Homework for third test to be given Thursday Dec. 4
Taylors Theorem with Lagrange form of the remainder. Suppose f 1s (n+1)
times differentiable on a open interval containing X and a. Then

2 n
f(x) = f(a) + (x-a)f'(a) + (Xg?) Fa) + vove + (Xﬂ?) £ (ay + R (X,a)
n+l
where R, (Xx,a) = L%ﬁ%%TT— £(N*1)(c) where ¢ lies between x and a.

Definitions . A set S of real numbers is open if for each x € S there is
an € > 0 so that if |x - y| < € theny € S. A set is closed if its
complement i1s open. If S is a set the closure of S is the intersection of
all closed set containing S. If S is a set then X is an accumulation
point of S if for each € > 0 there is a y € S with y # x and |[x - y| < €.
We define the null set to be both open and closed as is the whole real
line (-0,®).

Theorem. Suppose {Sa} 1s a collection of open sets and S is the union

of the sets in the collection (i.e. S = Uasa) then S is open. If S1» S
S3,Sq,----,Sn are a finite collection of open sets. If S is the union of
all the sets (i.e. S = S{M SyNe -+l Sn) then S is open.

Theorem. Suppose {Sa} 1s a collection of closed sets and S 1s the
intersection of the sets in the collection (i.e. S = nasa) then S 1is
closed. If Si» Syyeee+, S, are a finite collection of closed sets.
Then if S 1s the intersection of all the sets (i.e. S = Slﬂ Szﬂ----ﬂ S
15 closed.

n’

Definition. If S is a set of real numbers then X is an accumulation point
of S if for every € > 0 there is a y € S withy # X so that |x - y| < €.

Note a set S is closed if and only if 1t contains its accumulation point.
If S is a set and Y i1s the set of accumulation points then the union of S
and Y (i.e. Y U S) i1s the closure of S.

Definition. If S is a set we say {Oa} 1s an open cover of S if each of
the sets Oy 1s open and the union of the Oy contains S. We say the open
cover {Oa} has a finite subcover if there i1s a finite number of sets

Oal’oaz"""oanWhICh cover S.

Definition. A set S is compact if and only if every open cover of S has
a finite subcover.

Theorem. (Heine-Borel) If S is a set of real numbers then S is compact
1f and only if S 1s closed and bounded.

Definition. A real valued function f defined on a domain D is uniformly
continuous if for every € > 0 there is a 6§ > 0 so that if x,y € D with
|X - y| < 6§ then |f(x) - f(y)]| < €.



. There function e

. Prove sin(x) = X - X7/31 + X°/5¢ = X" /70 + «...
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Theorem. If f i1s defined and contiuous on the closed interval [a,b] then
f 1s uniformly continuous.

X d X

1s differentiable for all x and ox & = eX and it is
known that X > 0 for all X. Suppose f is a function which is
differentable in then an open interval (a,b) and f’(x) = kf(x) where k is
a constant. Prove f(x) = CekX where C is a constant. (Hint let

g(x) = 1'”(X)e'kX and use the mean value theorem.)
. Prove eXe¥ = eX*Y.  (Hint use 1.)
2
. Prove eX = 1 + x + —%T + .... where the series converges for all X.

(1.e. prove the remainder Rn(x) — 0 as n — o) Use first theorem of

notes.
3 > 7 (i.s. prove the remainder

Rn(x) — 0 as n = ).

. Prov$ that a set is closed if and only if 1t contains i1ts accumulation
points.

. Suppose f is a function defined on R. Show f i1s continuous if and only

1f the inverse image of every open set is open.

. For the following sets determine if they are open, closed or neither.

If they are not closed determine their closure.

w B L = = I -~

All x € (0,1) except x =1/n forn =1,2,....
All x € [0,1] which can be expressed as X = n2™™ with n and m integers.
The positive integers. n = 1,2,.--.,
All x € [0,1] which can be expressed in decimal without a 7.
€e.g. .7 can be so expressed since .7 = .6999999.... but .71 can not.
. All x € (0,1) except for points Xn forn =1,2,.-... and Xp — 1 as n —

. Suppose S is a set with the following property. If f is a bounded continuous

function defined on the whole real line and a = sup(f(x)| X € S) then there
1S a point Xo €S S0 that f(xo) = a. Prove that S is a closed and bounded
set. Show that if S 1s not closed and bounded there i1s a bounded continuous
function f so that if a = inf{f(x)] X € S} then f(x) < a for all x € S.

. Prove that if f i1s defined and differentiable on the whole real line

and f’(x) 1s bounded then f 1s uniformly continuous. (Hint, use the
mean value theorem.)

. Prove that if f 1s defined and continuous on [0,®0) and f(x) — 0

as X — o then f is uniformly continuous on [0,0). (You may use

the fact that a function which 1s continuous on a closed interval [a,b]
1s uniformly continuous on [a,b]).



