Math 241 Exam 2 Solutions - Rimmer
1. Solve using an appropriate Fourier Transform
, O<x<?2

) ) ] 0, x>2
x>0, and u_ (O, t) =0 given = use Fourier Cosine Transform

ku_=u, x>0, t >0 with conditions u_ (O,I) =0, u (X,O) =

FC {kuxx}:FC {ut} Fc{u(x’())}:J.l.Cos(ax)dx
K|~ F, {u(x.t)}h - ux(O,t)]=i Ffu(xt)} NV
R dt[ ] FC{u(x,O)}:Sm(aax) :smga)
Let FF = F, {u(x,t)} _ka2F=d_F Sin(20() 0
dF . A=
- =—ka’di 0‘( |
sin (2 :
F.qu(x,t)t= e k!
[ e
F
ln(F)z—ka2f+C u(x,t)zFC_l[FC {u(x,t)}]
eln(F) Ze—ka2t+C
F=A —ka’t o .
¢ 2 tsin(2a)
FAu(x,t)} = Ae™ u(x,t)=— e 'cos(ax)da
fu(0) (=217, (ax)

F, {u(x 0)} =A

Fe {u(x,O)} =A



2. Evaluate |
: |
d 3
‘£Z3+4Z < 7 t4z
Cile-if=2
2
Z3+4z=z(z2+4)=z(z—2i)(z+2i)
1 1 A B C
= =—+ +

P44z z(z2-2i)(2+2i) z z-2i z+2i
A:z=0
1 o 1

T (0-2i)(0+2i) (<2i)(2i) 4
B:z=2i

| | -1

2 (2>20) (2i+2i) 2i-4i 8

C:z=-2i

B =

| | -1

—2i(—2i—2i) (2424 T 20 (—4i) 8
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1 =1 =1
L4848
Z 7+ 2i

1 -1 -1
=_[ i+L}dz+ S dz
C

z z—2 ~ Z2t2i
\_ / . 1 .

. L singularity
singularity inside C outside C

=%jldz—§j : -dz+0

c 7—2I

G :|z|=i and C2:|z—2i|=

}dz C:‘z—i‘z%

1

4




3. Match the following values to the plotted points.

1) sin(3+2i)
2) cos(2+i)
3) sinh(1+i)

4) cosh(1-1i)
5) sin(i—1)

Useful Formulas:

sin(z) =sinxcosh y +icosxsinh y

cos(z) =cos xcosh y—isin xsinh y sinh (z) =
sinh(z) = sinh xcos y+icosh xsin y
cosh(z)=coshxcos y+isinh xsin y cosh(z) =

1) sin(3+2i)=sin3cosh2+icos3sinh2

2) cos(2+i)=cos2coshl—isin2sinhl

3) sinh(1+i)=sinhlcosl+icoshlsinl

4) cosh(1-i)=coshlcos(—1)+isinhlsin(-1)

=coshlcosl—isinhlsinl

5) sin(i—1)=sin(—1)cosh1+icos(—1)sinh1l

=—sinlcoshl+icoslsinhl
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1 radian = 57°
2 radians = 114°
3 radians = 171°

cosl>0 sinl >0
cos2<0 sin2>0
cos3<0 sin 3 > 0 but close to 0

The main difference between
E and D is that E has a

more negative imaginary part.

1) Im[sin(3+2i)]= Qﬁ sinh 2

close to —1

4) Im[cosh(l—i)] = —sinlsinh1

close to —1

So we are really comparing
sinh 2 to sinhl

sinh 2 > sinh1
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4. TRUE/FALSE. Decide on the truth value of the following statements.

An explanation is required in each case.

I) The set of points given by the equation |z—1|>|z| can be described as Re(z)<

N | =

1) 1If £ (2)| <2 on the curve C given by [2|=3, then |§) £ (2)dz|<187.

1) ¢ =¢ forall z.

