Homework for second test to be given Thursday Oct. 16

Definition. |1 X, =& O0r X, — a as n — ® means that for every

lmn%oo n

€ > 0 there 1s an integer N so that [x, - a] < € if n > N,

n

Definition. A sequence {Xg3 1s a Cauchy sequence if for every € > 0 there
1s an integer N so that if n,m > N then |xn - Xml < €.

Theorem. Every Cauchy sequence converges to a unique limit (1.e., i1f
{Xn} 1s a Cauchy sequence there is a unique real number a so that Xp— @
as n — .

Theorem. If {Xg3 in an increasing sequence (i.e. Xy £ Xy £ Xg £ vvnr)
which 1s bounded above (i.e. there is a number b so that b > Xn for all
n=1,2,--.. then X — aas n — oand a £ b.

n

Theorem. If {xn} in a decreasing sequence (i.e. Xy 2 Xy 2
which 1s bounded below (i.e. there is a number b so that b
n=1,2,.... then Xp 23 n — and a > b,

X3 N veee)
£ Xn for all

Definition. If S is a set of real numbers we say b is an upper bound

iIf X £b for all x € S. We say b is the least upper bound for S if b is
an upper bound and b’ is also an upper bound then b £ b’. (1.e. b i1s a
lower bound for the set of upper bounds of S)

Definition. If S is a set of real numbers we say b is an lower bound

1If x 2 b for all x € S. We say b is the greatest lower bound for S if b
1s a lower bound and b’ is also a lower bound then b > b’. (i.e.

b is an upper bound for the set of lower bounds of S)

Theorem. Every non empty set with an upper bound has a least upper
bound. Every non empty set with a lower bound has a greatest lower
bound.

Definition. If {Xn} 1s a sequence of real numbers we define

lim sup Xp = llmn_%00 bn Where bn 1s the least upper bound of the_set _
{Xn’Xn+1’Xn+2""'} and 1f these sets have no upper bound we define lim
sup X, = o. We define lim inf Xp = 11'mn_%00 ap where ap 1s the greatest
lower bound of the set {Xn,x -} and if there is no lower bound

we define T1im inf Xp =~

n+12 Xn+2 0
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Definition. Suppose f is a real valued function defined on a domain D
and the open interval a < x < b denoted (a,b) is contained in D (i.e.
(a,b) C D). We say f(x) approaches b as X approaches X, €D 1f for every
real number € > 0 there 1s a 6§ > 0 so that if x € D, X # Xo and

X - X0| < § then |f(Xx) - f(XO)l < €. This may be denoted as follows

limx—axof(X) =b or f(x) =5 b as X — X,

We say f(x) approaches b as X approaches Xo €D from the right if for
every € > 0 there is a 6§ > 0 so that if x € D and 0 < X - Xg € 6 then
[f(x) - f(XO)l < €. This may be denoted as follows

1 f(x) =b or f(x) =2 b as X —) Xg*

imx—9x0+
We say f(x) approaches b as X approaches Xo €D from the left if for
every € > 0 there 1s a 6§ > 0 so that if x € D and 0 < Xg = X <6 then

[f(x) - f(XO)l < €. This may be denoted as follows

1 f(x) =b or f(x) =5 b as X —) X, -

m

X—X g~
Definition. Suppose f i1s a function defined on its domain D. We say f
1s continuous on D 1f for every X, €D and € > 0 there is a § > 0 so that
if x € D and |x - x0| < 6 then |f(x) - f(xO)I < E.

Definition. Suppose f i1s a function defined on its domain D. We say f
1s uniformly continuous on D if for every € > 0 there is a § > 0 so that
if X,y e D and |Xx - y| < & then |[f(x) - f(y)]| < €.

Definition. A real valued function f defined in an interval [a,b] is
differentiable at the point x € (a,b) if the following limit exists.

. f(x + h) - £(x)
11mh_%0 A

where in the limit we restrict the value of h so that x + h € [a,b]. The
limit 1s denoted f’(x) = %g(x) 1s called the derivative of f at x. If f
is differentiable at each point x € (a,b) we say f is differentiable in
(a,b) We say f is differentiable at the end points x = a or x = b 1t the
above limit exists where we make the restriction h > 0 at x = a and h < 0
at x = b.



page 3

Homework problems.
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2 3

Given € > 0 find a § > 0 so that |2x + 3Xx + 5x5| < e 1f |x| < 6.

Prove 1/X — 4 as X — 1/4.

+ 4X

. Compute the 1im sup and the lim inf of Xp =2+ (-1 + 1/m).

Suppose X, — a as n — . Prove lim sup Xy = a.

. Suppose 1lim sup X, = a and lim inf X, = a. Prove X, — aas n —

n

. Suppose X, 1s a Cauchy sequence. Suppose Xqp 20 for infinitely many

positive integers n and X €0 for infinitely many positive integers

n. Prove Xn — 0 as n — w

which i1s bounded above by ¢ so X £¢ for all k = 1,2,.--.. Let b be
the least upper bound of the set {Xl,Xz,----}. Prove X, — b as n — .

. Suppose {Xn} 1S a non decreasing sequence So Xy £ Xy £ X3 £ Xy £ vvne

Suppose f is a continuous function defined in the open interval (a,b).

. Prove the function f(x) = x> defined on the interval [-1,1] 1is

differentiable in (-1,1).
Prove that the function f(x) = 1/x defined on the interval [1,2].
Prove f 1s differentiable 1n (1,2).

Is the function f(x)

|x| differentiable at x = 02

Is the function f(x) = [x|3/? differentiable in (-1,1)? If so what is
1ts derivative?
Prove the function f(x) = V[XT 1s uniformly continuous on (-c,®).

2

Prove the function f(x) = x“ is uniformly continuous on the closed
interval [0,5]. (x € [0,5] if and only if 0 £ x £ 5).

Prove the function f(x) = x? is not uniformly continuous on [0, ®)
Note [0,0) = {x: X > 0}.

Let D = [1,0) = {X: x > 1}. Let f(x) =1/x on D. Prove f 1s uniformly
continuous on D.

Let D = (0,1) = {Xx: 0 < X <1}, Let f(x) =1/x on D. Prove f is not
uniformly continuous on D.

Let D = [0,0) and f(x) = ¥x on D. Prove f 1s uniformly continuous on D.



