Math 360 (Powers) 1% Hour Test. Answers September 25, 2008

1. Suppose x, > 0 forn =1,2,.... and X — a as n — ®. Prove a > 0.
Proof. Assume the hypothesis. Assume a < 0. Since Xp 2 aasn—w and -a>0
there 1s an integer N so that |xn - a] < -a for n 3 N. Then we have

XN - @ <4 |xN - al < -a so Xy < 0. But this 1s a contridiction since Xy > 0.
Hence, a > 0.

2. Suppose X, = (-1)" for n = 1,2,¢000, Prove the {Xn} does not converge.
Proof. Suppose Xp = (-1)" for n = 1,2,.... and X, = aas n — . Then there
1s an integer N so that |xn - al <1 for n >N, Let p be the first even
integer greater than N. Then |[Xx, - a] = |1 -a] <1s01-a<1anda>O0.

We also have |xp+1 -al =]-1 -a] <1so-1<-1-aand -a>0o0rac<o.
The number a can not be both positive and negative so we have reached a
contridiction. Hence, the sequence {x } can not converge.

3. Suppose X, > 0 and X, = /4 3as n — . Prove 1/x, — 4 3as n — .
Proof. Suppose € > 0. Let € = min(1/8,€/32). Since Xp D /435 n —
there 1s an integer N so that |Xn - 1/4] < €4 for n 3 N. Suppose n > N,

then 1/4 - Xy £ |Xn 1/4] < €, £1/8 so Xn > 1/4 - 1/8 = 1/8 and we have
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4, Suppose {Xn} 1s sequence of positve numbers and X, = 235 N 5 .

Let y_ be the average of the first of {xy,---+,x } so _ 1 n

Yn = Xne
Prove y, — 2 as n — . k=1

Proof. Assume the hypothesis. Suppose € > 0. Since X n— 2 as n —9 © there
1s an integer N4 so_that_lxn - 2| < €/2 for n > N;. Let C o= z: 17 |Xk 2
and let N, be the first integer greater than 2C/e€.

Let N = maX{Nl,Nz}. Suppose n > N. Then we have

ly,-2l = |+ Zn (X, - 2)| ¢ L ZN1_1|xk-2| " %Zn X, 2]
k=1 k=1 k=N
n
< C/n + —%— z:k €/2 = C/n + (E/2)(n+1—N1)/n £ C/n+he £ C/N2+£E < ke+lhe = €.
=N
1

5. Suppose {Xn} 1s a Cauchy sequence and Xn does not converge to zero as n — .
Prove there 1s a positive real number § > 0 and an integer N so that |Xn| > 6

n >N and if n,m N then Xn and X, are either both positive or both negative.
Proof. Assume the hypothesis. Since Xn dose not converge to zero as n — ®
there 1s a number € > 0 so |xn|§E for infinitely many n. Let 6§ = €/2. Since

X 15 a Cauchy sequence there in integer N so that |Xn—Xm|<6 for n,m > N. Let

n

p be the first integer so that p > n and |x | ¥ € = 26. Either Xp>26 or xp<—26.
Suppose Xp>26. If n 3 N we have X <6 so Xp > xp—ﬁ > 26 -6 = 6.

p- Xn
Suppose Xp<—26. If n > N we have Xp X D < § so x < xp + 6 £ -26 + 6§ = -6.