I) ‘z—l‘ 2‘z‘:>Letz=x+iy

\/(x—1)2 +y> =X +y’

(x—l)2 +y =X +y’

X =2x+14+y" 2x" +y’
—2x+120

2x<1
xSl:Re(z)Sl.
2 2

T

) If ‘f(z)‘ <2 on the curve C given by |z

Bounding Theorem
[ continuous on a smooth curve C

J‘f(z)dz

C

and —
|[f(2)|2 M forallzon C

M :2,L:27zr:67r:>‘<_|5cf(z)dz‘S127[

=3, then [{_f () dz|<187.

<ML (L=lengthof C)

T

) Letz= x+iy,eZ ="
e ™ =e"(cos(—y)+isin(-y))
=e¢"(cos(y)—isin(y))

=e" cos(y)—ie*sin(y) gl
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5. Consider a semicircular plate of radius 1 whose boundary on the is insulated
(1, (r,0)=u, (r,7)=0) and has its circular edge maintained at the temperature

u(1,0) =6cos 26 —5cos36. The steady-state temperature u(r,) satisfies u,, ++u, +-u,, =0.

Find u(l,z)
2 6

Assume : u(r,0)=R(r)0(0)
R +rR'—AR=0
O +10=0

>
I
—
U
®
I
‘y

0say A= =0 +a’®=0

@(0)=cb+c, @(9)=05 cos(a8)+c, sin(a6)

®'(0)=¢, =0 @' (0) =—ac, sin(aB)+ ac, cos(ab)

0(8)=c, @' (0)=ac,=0=¢,=0
®(6)=c,cos(ab)

A<O0sayA=-a’ =0 -a’®=0

®(68)=c,coshf+c,sinh & ®'(7)=—ac,sin(ar)=0
—a=n ,n=123...
= A=n" n=123...

®(8)=c,cos(nb)

Hyperbolic Sine and Hyperbolic Cosine

are not periodic. For this A the only periodic

solution 1is the trivial solution.
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#5 continued

2N ’ .
r’'R +rR — ﬂ’R =0 This is a Cauchy-Euler differential equation.

k=0:>k2 =0 Repeatedroot A>0 WekIlOW/,iZVL2 :>k2 =I’l2 sok==*n
R(r)=c,+¢Inr R(r)=c,r" +c,r™"
We run into a problem at r =0, We run into a problem again at r =0,

since In(r) is unbounded and our condition . 1. .
since — 1s unbounded and our condition

T

of u(r,8) bounded in the interior would be violated.
of u(r,8) bounded in the interior would be violated.

= ¢, =0 and [R(r)=c,

= ¢, =0 and |R(r)=c,r"

n=0 n=123...
1y (r,0)=R(r)0©(8)=c;c, = |u, = A, u, (r.0)=R(r)®(8)=c,r" (c; cos(n6)+c, sin (n6))
u, (r,0)=r"(A,cos(n8)+ B, sin(n6))
u(r,0)=A,+ i r"A cos(né) u(r,0)=6r"cos26—5r’cos36
n=l

((1.0)= 4+ 54, cos(0) (35 o3)5)(e)(3)

=6c0s260 —5cos 36 u(lzj:%
= A, =6,A,=-5,and A =0 forn+#2 or3
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6. Evaluate the following contour integrals, express the answer in a +bi form.

a)(]5|z —~1[" dz where C, is the unit circle
Cl

b) I e‘dz where C, is the straight line segment joining 1 to 1+ 7i

G

z
c) j ze*'dz

2 . . .
a) (J5|z —1|"dz where C, is the unit circle
C]
z=cosf+isint dz =(—sint+icost)dt

z—1=(cost—1)+isinz

|2=1" =(cost—1)" +sin’
|2=1]" = cos® 1 —2cos 1 +1+sin’ 1
|z=1]" =2(1-cos?)

