Section 9.9 Independence of Path
P(x,y)dx+Q(x,y)dy is called an exact differential if
there exists a function ¢(x, y) called a potential function
such that dg = P(x,y)dx+Q(x,y)dy

3%:1:(“) and a—¢=Q(x,y)
ox dy

If this is the case, then the mixed partial of ¢ must be equal.
= ¢, =P, shouldequal ¢, =0,

dex+Qdy _ JF~dr For 3 dimensions:
c c d¢=P(x,y,z)dx+Q(x,y,z)dy+R(x,y,z)dz
When F=(P(x,y),0(x,y)) and r=(x,y) ?T;I):R(x,y,z):R\;Qz and R, =P,
2 )
09 a¢>
>F=(—+-,-—%-)=Vg _ :%%aj:
<9x dy F=(P.0.R) <ax’ay’az L

Since F =V ¢, then curl ¥ = curl (gradg)=0

9.9
A line integral whose value is the same for every curve connected the starting
and ending point is called independent of path.

2 —dimensions

J Pdx+(Qdy independent of path < Pdx+ Qdy is an exact differential
C

0
Py:Qx

3 —dimensions

Rdz is an exact differential

g
F=(P,Q.R)
curl F=0
F is called

conservative

_[ Pdx+ Qdy+ Rdz independent of path < Pdx+ Qdy +
c




Fundamental Theorem of Calculus

If f (x) is a continuous function on [a,b] such that F (x) is a

function whose derivative is f (x) on [a,b], then

[ £ (x)as=F (5)-F ()

Fundamental Theorem of Line Integrals

Let C be a curve with starting point (x,, y,)and ending point (x;, y,).
Suppose P(x,y)dx+Q(x,y)dy is an exact differential (there exists ¢
such that d¢ = P(x, y)dx+ Q (x, y)dy).

[P(x.y)dx+Q(x, y)dy=9(x, )= 6%, 3,)

c

a) Find ¢ and evaluate it at the endpoints of C
-[de +Qdy independent of path <
C

b) Pick a "convenient" path and evaluate the

line integral. (convenient = horizontal or vertical)

9.9
Section 9.8 #14 !
Evaluate I ydx + xdy =
¢ 08
on C:line segments from (0,0) to (1,0) C,
and from (1,0)to (1,1) &
02
Iydx+xdy = J. vdx + xdy + I vdx + xdy
v o S, 0 02 04 D; [ 1
- - x=1 =t '
Caemd (:) 0s1s1 Giiy o g OS1S]
=dt = X = =
. Y " J.ydx+xdy =
[ yae+xdy = [(0+0)dr =0 [ ydx+xdy=[(0+1)dr=1 ¢
; 0 C 0
Evaluate!‘ydx+xdy onc,: x=t y=t <r<l
3 dx=dt dy =dt o
C, : line segment from (0,0)to (1,1) C3

é[ydx-%xdy =Ei:tdt+tdt = j;ztdt =




99
Section 9.9 #12

Determine whether the given vector field is a gradient field.
If so, find a potential function ¢ for F.

F=2xy"i+3y’ (x* +1)j

P=2xy’ Q=3y’ (x2 +1)

For F to be a gradient field, we need P, = Q,

P, = 6xy> Q. =3y’-2x=6xy’, soF is a gradient field.

¢()C,y)=dex:jZ)(y3dx:x2y3+G(y)
ole3)= o= 3w ( 41)ds = (1)1 (3)
R +G(y) =2y 4y H ()
= H (x)=C, since there is no function of x only on the LHS

=G(y)=y'+C,

‘¢(x,y) =x"y +y° +C‘

Section 9.9 #18

Find the work done by the force
F(x,y)= (2x +e” )i + (4y —xe” )j along the indicated curve.

P=2x+e” Q=4y—xe”’
P =—¢" Q =-e’ = soF is agradient field.

¢(x’)’)=IPdX=j(2x+e"')dx=xz+xe‘>'+G(y)
#(x.) :J‘Qdy:.[(“y_xej)dy =2y"+xe” +H(x)
=" +xe” +G(y) =2y’ +xe” +H(x)

= H(x)=x"+C, and G(y)=2y"+C, :dj:;, dy;%

¢()C, y)=x2+xe’y+2y2+C t starts at 2 and ends at —2
I(2x+e"‘)dx+(4y—xe"‘)dy
C

“Convenient” Path

JF<dr:‘l.(2x+e"')dx+(4y—xe" )dy
C

c

(-2.0)
Work = F~dr=¢(x,y) . ,
'E |(2’0) = [(2r+1)dr+0==[ (20+1)dt
o (72’0) 2 ) -2
=(x2+xe ' +2y2)‘(2,0) =—(r+1), =-6+2=[4]

=(4-2)-(4+2)=|-4




Section 9.9 #20

Show that the given integral is independent of path and evaluate.
(L,1,1)

2xdx+3y’dy +4z°dz

(0,0,0)

F=(2x,3)",42") curlF =0= so F is a gradient field
6(x,y,2) = [ Pdx = [2xdx =" +G(y,7)
¢(x.y.2)=[Qdy = [3y’dy=y' +H(x.2)
P(x,y,2)= _[Rdz = j4z3dz =z'+K(xy)

=¥ +G(y,2)=y +H(x2)=2"+K(x)

:>H(x,z)=x2+z4+C1,G(y,z)=y3+z4+C2, andl(()c,y)=x2—i-y3+C3

(1,1,1)
(1.L1)
=3

¢(x,y)=x2+y3+23+C:> J. 2xdx+3y2dy+423dz=(x2+y3+z3)(000)

(0,0,0)

9.9

Section 9.9 #26
Evaluate IF -dr
C

F=(2-¢,2y-12-xe’) r=(1,",1") from (~1,1-1) to (2,4,8)

ik
3 2 3 L . o
curl(F)=VxF=| = = = [=(0,—¢"~(=¢"),0)=0=>so F is a gradient field
ox dy 0z

2-¢" 2y-1 2—x¢

¢(x.y,2) = [ Pdx=[(2-¢")dx=2x—xe +G(y,2)
¢(x.y,2)=[Qdy=[(2y=1)dy=y* = y+ H x.2)
¢(x.y,2) = [Rdz=[(2—xe")dz = 22— xe" + K (x,)

= 2x—xe* +G(y,2) =y~ y+H(x,z)=2z-xe* +K (x,y)
G(y,2)=y"=y+22+C H(x,2)=2x—xe’ +22+C,, and K (x,y)=2x+y’ -y +C,
¢(X,}’.Z)ZZX*XEZ+y27y+2z+c

:>J.F-dr=(2x—xe;+y2—y+22)‘
c

(2.4.8)

(~L1-1)

=(A-26'+16-A+16)~(-2+¢" + [ - [ ~2)=[36-2¢' ~ ¢

9.9




