Homework.2 (Due Oct. 4) Answers

1. Suppose {Xy} 1s a Cauchy sequence in a normed linear space.
Suppose {y,} 1s a subsequence of {Xy3- This means that Yk = Xn(k)
where n(k) i1s an increasing function of k so n(k) — ® as k — .
Suppose y, — Yy as n — w. Prove X, — Yy as n — .

Suppose € > 0. Since {Xn} 1s a Cauchy sequence there is an
integer N so that "Xn - Xm" < €/2 1n n,m > N. Since Yp — Y 3s
n — o there in an integer Ny so that |Ix; ) - Yl < €/2 for k > Ny.
Since n(k) — ® as k — ® there 1s an integer N, so that so that

n(k) > N for k 3 N Let m = maX(Nl,Nz). Suppose n > N. Then

20
we have

IXn = ¥l £ Xg = Xnemy * Xnemy = Y

IN
3
1

n” Xnemh + Xpmy - Y < €/2 + €72 =€
so Ix, -yl = 0as n—

2. Suppose I is the set of positive integers and Xn 1S a sequence of

real numbers. When we write

} s z:kEI Kk

we mean that for every € > 0 there is a finite set S of positive
integers so that if T 1s a finite set of positive integers containing

S then
< €

‘y i z:kET “k

Show that y is the sum of the Xy in this sense if and only if the

sum of the Xy 1s absolutely convergent and converges to y.
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Suppose y is the sum of the X} as stated above. We show that
K = sup{ |X,] : T = finite set of integers} < ®
z:kET k

Suppose K = « (so there is no upper bound of the sums over finite
sets). For any finite set S; we can decompose it into two sets T and

S where Xy N0 for k € T and Xy < 0 for k € S. The we see

K = sup{ E:kET X - E:kes X ¢+ T,S finite sets of integers}

we have either

7~
I

supf X, : T = finite set of integers} = ®
z:kET k
or

: T = finite set of integers} = ®

7~
1
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Suppose K_ = o and € > 0. Since the sum of the Xy 1s y in the sense
described above we have there is a finite set S so that if T is any

finite set containing T then

‘y i z:kET “k

Since K_ = o it 1s clear that the sup of over the complement of S 1is

< €

also infinite so

K_(SC) = Sup{E:k % Xp + T = finite set of integers, T C s = w.
€

But now we see this contridicts the convergence of the sum to y since

there is a finite set T, C s® 5o that

E: - Xy > 2¢€ + 1
kET1

which 1mplies
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- z:kESXk i z:kETlxk i ‘z:keTlxk A z:kETlxk

z:kETlxk i ‘y i z:kESUTlxk

and this contradicts the converges of the sum to y. A similar

‘y i z:kESUT “k

1

1%

N2€ +2 - € =€ + 2

argument shows K, 1s finite so K is finite. Now we show the sum of
the |Xk| converges to K in the sense above. Suppose € > 0. Since K

1s the sup over all finite sets there 1s a finite set S so that

X, | > K - €
z:kES k

Now suppose T is any finite set of integers containing S. Then

K - X, || £ K - X, | £ K - X, ] < K- (K -€) =€
‘ z:kET K z:kET K z:kES K

So the sum of the absolute values converges to K.

Now suppose the sum of the |Xk| converges to K. Then from what

we have just shown i1f follows that
K = sup{ |X, | : T = finite set of integers} < w.
z:kET k

Let x; = max(x,,0) and xi = max(-x,,0). Since [X | = max(x;,xi) if
follows that

K, = supf x© : T = finite set of integers} £ K
* z:kET k
K = Sup{E:keTxi : T = finite set of integers} £ K.

And by what we have shown above we have K, 1s the sum of the XE and
K_ 1s the sum of the xi in the sense stated above. Now we show that

K, - K_1s the sum of the X+ Suppose € > 0. Then there are sets
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S, and S_ is that if T_ D S_and T_ J S_ are finite sets of positive
integers then the sum of the XE over the T, 1s within €/2 of K, and
the sum of the xi over T_ is within €/2 of K_. Let S =S_US_ and
suppose T ) S is a finite set of positive integers. Note we have

X = XE - Xi for each positive integer k. So we have

oo K- z:kETXk K ” z:kETX?(- TRt z:kET Xi ‘

‘K+ i z:kETX;(-‘ FR z:kET Xi ‘

< €E/2 + €/2 = €.

IN

3. A point x 1s an extreme point of a convex set S if X is not of the
form X = tx1 + (1 - t)x2 with Xq{,Xy €S and X4 £ X4 and 0 < t <1
(i.e. X 1s not 1in the interior of a line segment 1f S). Show that a
unit vector f in a Hilbert space i1s an extreme point of the unit
ball.

Suppose f and g are vectors in the unit ball of a Hilbert space
$and h = tf + (1 - t)g with t € (0,1). Suppose h is a unit vector.

We have

1 = (h,h) = t2|f2 + 2t(1 - t)Re(f,q) + (1 - t)2|qg|?

1 - 2t + 2t% + 2t(1 - t)Re(f,q).

