
1

( ) ( ) ( ) 0012 =+′+′′ yxayxayxa

Linear Second-Order Differential Equation

( ) form. standardin equation  above put the  toby  Divide 2 xa

( )
( )

( )
( ) 0

2

0

2

1 =+′+′′ yyy
xa

xa

xa

xa

( ) ( ) 0=+′+′′ yxQyxPy

( ) .0 if an  is 20 ≠= xaxx point ordinary

( ) .0 if an  is 20 == xaxx pointsingular 

In this section (5.2) we study power series solutions about singular points.

:pointssingular  of  types2 are There

( ) ( ).in    themost toat  and in    theto

mostat  appears both  if  a is 00

xQxP

xxxx

power secondpowerfirst 

pointsingular regular −=

( ) ( ) ( )2 1 0If , ,  and  are polynomials,a x a x a x

regular not  is point thatsingular  a isit  if an  is 0 pointsingular irregular xx =

( ) ( ) ( )

( ) ( ) ( )

0 0

2

0 0

 is a  if both  

and  are analytic functions at .

x x p x x x P x

q x x x Q x x

= = −

= −

regular singular point

has a Taylor series 

expansion about x0

Visual Check:



2

( ) 012 22 =++′−′′ yxyxyx

( )2

2 2

1
0

2 2

xx
y y y

x x

+
′′ ′− + =

2

2

1 1
0

2 2

x
y y y

x x

+
′′ ′− + = ( ) ( )

2

2

1 1
  and 

2 2

x
P x Q x

x x

+
= − =

( ) ( ) and    are both analytic functions so 

0 is a regular singular point

p x q x

x =

Standard Form

( ) ( ) ( ) ( )2 21 1
2 2

1
  and 

2
p x xP x q x x Q x x= = − = = +

0 is a singular pointx =

Visual Check:

( ) ( )

0 is a regular singular point since  appears at most

to the first power in  and at most to the second power in .

x x

P x Q x

=

From the definition:

Frobenius’ Theorem

( ) ( ) ( ) ,0

 eq. aldifferenti  theofpoint singular regular  a is  If

012

0

=+′+′′

=

yxayxayxa

xx

( ) ( ) ( ) ( )∑∑
∞

=

+
∞

=

−=−−=
0

0

0

00

form  theofsolution  oneleast at  exists then there

n

rn

n

n

n

n

r
xxcxxcxxxy

.0 interval someon least at  converge  willseries The

equation. indicial by the determined be oconstant t a is  where

0 Rxx

r

<−<

( ) ( ) � ( ) �
1

1 1 1 2 1

0 1 2                                 1 2
r r

r r r

x x

y x rc x r c x r c x
+

− + − + −′ = + + + + +�

( ) ( )1 2 2

0 1 2 0 1 2

0

n r r r r r

n

n

y x c x c x c x c x x c c x c x
∞

+ + +

=

= = + + + = + + +∑ � �

( ) ( )( ) 2

0

1 n r

n

n

y x n r n r c x
∞

+ −

=

′′ = + + −∑

0Let 0x =

( ) 1

0

n r

n

n

n r c x
∞

+ −

=

+ =∑



3

5.2 # 18

( ) 012 22 =++′−′′ yxyxyx

( )( ) ( )( )2 2 2

0 0

2 2 1 2 1
n r n r

n n

n n

x y x n r n r c x n r n r c x
∞ ∞

+ − +

= =

′′ = + + − = + + −∑ ∑

( ) ( )1

0 0

n r n r

n n

n n

xy x n r c x n r c x
∞ ∞

+ − +

= =

′− = − + = − +∑ ∑

2 2 2

0 0

n r n r

n n

n n

x y x c x c x
∞ ∞

+ + +

= =

= =∑ ∑

2 22 0x y xy x y y′′ ′− + + =

0

n r

n

n

y c x
∞

+

=

=∑

( )( ) ( ) 2

0 0 0 0

0 2 1
n r n r n r n r

n n n n

n n n n

n r n r c x n r c x c x c x
∞ ∞ ∞ ∞

+ + + + +

= = = =

= + + − − + + +∑ ∑ ∑ ∑
Our goal is to :
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You can find the indicial equation at the beginning of the problem.
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