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8.10 Orthogonal Matrices

Preliminary Results:
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Theorem :

Let  be a symmetric matrix with real entries, then the eigenvalues of  are real.A A
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8.10Theorem :

Let  be a symmetric matrix, then eigenvectors 

corresponding to different eigenvalues are orthogonal.

A

Proof :

1 2Suppose  and A Aλ λ= =1 1 2 2x x x x
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In addition, for an  symmetric matrix ,

there will be  linearly independent eigenvectors.
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1Let  be ,  if ,  then  is .T
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Theorem :

 is an orthogonal matrix if and only if it's columns form an orthonormal set.A
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8.10
To construct an  orthogonal matrix we need

 linearly independent, orthogonal unit vectors.
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These become the columns of the orthogonal matrix.
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( ) 3  the vectors are linearly independentrank M = ⇒

the matrix with these vectors as columns is orthogonal⇒

If A is a symmetric matrix, then we can construct an orthogonal 

matrix using the eigenvectors of A.  

Making the vectors unit vectors can be done by scaling each by 

the reciprocal of its magnitude. 8.10

We know that for an  symmetric matrix ,

there will be  linearly independent eigenvectors.
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We know that when  is symmetric,

the eigenvectors corresponding to 

different eigenvalues are orthogonal.

A

When  is symmetric, a repeated eigenvalue 

with multiplicity  yields  linearly independent 

eigenvectors that can be chosen to be orthogonal.
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Putting these facts 

together implies that

An  symmetric matrix 

has  linearly independent 

orthogonal eigenvectors.
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It would be ideal to have a way to guarantee  linearly 

independent orthogonal unit vectors.
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