € k. And correspondingly jL(Klub”,b’,b) C M; for all b € I, and almost all

b,bel.
Now we conclude the proof of the fact that jx(kt + k)* C My as follows: First, since
jK(K,t);NYa,’a) C Mg, we have jx(ter a0 — 1) € Mg. On the other hand,

U/b”,b’,b = 5

ta//ﬂ/,a — 1 = [(CL” — ].)t + 1]/(t + a/fL' + a) .
Now remark that ¢t + 'z +a = (d'v + a + 1)/tow . Hence jx(t + dz + a) € Mg, as
Ik (toaa) Jx(@x +a+ 1) € Mg. Thus we finally deduce that jK((a" —Dt+ 1) € My for
all «” € k. Hence Py = g (kt + k)" C Mk, as jk(t) € Mg by hypothesis.

In a completely similar way, one concludes that P, = jr(lu +1)* C M.
O

Lemma 4.6. Let Ky = 7' (Mg)U{0} C K and Ly = 5, (M1)U{0} C L be the preimages
of My, respectively My, in K, respectively L, together with O added. Then Ky C K and
Lo C L are function subfields.

Proof. Indeed, since M is a subgroup of IA(, its pre-image 75 (Mg ) in K* is a subgroup too.
We check that Kj is closed with respect to addition: For ¢, € Ky non-zero, t" = t'/t € K,
and t +t' = t(t" +1). On the other hand, by Lemma [4.5| we have t” + 1 € K. Hence finally
we get t +t' = t(t" + 1) € Ky. The proof of the assertion concerning L is similar, and we

omit it. 0
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Now remark that Mg = jx(KJ) = K /k* can be viewed in a canonical way as the
projectivization P(Kj) := K /k* of the infinite dimensional k-vector space (Ko, +). And
correspondingly, My = j.(Ly) = L§/I* =: P(Ly) is the projectivization of the infinite
dimensional [-vector space (Lo, +). And since the Kummer homomorphism QAS LK maps
M, bijectively onto My, the restriction of $ defines a bijection:

¢ = dlpwy) : P(Lo) = My — Mg = P(Ky).

We remark that the lines in P(Kj) are subsets of the form [, = (kto + kt1)*/k* with
to, t1 k-linearly independent functions in Kj. In particular, setting ¢t := t;/ty, we see that
ltg.t, = to - Pr, where Py := (kt + k)*/k* = jx(kt + k)*. Further note that [;,;, depends
only on tg = i (to) and t; := jx(¢1) only, and not on the functions tg, ¢; themselves. We will
therefore also write [, ¢, for the line [, ;,, and P for P;.

Correspondingly, the same holds for lines in P(Ly).

Lemma 4.7. The morphism ¢ : P(Lg) — P(Ky) respects co-lineations, more precisely ¢
maps each line 1,, ,, C P(Lo) bijectively onto ly, ,, C P(Ky), where ty = ¢(up), t1 = ¢(u).

Proof. Setting t = ¢(u), we get ly,r, = to - I, and [,, 4, = ug - [,. Hence taking into account
that ¢ respects the multiplication, it follows it is sufficient to show that ¢ maps P, bijectively
onto Py, provided t := ¢(u).

Recall that ¢ is y-normed, and c;AS(y) = x, where y = j1(y), x = jx(x), for x and y
corresponding to each other under ¢. Moreover, by fact () from Remark/Notations ,

¢ maps P, = P, bijectively onto P, = P,. Recall that for every 1-index v of Gp,, and
the corresponding 1-index w of Hp,, one has the commutative diagrams of the form, see

Remark 3.3} 3), and 4):

fjw ]—w> [/A\U Z L Zggﬁw
lé& )Lév and lé la
l?v 2 Ko K Ly,

Let K; be the relative algebraic closure of k(t) in Ky. We claim that ¢(P,) C 1k (Ky).
Indeed, let v be such that v(t’) # 0 for some t' = ¢(u’) with v’ € P,. Then by the
commutativity of the second diagram above we get: w(u’) # 0. But then it follows that
Juw 1s trivial on I(u)* N U,. Hence by the commutativity of the first diagram above, it
follows that 3, is trivial on ¢ o j, (l(u)x), in particular on ¢(P,). By contradiction, suppose
that ¢(P,) ¢ 1k (K;). Then 3 u; € P, and t; € Ky such that ¢ and ¢; are algebraically
independent over k, and jx(t1) =: t; = ¢(u1). On the other hand, since ¢, ¢; are algebraically
independent over k, there exist “many” v satisfying the following: v is not trivial on k(¢)
and ¢ is a v-unit, and v is trivial on k(¢;). Note that v being non-trivial on k(t), and ¢ being
a v-unit implies that the residue of ¢ at v lies in k, hence 3,(t) = 0. Now let w correspond
to v under ®. Then by the commutativity of the above diagrams we have: u = jr(u) is a
w-unit, and 7, (u) = 0. Therefore, w is non-trivial on [(u). Further, u; = j7(u;) is a w-unit,
and j,,(uy) # 0. But this contradicts the fact that w is non-trivial on I(u)!