|Z—1|2dz=2(1—cost)(—sint+icost)dt

2
|z—1| dz =2(—sint+sintcost +icost —icos’ t
(J5|Z 1| dz—2j/&%t+}é—zcos t dt
=—21 cos > tdt

0
2

=-2i l 1—cos2t)dt
2

0

=—i2f(1—?/{)dt

= |21

S~ a |

b) The Fundamental Theorem of Contour Integrals =

I e“dz where C, is the straight line segment joining 1 to 1+ 7i
G

1+7i

Zl :el+m'_el :e(em'_l) — —26

=e

1 .
2z 2z |4

C)J-zezzdz =Bze ‘-le Z]?
" 2

Z =4i[5i-1]

2z

<\N |~

A= =
Q Q
>0
NI

2z
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7. Answer the following questions.
a) Find all solutions to the equation z° = 33 -3

b) Find the principle value of (1 + \/gi)é in a + bi form.
a) Find all solutions to the equation z° =3v3—3i.  b) Find the principle value of (1 + x/gi)é in a +bi form.

( 14 \/51‘) . ARG

1/5
z=(3\/§—3i)
I=— Ln(1+ 3l)=ln2+§l
The n™ roots of z are ; ( \/_) ; T
—Ln{1++/3i =—[ln2+—i}
Wk:r%{ws(mzm} (9+2mﬂk:0’12 . 2 3
n n ;
éLn(1+\/§i):—%+ilnx/§
k=0:1=_—:>wo=6%{cos(_—j+zsin[iﬂ . T, 7
) i ~Z+iln 2 ——
5 30 eALn(H\/g) _ o6 —o ﬁelnﬁ
Z427 iz 1l 1z :
k=1:-8 =— =6 cos[—jﬂ'sm(—ﬂ . % _z .oz
5 0 0 L 3 (1+\/§z) =le ° cos(ln\/i)ﬂe ° sm(ln\/a)
k=2:_7+47[=237z:>w2=6% cos[zs—ﬂ-j+isin(23—ﬂ-j
5 30 i 3 3
k=3:_?+67[=35—7[ w3=6% cos 7—7zj+isin[7—ﬂ-j
5 30 6 6
THbr_4n w4=6% 008(47—7[)+l81n[47—7[j
30 3 3

k=4:
5
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8. Answer the following questions.
2

a) Showf(z)= Z—z does not have a limit as z — 0.
Z

4
b) Evaluate lim Z—+4
71+ Z — 2Z + 2

c) Find the conjugate harmonic function v(x, y) to the function u(x, y)=xy’ —x’y.

2 4 . . . .
a) Show f(z)=-- does not have alimitas z —0.  b) Evaluate lirln'%ét2 ¢) Find the conjugate harmonic function v(x, y)
4 T e to the function u(x,y)=xy’ —x’y.
2 2.2 . A2 A
Letz= x+zy:z——% (1+1) =2i u(x,y)=xy’ =x’y
4 ey (1+i) =2i-2i =4 o r
2 2 ' o u, =y =3xy=v, oy =3xy"-x =-v,
hmz— along x — axls—x =1 (1+l)4+4 _ 0 ) ’
| | * (1+i)2—2(1+i)+2 0 v—jv dy = j 337 y
2 2
lim —- along y —axis = =-1 4 L'H 3 4 2.2
207 y’ limzz—+4= im 4 v:y__ﬂ+[((x)
Zz z%l+iZ _2Z+2 71+ 2Z_2 4 2
Different limits = lim —- does not exist _ 2 ,
0 |f (1+i) =2i(1+i)=2i-2 V=307 + K ()
2(1+i)-2=2[1+i-1]=2i u, =-v, = 3xy’ —x’ =3xy’ - K'(x)
422 “(x)=x°
lim 4z (l ):4(1_1j jK(X) i
ol D7 — 2 2i i x4
= K(x)==—+C
=|4(1+i) 4
y4 3x2y2 +
v(x,y)="—- —+C




