Answers for Homework 3 Due Thurs Oct. 26.

1. Suppose E 1s a projection on a Banach space X so E € B(X) and
E2 - E. Suppose E # 0 and E # I. Show the spectrum of E consists of
the two points 0 and 1. Suppose H is a Hilbert space and E € B(9H)

is an hermitian projection (so E = E¥ = E2). Show |E| = 1.

-1

Suppose X € C. Then (E - A1)~ = (x(1 - x))~L¢

E+ (XN -1)I) so if
N € 0(E) we have X = 0 or 1. Since E(I - E)x = 0 for all x € X and
(I -E) #0 1t follows E has no inverse so 0 € 0(E) and since

(I - E)JEx =0 for all x e X and E # 0 1t follows that E - I has

no inverse and 1 € 0(E).

2. Let A be the (2 X 2)-matrix

Lo

which defines a linear operator on the Hilbert space c2, Compute

the spectrum of A, ¢(A) and the norm |A].

Since (A - XI) has an inverse if and only if the determinant of (A - \I)
det(A - XNI) = (1 - XN)(3 - \) 1s non zero it follows the spectrum of A

is the set {1,3}. We have the [A]® = [A¥A]. Since A*A is hermitian

we have "A*AM = the maximum eigenvalue of A¥A and the eigenvalues of

A*A are the roots of det(A*A - XI) = 0. Now

1-N 2

A¥A - 2 = { ] =22 - 6\ + 1

2 5-\
1
so the roots are 3 + V8 so [A¥A| = 3 + VB. So [A] = (3 + VB)2.

3. Suppose §H = L2(2,3) so 9 consists of the square integrable
functions on [2,3]. Let Af(x) = xf(x). Compute ||A] and the

spectrum of A.
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If N ¢ [2,3] then ((A - MN)7IF)(x) = (x - M) 1F(x) for f € 5
and x € [2,31. If X\ € (2,3) let hn(x) = max(0,1 - n|x - \|) for
n=1,2,-.-.. Let

3 A1l/n
_ _ 2 _ 2 _
Cp = (hn,hn) = J hn(x) dx = J (1 - n|x - X\|)%dx = 2/3n
2 x—}/n
for n sufficiently large. Let fn = cr']/ahn S0 anu =1 for n =
1,2,-.+.+, Then
3
2 _ 2 2
| (A - XI)an = (1/cn) (X = \) hn(x) dx
v2
~A+1l/n
= (1/¢)| (x = M2 - nlx - x])%dx
“A-1/n
_ 2,-1 _ 1
= (17c)(6n") * =g — 0 asn — o

for n sufficiently large. So (A - \I) does not have an inverse for

N € (2,3). Since the spectrum i1s closed we have d(A) = [2,3].

4, Consider the set X of continuous real valued functions on [0,1].

Consider the three norms on X given by
1 1
I J IfOOT dx, If15 J 0012 dx,
0 0

and Il = sup{|f(x)|: x € [0,113.

Suppose fn € X and Ifn(X)I £ 1 for x € [0,1] for n = 1,2,---.., For
each of the following statements either prove it 1s true or give a
counter example. You may sketch the graph of the fn provided the

graph defines the functions in question.

a) If If Iy — 0 then |If I, = 0 as n 5 w.
b) If If Iy — 0 then f l, = 0 as n — .
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3]

c) If If I, — 0 then |If ll; — 0
d) If f I, — 0 then [f l, — 0
e) If If ll, — 0 then |If ll; — 0
f) If If ll, — 0 then [f I, — 0

S n—

3]

S n—

3]

S n—

S n—

3]

a) since [f (x)] <1 we have [f (x)]2 £ |,
1 1
2 2 _
IF02 = J £, ()12 dx < J 1 00 dx = IIF I
0 0

(X)] so

so (a) 1s true.
b) Let fn(x) = max(0,1 - nx) for x € [0,1]. We have "fn"1 = 2/n and

c) Let gn(x) = fn(x)/lfn(x)l when fn(x) # 0 and let gn(x) = 0 when

So (b) 1s false.

fn(x) =0 forn=1,2,..... Then from the Schwarz’ inequality we

have
1

Il = J £00g, (x) dx £ If lyllgnl £ IF 1,
0

so (c) 1s true.
d). Same example as (b) shows (d) is false.

e). We have

1 1
If ol = J [f (x)] dx < J IFl, dx 2 IF I,
0 0
so (e) 1s true.
f). We have
1 1
If 13 = J 1f (]2 dx < J IF 02 dx = I 012
0 0

so (f) 1s true.

5. Do 4 with [0,1] replaced by [0,w).

a). We have (a) is true by the same argument as 4a.
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b). We have (b) 1s false by the same counter example as 4b.
c). Let fn(x) = max(0,2/n(1 - Xx/n)) for n = 1,2,.-... Then we have
Ifgly = VA73 n™8 and  Jf 0 = 1
so (c) is false.

d) We have (d) i1s false by the same counter examples as 4d.

e) We have (e) is false by the same counter example as 5c.

) Let fn(x) = Vmax(0,2/n(1 - Xx/n)) forn =1,2,.-... Then we have
It = /2/n  and If,ll, =1 so (f) is false.

6. Give an example of a sequence of continuous real valued functions
on [0,1] so that fn(x) — 0 as n — o for each x € [0,1] but
anH2 does not converge to zero.

Let fn(x) = Vnzmax(o,l - n2(

X - 1/n)2) for n = 1,2,.--... Note

fn(x) =0 for Xx > 2/n and f(0) = 0 so fn(x) — 0 as n = o. Note

anH2 1 for n

1,2,++++ 50 anH2 does not converge to zero.

