Math 240 — Rimmer Name

ANSWER KEY

Midterm # 3 — Fall 2007

December 4, 2007

1.
Evaluate ” (6x—3y)dA
N

where S is the region bounded by the lines
2x—y=1 2x—y=3
x+y=1 x+y=2

A)2 B) 3 Q) 12 D) 4

u=2x-y
u=2x-y 1<u<3

v=x+y 15v<2
u+v=>3x

v:%(u+v)+y3y=§v—%u:>—3y:”_2"
o af 11

J(u,v)za” ov|_|3 3_2,1_1
da dy| | 1 20 9 9 3
ou dv 3 3

3

S 1

ﬂ(6x—3y)dA:IJ3M|J(u,v)|dA :jjududvzjudu-jdv: 4

E) 6

v=x+y :>x:§(u+v):>6x=2u+2v

= 6x—-3y=3u




2.
Solve the homogeneous differential equation

X

(1+dex—dy=o with y(1)=0

Find f (e).

A)e B)1 O 1 D) Lz E) none of the above
e e

Y =ux
dy = udx + xdu
y

— =y
X

(1+Zjdx—dy=O:>(1+u)dx—(udx+xdu)=0

X

(lj;u—/u)dx—xduzo
dx = xdu
la’x:a'u

X
u=lnx+C

y(e)=elne= |po




3.
Solve the differential equation

Y+y=y’
with y(0) :%.

A) ! B) ! O) ! D) !
\V5e ™ +4 V3e+6 V8™ +1 NTe +2

Bernoulli equation with n =3

-2

u=y
y=u
&1 ndu
dx 2 dx

1/2 andy3 :u—3/2

’ 3 1 5, du -1/2
yV+y=y = —Eu E
Multiply by —2u*"?
u’'—2u = -2 < Linear

IP(x)dx

+u

integrating factor ¢ =e =e

Mult. both sides by

e u —2ue™ =2
- -

(e—Zx ) :_26—2)(
Integrate both sides
e u=-2 I e dx

eru=e>+C
Solve for u
u=1+Ce*

y_2 =1+Ce**
y=(1+ce)"”

1 1

y=— 1(0)=13= 3=

-3/2

—2x

1

J1+C

=C=8

E) none of the above

J1+8e*™




4. Solve
Xy -x+2y=0 y(1)=-1)"(1)=-1

Find y(e”) .

A) —e” B) ¢ C) 0 D) -7

Cauchy-Euler Equation a=l,b=-1,c=2

Auxillary Equation = x” (ar2 +(b—a)r+ c) =0
7 =2r+2=0

L 2EN4-8 2%V4 2%2i

ti
2 2 2

« complex roots r, =+ fi,r, = — i

y=x%(c cos(Slnx)+c,sin(Slnx))

y=x(c, cos(Inx)+c, sin(Inx))

X

¥ =((c,+¢,)cos(Inx)+(c, —cl)sin(lnx))

y(1)=-1=-1=1| ¢ cos(Inl)+¢,sin(Inl) [= ¢, =-1

%KO_/ %,0_/
1 0
Y()=-1=¢+¢,=—1but¢,=—1=¢,=0

y=-xcos(Inx)

J/(e”) =—" cos(ln e”) =—e"cos(7)= |p

E) 7w

g

¥ =(c cos(Inx)+c, sin(lnx))+x(—c1 sin(lnx)-l+c2 cos(Inx)-—



5. A spring with a mass of 2 kg. attached has damping constant 16. A force of 12.8 N
keeps the spring stretched 0.2 m beyond its natural length. If it starts at equilibrium
position with a downward velocity of 2.4 m/s, how much time passes until the spring
reaches equilibrium for the first time?

r r z
A) — B) — Oz D) 2x E) —
) 1 ) 2 ) ) ) g
m=2,8=16
F=ks=128=02k= k=64
x"+£x'+£x=0

mm

X +8x +32x=0

Let 2/1=£:>/1:4, and a)2:£:> @ =32
m m

r=—AtNA-@ = r=—-4+16-32=r=-414

x(t)=e™* (cl cos(m l)+c2 sin(m t))
x(t)=e"(c,cos(4t)+c,sin(41))

starts at equilibrium position = x(0) =0=¢, =0
x(t)=c,e™sin(4 1)

starts with a downward velocity of 2.4 m/s = x(0)=2.4=¢, =0
X'(t)=—4c,e ¥ sin(4 1) +4c,e™ cos(4 t)

x'(0)=4c,=24=0.6

x(t)=0.6¢"sin(4 1)

spring reaches equilibrium for the first time = x(¢) =0,z >0

0.6e*sin(4¢)=0=sin(4¢)=0=>4t=7=




6. Letf(t)=L" {L} Findf(%)

s+2s+10

A) —?5 ¢ B) 207 Q) ( - % ) e % D) %e‘% E) none of the above

2s=3  2s-3 2s 3

425410 (s+1)°+9  (s+1)°+9 (s+1)"+9
_2s+2-2 3 _ 2(s+1) 5 5 (s+1) 5 52
(s+1)°+9 (s+1)°+9 (s+1)'+9 (s+1)°+9  (s+1)’+9 3(s+1)+9