Now choose a prime divisor v of K |k such that the following are satisfied:

i) v is trivial on k,, and ¢ is a v-unit.

ii) 2 and t have equal residues in Kv, hence j,(x) = ,(t).
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Note that ii) implies that v is trivial on K; too, hence j, maps both k,* and K;* injectively
into the residue field Kv.

Let w correspond to v under the proper morphism ® : Gp,, — Gp,. Then reasoning as in
the proof of Proposition it follows that the following hold:
j) w is trivial on x,.
jj) v and u have equal residues in Lw, hence 7,(u) = 7,(y)-

Further, since 3, and 7, respect addition and multiplication, the following hold:

jU<Pt) = 7)31)(t)’ ]U(Pfﬂ) = P]v(m)’ and ]w(Pu) = ij(u)’ ]'LU(Py) = P]1v(y) .

Hence by i), ii), respectively j), jj), we get P, 1) = Pjo(x) and P, ) = P,,(y)- Therefore,
since ¢E(Py) = P, by the choice of z and y, it follows from ¢, 0 J, = 7, © & that:

ng(lpjw(yﬂ = ng (]w(Py)) = Jv (QB(Py» = Jv(Pa:) = Pju(x) .
Thus taking into account the equalities above and that 7, o ngﬁ = ngSv 0 Jw, we finally get:
30(6(Pu)) = 60 (30(Pu)) = 60(Prw) = 6o(Prut) = Prute) = Prutty = 20(P1).

Hence 7, (QAS(PU)) = J,(P;). Since both ¢2(73u) and Py are subsets of jx (K;), and 7, is injective
on Jx(K7), we get ¢(P,) = Py, as claimed. O

In order to conclude the proof of the Theorem we proceed as follows:

By Lemma [4.6] above, ¢ respects co-lineations. Therefore, by the Fundamental theorem
of projective geometries, see e.g. ARTIN, ¢ is the projectivization ¢ = P(¢’) of some linear
tg-isomorphism ¢’ : (Lo, +) — (Ko, +), i.e., 19 : | — k is an isomorphism of fields, and ¢’ is
an isomorphism of Abelian groups, such that ¢'(au) = 19(a)¢’(u) for all a € [ and u € L.
Moreover, ¢’ is unique up to composition by homotheties of the form [, o ¢' o[, (all a € k,
b € l). Further, as k* = ker(yx) and [* = ker(y.), it follows that ¢'(l) = k. We set

¢o = (1/¢/(1)) ¢/,
and claim that ¢, is a field isomorphism which maps [ isomorphically onto k. Indeed, for
a fixed y € Lo, consider ¢, : Ly — K defined by ¢,(u) := ¢o(yu). Then ¢, is a linear
tp-isomorphism. Set z = ¢(y). Then considering projectivisations, and using the fact that
¢ = P(¢o) is multiplicative, it follows that for all u € Ly we have:

P(dy)(u) = P(eo)(yu) = P(lz) 0 P(¢o)(u),

where [, is the multiplication by x on K,. Therefore, there exist a € k* and b € [* such
that [, o ¢, ol = I, 0 ¢g. In other words, a ¢o(ybu) = x ¢o(u) for all u € Ly. Setting u = 1,
and taking into account that ¢o(1) = 1, we have: a1(b) x = . Thus a1(b) = 1, hence the
effects of {, and [, cancel each other. Hence we have

Po(yu) =z do(u) = do(y) do(u), (all u,y € Lo).
Therefore, ¢ is a field isomorphism as claimed.

Finally, in order to conclude the proof of the Theorem we prove the following:

Lemma 4.8. L|Lg is a purely inseparable field extension.
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Proof. First, recall that by the last fact in Remark/Notations , we have My ® Z) = Ly

inside L. Equivalently, for every u € L* there exists a positive prime to ¢ integer n, > 0
such that u™ € L. This means in particular that L|Lg is an algebraic extension. Since L|
is a function field over the (algebraically closed) field [, it follows that Lo|l is so, and L|Lg
is actually a finite field extension, say [L : Lo] = n > 0. From this we deduce that if n,
is minimal such that u™ € L, then n,|n. In particular, all the n'® powers u", u € L, are
contained in Lg. But then n = [L : Lg] must be a power of the characteristic, as claimed. [J

For the uniqueness of 2 up to Frobenius twists, one uses the last Lemma above, and applies
Proposition

The Theorem is proved. O
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