7. Let X be as in problem 4 and let A be the mapping of X into

1tself given by
1
(Af)(x) = h(x) J f(t) dt
0

where h 1s a continuous function on [0,1]. Let MAMl,HAM2 and ||A||00 be
the norm of A as an operator from X into X with the three norms
defined in problem 6. Compute these three norms.

||A||1 = ||h||1 max occurs for f(x) =1 on [0,1]

HAH2 ||h||2 max occurs for f(x)

1 on [0,1]

1Al Hhum max occurs for f(x)

1 on [0,1]
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8. Assume the set up of problem 4 and let A be the operator on X
given by

Compute ||A||1 and HA"m.
We compute "A"1' For f € X we have

X 1
| (AT ) (X) ]| £ J [f(t)]| dt £ J £t dt = [Ifly
0 0
so [[Afll, ¢ lIflly. Let f (x)

We have anH = 1 and Afn(x)
1
||Afn||1 N J dx = (1 - 1/n) =5 1
1/n
as N — ® So ||A||1 = 1.

2max(0,1 - x/n) for n = 1,2,...

1 for x € [1/n,1]. Hence,

We compute HA"m. We have
X

|[Af(X)]| £ J Ifllg, dx = XIfll,
0
so [[Afll, £ Iflly and for f(x) =1 we have (Af)(x) =1 so IAll, = 1.

9. Let 51 be the space of continuous real valued functions of on
[0,1] with inner product

1
(f,g) = J f(x)g(x) dx
0

and let 9 be the real Hilbert space obtained by taking the completion
of 51. Let A be the operator on 51 give by

(Af)(x) = J f(t) dt
0

Show A has a unique norm continuous extension to a bounded operator

on H. We also denote this extension by A.
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First note that from the Schwarz’s inequality we have

X X
| (AF)(X) ]2 2 J 1F(t)]2 dt J dt < x| |2
0 0
So
1 1
IAf (2 = J L(AF)(X) |2 dx <[] J x dx = |2
0 0

Suppose f € H. Since the continuous functions are dense in § there
1s a sequence of continuous functions f  so that |f, - fll — 0 as

n — o Then since [Af - Af | £ 2'%an - f,l = 0as n,m— wand §
1s complete there is a unique vector g € § so that Afn — g 1S norm
as n — . Suppose hn 1s a second sequence converging to f as

n — ® we and Ahn — g9y as N — Then we have
_ 1 . -5 _
lg - 91" = llmn_%m HAfn - AhnH A llmn_%m 2 an - hn" =0

S0 9, = 9 and the definition of Af depends only on f and not on which
approximating sequence you choose. If f,g € 9 and fn and 9, are
sequences of continuous functions which converge in § to f and g and
if a € C then afn + g, converges in norm to af + g and, hence, we

have

A(af + g) = l1im © A(afn + 9

n— ) = 1im (aAf, + Ag, ) = aAf + Ag

n n—

so A 1s a linear operator. Let if K = sup{|Af|:f € 51 and |f] £ 13.
We show [|A] = K. Clearly we have |JA|| £ K. Suppose f € § and fn € 51

1S a sequence converging to f in norm. Then

IAf] = Tim |Af I £ K Tim 1T, = KIf1,

n—ml n—ml

1
Hence, [A] £ K so Al = K £ 27,
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10. Prove the operator A of problem 9 i1s compact. Hint. Suppose
fn — 0 1n § weakly. Show Afn(x) — 0 for each x € [0,1]. Show
the functions Afn are equicontinuous (note that anu 1s bounded by

the principle of uniform boundedness).

Suppose fn € %) and fn — 0 weakly as n — . By the principle of
uniform boundedness there is a constant M so that anH £ M for all
n=1,2,--... Consider the functions gn(x) = (Afn)(x). Suppose

0 £ X <y £1. Then we have from the Schwarz inequality that

Y 2 Y Y
19,(x) = g (y)[? = J f (1) dt| < J 1, (£)]2 dt J dt < [x - y[If, I
X X X
for all n =1,2,--... Hence, we have for all x,y € [0,1] that
19, (x) = g, (X)| £ VIX =y M
for all n =1,2,..... Since gn(O) = 0 we have
|9, (X)] £ M
for all x € [0,1] and n = 1,2,--.-. Hence, the functions 9, are

uniformly bounded and uniformly equicontinuous and converge pointwise
to zero for all x € [0,1] so we have "gn"m — 0 as n — ® where

Ilh(x)|.. = sup{|h(x)|]: x € [0,1]1}. Then we have

1 1
2 _ 2 2 _ 2
lg,1° = J 19(x) |2 dx < J lg,12 dx = lIg 12 — 0
0 0

00

12. Compute A¥f for f € 51. (Integration by parts.)

Suppose f,g € 51. Then we have using integration by parts
1 X

(f,A*g) = (Af,g) = J J FIET g(x) dt dx
0“0
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1 X 1
_ J FreT dt o | gls) ds dx
0 0 v X
X 1 x=1 1 X 1
- _ | FTEY dt J g(s) ds ¥ J d J FIET dt J g(s) ds dx
0 X X=0 0 0 X

1 1
J F(x) J f(t) dt dx
0 X
Let Ay be defined on 51 by the formula
1
(A f)(x) = J f(t) dt
X

We have (f,A*g) = (f,Alg) for all f,q € 51. Since 51 15 dense 1n 9
we have A*g = A9 for all g € 51.



