X =AX

represents a system of homogeneous first order linear differential equations with constant coefficients

x (1) x (1) example:

, a, ... a, ,

O] I I O [xj (2 4](361)

: a, - a, : X - -1 6)lx

xn,([) A xnit) f 2

X x = 2x + 4x,
x2, = -x, + 6x,

Assume the solution vector has the form:
X = Ve (XandV vectors) X’ =AX=> rVe'' = AVe”
X =rVe" V=AV
AX =AVe” AV=rv

(matrix ) (vector) = (constant ) (same vector)

r=A eigenvalue

_ At
X _ Ve V eigenvector

The solutions vary based on the nature of the eigenvalues




Distinct Real Eigenvalues

,A,...,A :ndistinct eigenvalues with corresponding eigenvectors V,,V,,...,V
” g p geig TAL) n
A
X=c Ve +c,V,e™ +---+c Ve

Repeated Eigenvalues (with »n linearly independent eigenvectors)
Say n=2,4 = A, with 2 linearly independent eigenvectors V, and V,

callit A

2 2
X=¢V,e" +c,V,e"

Repeated Eigenvalues (with < n linearly independent eigenvectors)
Say n=2,4 = A, with only one eigenvector V,

callit 4
X, =V,e" X, =Vte* +V,e*
V, found by solving (A—-AI)V, =V,

Solution
X=¢X, +c,X, =¢V,e* +c, [Vlte’u + Vze’l’}

’
X = AX x) (2 4)\x
represents a system of first order linear differential equations Xy -1 6 X,

where:

(2O a2 2] xo[]) Lo

initial condition

1) Find the eigenvalues and eigenvectors of A.

)

or use:
2x2 Characteristic Equation Shortcut

A —(trace(A))ﬂ—i—det(A) =0

2-1 4
-1 6-4
(2-2)(6-2)+4=0

=0

A’ —8A+16=0
12-81+ 4> +4=0
X Solve: (A—4I)V, =0
A" —84+16=0
- -2 40)iR =(-1 2/0)=(-1 20
(A-4)" =0 ~1 2|0 -1 2j0) (o oo
Repeated eigenvalue
v, +2v,=0 v =2, 2
ﬂ,l:ﬂ? =4 v, is free letv, =1 V‘:(J




Eigenvalue with multiplicity 2 and only 1 eigenvector
Solution # 1

X, =Ve* V, found by solving (A= A1)V, =
Solution # 2

X, = Vlteﬂlt + Vzeﬂ'lt V, found by solving (A-AI)V, =
Full Solution

X=cX +cX,

Solve: (A—-4I)V,=V,

=2 42)IR =(-1 21)=(-1 21) -y +20,=1 v =2v,-1 V:(lj
2
-1 21 -1 21 0 00) visfree letv,=1 1

2
X, = Veﬂ“t:>X (je‘”

2
X, = Ve +V,e*' = X, (Jte +(]‘”

Full Solution

) xo a( rl)

initial condition

x J“‘(‘J:G )

2 1|-1\R <R, R,-2R (1 cl+c2—6 N G
1 116 0 ¢, =13 ¢,

eamea, [eoa2Jerra] et oo
b )




—e* +26te"
X - 4t 4t
6e™ +13te
Check:
—4e* +26e* +104te™ 22 104\( ¢*
24e* +13e* +52te™ 37 52 M te*
—e* +26te* 1 26 ,
(6e ‘4 13ze* J ( 13)(%’} X'=AX v

2 4\ (-1 26\ “
AX = 6\ e _ 22 104\ e
-1 6)\ 6 13)lze*) \37 52 )lze"