) 2830 |4 (s+1) 5 52
f=t {m}_L {2(s+1)2+9 3(s+1)2+9}
=27 ﬂ 5 3
f()=2L {(s+1)2+9} SL {(s+1)2+9}

gl (s+1) 5 3
flr)=2L {(s+1)2+9} 3" {(s+1)2+9}

7(0) :e_t(2005(3t)—§sin(3t)j

f(%j:e-ﬂ/é(2«%%}%3{%)): _ge—mﬁ




7. Find the Laplace Transform of
1
-2t .
f(t)==te™ sint
2
by any means other than the definition.

s+4 B s+2 Q) 2s+4 D s+2

s’ +4s+5 (sz+4s+5)2 (sz+4s+5)2 s’ —4s=5

above

E) none of the

2

1d 1 1d 1 1d 5 -1
=== _|= % — = :———|:(S +4S+5) :|
2 dt (S+2) +1 2dt| s +4s+5 2 dt

:—%[—( 2+4s+5)_2(2s+4)}= s+2

(s> +4s+5)

L{f(¢)}= lL{te‘” sin t} = —%%[L{e‘” sin t}]




8. Derive the Laplace transform of

f(¢t)=tcosh(at)

You should find a theorem or property more useful than the definition. “I read it off my
table” will receive 3 points.

—2as 2as _(52“‘02) s’ +a’
-] (7 -a)
—da S —a

above

A)

E) none of the

L{f(t)}=L{tcosh(at)}= —%L{cosh(at)}

i[ p } 1-(s2—a2)—s-2s | -t -a? S +a




9. Solve y"=2)y"+2y=¢>  »(0)=0,)"(0)=0
Using Laplace transforms. Find y(27).

A) %ez” B) 4e*” @) %ez” D) —— E) none of the above

Il
S

L{y’-2y'+2y}=L{e™} »(0)=0,y(0)

L{y”}—2L{y'}+2L{Y}:$
PL{ = 9(0) -y (0)-2[sL [} -r(0)] 2L} =5

—

(s2—2s+2)L{y}=s+2

1 __A , BsiC
(s+2)(s*=25+2) s+2 57 —2s5+2

= A(s* =25+2)+(Bs+C)(s+2) =1

(A+B)s> +(-24+2B+C)s+(24+2C) =1
A+B=0=>B=-4

L{y}=

2A+2C:1:2C=1—2A:>C:%—A

—2A+2B+C=O:—2A—2A+%—A=0:>5A=%:A=%

()

1 2 1
L{y}=1( ) P S —i( 1 j+( ol g3

s+2) §7=2s+2 10(s+2) (s—1)+1 (s—1) +1

S NS T 2
L{y}zi( 1 n 1os+120 0 52
10\ s+2 (s—1)"+1 (s—1) +1

(1) 1 s-1 1
L= ——( it

C10Us+2) 10{ (s=1)+1) (s—1)+1
11 L[ s-1 3 1
SNV R '
T 10((S_1)2+1 10((S_1)2+1}
y=—e  +e | ——cosf{+—sIn¢

10
1

y(7)= Ee“‘” +e” (—%) = % (8—47z . e—27l’ )




10.

x"—x=f(t)

with x(0)=0,x"(0)=0

Find the value of the Laplace transform

of x evaluated at s = 2.

(no need to find the function x(¢))

I, 0<¢<1

0, otherwise

N (=) B L(imet) 0 (=) D) S(1-e?)
E) none of the above
L{x'—x}zL{f(t)} f(f)z{(l): o(:hsef\;:e
L{x'}—L{x}zL{f(t)} _[g(r), 0<t<a ~ ~ B
I v e R COR DI
0 0 f(t)=1-U(¢-1)
(s =1) L{x}=L{f (1)} L{f () =£{1-U(e=1)} = L{1}- L{U (e-1)}
L{x}=L{f o) L ()=
(s*-1) ’
l-e”
L{x}=—
S(S —1)
L{x}ats=2= " _ |1

2(4-1) g(l—e_z)




