Change of variable

T:S—>R
(x,y)=(f(u.v), & (u,v))
T
ah
\_//\] 1
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9.17 Change of Variables - Rimmer

Jacobian
&
T (u,v) = du dv| _ dx dy dx dy
dy dy ou dv v du
Ju dv
Y a element of area becomes
/>R dxdy ‘J (u,v)‘dudv
absolute value
¥ Provided :

f and g have continuous first partial derivatives on §
T is one-to-one

R and S consist of a piecewise smooth simple

closed curve and its interior

J#0

HF(x,y)dA = _HF(f(u,v),g(u,v))‘](u,v)‘dudv



9.17 Change of Variables - Rimmer

Conversion of Rectangular into Polar:

x=rcosé@ ox ox

=cosfd; —=-rsind
y=rsinf or
a—y:siné?; a—yzrcosH
or
ox Ox
or 06 cosd -—rsind 5 Do
J(r,0)= =| =rcos’@+rsin°@ =}
dy dy sinf rcosé
dr 96

dxdy =|J (r,0)drd6 =|rdrd&

or dydx



9.17 Change of Variables - Rimmer

Conversion of Rectangular into Spherical:

X=,OSiIl¢COS<9 g—;zsingbcose %zpcosgbcosé’ aa—j;=—psin¢sint9
= psin@sin @
Y p ¢ s—;:sin¢sin9 g—;:pcosgf)sinﬁ %zpsingbcosﬁ
7= pCOSQ
izcosgb iz—psingb %—O
dp Y. 20
ox Ox Ox
Jdp d¢ d6
dy dy Oy sin@cos@ pcos@Pcosf —psin@sind
J(p.9.6)= dp 9 06| = sin@gsinf  pcos@sind  psin@Pcosl
. dz oz COS @ —psin @ 0
Jdp d¢ dJ6

=CosS ¢[,02 cos @sin @cos’ @+ p* cos @sin @Psin’ 6’] —(—psin ¢)[p sin® @cos” @+ psin® gsin’ 9]
= p* cos” @sin (./)(Cos2 @ +sin’ 6?)+/02 sin’ ¢(cos” §+sin’ 8)

= p*cos’ gsing+ p’sin’ ¢ = p° sin¢(cosz¢+sin2 ¢) = [02 Sin ¢




9.17 Change of Variables - Rimmer

Evaluate Y Y
1 2 3 4 § 6
X+y 3 ’ X
e x—y dA |
! EI N
where S 1s the region bounded by the lines .- /?/- R ————
x+y=0; x+y=1 au ;o
x—y=0; x—y=38 X Y J(xy)= =—1-1=-2
vy 1 -1
Let o dy
U=Xx+Yy
P J(u,v)= ! :>J(u,v)=—l
y=x-y ox  dx J (% y) 2

osusi Tl g [[e3fx=y aa =[[e" 3|7 (u.v)|dudy
S R

0<v<8§ du v

8

2 choices: 1% 1
. , =—Jje”v1/3dudv :—(e—l)Ivl/3dudv
a) Solve for x and y if possible 2 2
00 0

b) Use the inverse transformation

Ju du

)= 2| and s (59)- 7 () =1 =l(e—1)-284/3 = 6(6—1)
v e 2 4
ox dy




9.17 Change of Variables - Rimmer

Evaluate T .

I35 o 5= | &

where S is the region bounded by the lines 7

o [N da [ N

x—=2y=0; x-2y=4
3x—y=1, 3x—y=8

Let 2 A= ([ ()| dud
U=x—2y Lf3x_y Ljv‘ (M,V)‘ -
4
V:3X—y 184 1 2 81
= [[“dudv =7 =| [=dv

My 510V S L2 v
ox dy
i:3 ﬂ:_ 81
ox dy =§j—dv — §ln8

1 -2 StV 5
J(x,y)z‘ _1‘ —1+46=5

1 1

J(u’v)_J(x,y) :>J(u,v)=§