IN

1%

Hence, we have Re(f,g) 1 and since by the Schwarz inequality we

N

have |(f,9)] £ fllllg]l £ 1 we have Re(f,9) = 1 and since

—
I

Re(f,g) < IIflligll < Ifl

we have 1 Z |f|]| £ 1 so ||f]| = 1. Then we have from the above

inequality that 1 £ |g| and since g is in the unit ball of 9
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we have |[g]| = 1. Then we have
If - g2 = ((f - g),(f -g)) = [fI2 - 2Re(f,g) + gl =2 -2 =0
so f = gand h is an extremal element of the unit ball.

4. A Banach X space 1s said to be uniformly convex if for
every € > 0 there is a &§ = 6(€) > 0 so that if x and y are in the
unit ball of X (1.e. x| £ 1 and |lyl]| £ 1). and |%(x + y)| > 1 - 6.
Then ||x - y|| < €. Prove that a Hilbert space 1s uniformly convex.
(i.e. given € > 0 find 6 > 0).

Suppose f and g are vectors in the unit ball of a Hilbert space.

By the parallelogram law we have
If + gl® + If - gI® = 21F1° + 2]g)°
SO
If - glI® 24 - 4)5(f + )%
Suppose € > 0. Let
5§ =1 - 11 - e/u.
Then if [B(f + g)]| > 1 - & we have
If - g2 24 - 4)B(f + g))% <4 - 4(1 - §)
=41 -1 - €2/4)(1 + 1 - €2/4) = 41 - (1 - €2/4)) = €2
so |f - g < €.

5. Consider the real linear space of all continuous real valued

functions on [-1,1] with inner product
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1
(f,q9) = J f(x)g(x) dx.
-1

Consider the functions, f _(x) = x" for n = 0,1,2,3,4. Use the

n
Schmidt orthogonalization procedure to produce an orthonomal sequence

{g07g17'°"7gq}°

3:5:7 4q 6 2 3
gy(x) = —————— (X" = — X + —=)
6. Suppose {fl,----,fn} 1s a finite set of vectors. Show the vectors

{fl,----,f } are linearly independent if and only if the

(n X n)-matrix M; ij - (fi’fj) 1s invertable. You may use the fact

that M is not invertable if and only if there is a non zero vector

n
(Cl"""cn) € C so that
n
E:k:1 Mik ¢k =0
for 1 = 1,.--..,n.
If M 1s not invertable then there 1s a n-tuple (Cl"""cn) S0

that not all the C; are zero and the above sums are zero. Let

f = clf1 + 02f2 F oo + cnfn. Then we have

n n n
(f,f) = Eji,k:1 c.cp (Fi,f) = E:izl c, E:k:1 My € = 0

so f =0 and the fi are linearly dependent.

Conversely, suppose the fi are linearly dependent. Then there

1s an n-tuple (Cl"""cn) so that not all the C; are zero so that
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f = clf1 + 02f2 F oo + Cnfn = 0. Then for each i

1,.-++,n We

n n
(f,f) = z:kzl Cp (fo, ) = z:k:1 M.y ¢ = 0.
Then from the above we have M is not invertable.

8. Let 50 be the real linear space of continuously differentiable
functions on [0,1] (so f has a derivative f’ which 1s continuous)
which satisfy the boundary condition f(0) = f(1) = 0. We define an

inner product on 50 given by

(f,q9) = J fr(x)g’(x) dx
0

Let ¥ be the completion of 50' Show that each f in the completion

1s represented by a continuous function f(x) on [0,1] with

f(0) = f(1) = 0 by proving that if fn 1s a Cauchy sequence if B

then there i1s a unique continuous function f so that fn(x) — f(x)

as n — o and the convergence 1s uniform. (Hint. Show that there 1s
a constant K so that if x € [0,1] and f € §, then |[f(x)| £ K[f]).

Let S be the set of functions on [0,1] which are limits of Cauchy
sequences fn € 50 in the unit ball so anH <1 for all n. Show the
functions f € S are uniformly equicontinuous meaning that for each

€ >0 there is a § > 0 so that if f € S and X,y € [0,1] with

|X - y|] < & then |f(x) - f(y)| < €. The uniform or L® norm on c[0,1]
1S given by ||f||00 = sup{|f(x)|: x € [0,11}. By Ascoli’s Theorem we
have S 1s conditionally compact (i.e. the closure of in the uniform
topology 1s compact in the uniform topology). Extra credit. Is

S closed in the uniform topology? Let Seo be the set of functions in

which are limits of Cauchy sequences fn €Y (i.e. we do not require
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If I £ 1). Is S, closed in the uniform topology?

Suppose f € 50 and 0 = Xgp € X <Xy Coeee <X g <X =1,
Then we have
Xk
fix) - fxe_4) = Jx fr(x) dx
k-1

Since

Xk

<h,g> = J h(x)g(x) dx
Xk -1

1s a positive bilinear form on continuous functions on [0,1] we have
by the Schwarz inequality we have |<h,g>|2 £ <h.h><g,9>. Let

h(x) =1 for x € [X_y,X, 1 and h (x) =0 otherwise. Then we have

1F(x) = Fxp_{) % = [<KE/, > 12 2 <FLF75<hy by
Xk
= (xk - Xk—l) Jx fr(x)f’(x) dx
k-1
Hence, we have
2 X
n |fix,) - fixy,_q)]| n k
z: K k-1"" z: J £ (X)F’ (X) dx
k:]. Xk - Xk_]. k:]. Xk_].
1
- J £ (x)f" (x) dx = ||f)?
0

1
—+
[N

1
o
wn
o

Suppose x € (0,1). Nore for f € §, we have f(0)

from the above we have

=
e
No
IN

HE

SO

[f(x)] £ Vx(l - X) Ifll ¢ %If|l
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Suppose {fn} 1s a Cauchy sequence in By we have

1f(x) = £ (x)] £ BIF, - f |

n

S0 fn(x) converges to a limit f(x) for all x € [0,1] and since the
convergence 1s uniform the limiting function f 1s continuous. Hence,
for each f € § there is represented by a unique continuous function
f on [0,1]. Let S be the unit ball of §. Let Q be the set of
continuous real valued functions f on [0,1] so that f(0) = f(1) =0

and for every partition
m=1(0=X, <Xy <eee < Xqog $ X =1)

of [0,1] we have
2

Zn |f(Xk) - f(Xk_l)l
k:1 Xk - Xk_l

We will show that S = Q. We have show above that S C Q.

= Ifl7 < 1.

We have for 0 £ X <y <z £1 that

f(y) - F)12, If(z) - fI? , [f(z) - F(x)]?

Y
y - X Z -y Z - X

and the equality sign holds if and only if

_ _Z - - X
fly) = 224 f(x) + L =2 f(2)

Hence, if m’ is a partition obtained from m by adding one point we
have "f"n A Hf"n,. If my and m, are partitions of [0,1] then we say

M, 1s a refinement of My (denoted my A n2) if
nl N (Xl,....,xn) C (yl,....,ym) ~ n2,

Note 1f my and m, are partitions of [0,1] then m = m Vo, whose

points are the union of the points of My and M, 1s least upper bound
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of my and M, in that 1if " > My and m' > M, then m" > My V Ty, Note
1f 1 > 1w then "f"n’ N "f"n° Now if f € § and m 1s a partition of

[0,1] then we denote by fn the function given by

Xk_X
m Xk = Xk-1

for x € (X _y,X 1. Note

f

f(x,) - f(x )
(x) = —k kol
k k-1

for X € (Xk—l’Xk)' It follow then that anH "f"n' Now if m and m’

are partitions of [0,1] and m'> m one finds
I£, = Fo0% = UF02, + UFI2 - 20F03 = 105, - IF03. (&)

To see this consider the case where m’ is obtained from m by adding a
single point. Then one finds the above formula. Since any
refinement of m can be obtained by adding a finite number of points

to m we obtain the above formula. Now suppose f € Q and let
K = sup{ufun: ma partition of [0,113}.

Note since f € @ we have K £ 1. Let M be partitions of [0,1] so
that Iflly > K - 1/k? and |m | < 1/k? where (|m | = width of the

largest interval of nk) for k = 1,2,--... Suppose m and n’ are
partitions of [0,1] and " = m V 1’ 1s their common refinement. Then
we have

I = Tl = If = Tpn * Trn = Tl £ 0T = Trall + If 0 = Tl

and from (%) above we then have

2 2 2 2
If 0 = £ £V If0a0 = IE12, + V If050 - IF12
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I = £l 2 VAfIge + 1F1 ) (N lpn = 100

# VUl + IF1) Ul = 10 )

2 V20 lgn VIl = BFIs + VIFIgw = IF1 )
2Kk (VK= 0fl + VK- Ifl )

Now if n and m are integers and m = M, and m’ = Mo then

Ifpr = foll £ VEE (1/m + 1/n)
S0 f"n for n = 1,2,-... 1s a Cauchy sequence in J. Since |nn| — 0
as n — o one sees that fnn(x) converges to f(x) as n — o so f
corresponds to an element of S so Q = S.

Now one sees that Q is closed in the topology of uniform
convergence. If fn 1s a sequence of elements of S and fn — f
uniformly then for any partition m we see that |f |2 — [f[2 as
n — o so the Timiting function f satisfies "f"n <1 for all
partitions mso f € Q =S so Q 1s closed in the uniform topology.

Note Seo 1s not closed in the uniform topology. To see this
suppose fn(x) = min(V1/2 - le - % ,V1/2 - Vl/n ) for x € [0,1] and

n=1,2,----. Now, f

converges uniformly to f(x) = V1/2 - VIX - 5]

n
for x € [0,1]. One calculates that
1 1/2 - 1/n
anH2 = J [T (XD ] dx = 2J (1/4) |x - %l'l dx = % In(n/2) 5 ®
0 0

as n — . Let R be the set of partitions m so that the interval
[ - 1/n,% + 1/n] 1s one of the intervals (so this interval is never
subdivided) then

sup([f12: ™€ R} = % In(n/2)
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so 1t follows that sup{ufuﬁ: m any partition of [0,1]} = w0 so f does

not correspond to an element of H. Hence, Seo 1s not closed in the

uniform topology.



