Homework for third test to be given Thursday Nov. 8

Definition. If {Xn} 1s a sequence of real numbers then ¢ 1s a cluster
point 1f for every € > 0 there are inifinitely many n so that |xn— c| < €.

Theorem. If {Xn} 1s a bounded sequence (1.e. there are numbers a and b
S0 8 £ X, £ b for all n =1,2,....) then {Xn} has a cluster point.

Intermediate value Theorem. Suppose f is a real valued function defined
and continuous on the closed interval [a,b]. Suppose ¢ lies between
f(a) and f(b) (so f(a) < c < f(b) or f(b) < c < f(a)). Then there is an
X € (a,b) so that f(x) = c.

Maximum Value Theorem. Suppose f i1s a continuous function defined on
the closed interval [a,b]l. Then f attains it maximum value at a point
c € [a,b]. This means f(c) > f(x) for all x € [a,b].

Definition. A real valued function f defined in an interval [a,b] is
differentiable at the point x € (a,b) if the following limit exists.

. f(x + h) - £(x)
11mh_%0 A

where in the limit we restrict the value of h so that x + h € [a,b]. The
limit 1s denoted f’(x) = %g(x) 1s called the derivative of f at x. If f
is differentiable at each point x € (a,b) we say f is differentiable in

(a,b) We say f is differentiable at the end points x = a or x = b 1t the
above limit exists where we make the restriction h > 0 at x = a and h < 0

at x = b.

Mean Value Theorem. Suppose f 1s defined and continuous on the closed
interval [a,b] and differentiable in the open interval (a,b). Then
there 1s a ¢ € (a,b) so that

f'(c) = f(B)_—af(a)
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Homework problems.

1. Suppose lim sup X, = 2 and Iim inf X, = a. Prove X, — aas n —

2. Show that if f 1s strictly increasing (so f(x) > f(y) for x > y) then

11'mx_%0+ f(x) = b exists and b > f(0).

Suppose lim sup X, = €. Provec 1s a cluster point of {Xn}.

.True or false. (Either show the following statements are true or give
counter example.

Every sequence with cluster point is bounded.

If 1im sup X, = 2 then Xy €2 for n sufficiently large.

If 1im sup X, = 2 then Xn > 1.99 for n sufficiently large.

If 1im sup X, = 2 then Xn < 2.01 for n sufficiently large.

If 1im sup X, = 2 and 1lim inf X, =1 then {Xn} 1s bounded.

If Xp <2 for all n and {Xn} has a cluster point ¢ then ¢ < 2.

If {Xn} 1s a bounded and has only one cluster point ¢ then X,— € as n — o
If {Xn} 1s a bounded sequence with only two cluster points a and b with
a <b then a = lim inf Xn and b = 1im sup Xp e
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5. Prove that if f is a continuous real valued one to one function on the
interval [a,b] and f(a) < f(b) then if ¢ € (a,b) then f(a) < f(c) < f(b).
(Hint. Suppose f(c) > f(b) or f(c) £ f(a)).

6. Prove that if f is differentiable on the open interval (a,b) and f’(x) =0
for x € (a,b) then f(x) = C (a constant).

7. Prove that if f is differentiable in the open interval (a,b) and f’(x) > 0
for x € (a,b) then f 1s strictly increasing.

8. Show that if f 1s defined and continuous in the closed interval [a,b] and
f 1s twice differentiable in the open interval (a,b) and f"(x) > 0 for
X € (a,b) then if ¢ € (a,b) the point (c,f(c)) lies below the straight
line through (a,f(a)) and (b,f(b)). (This means f is strictly convex.)

9. Suppose p(x) = x> - 3ax + b. Find the conditions on a and b so that p

has three distinct roots.

10. Show that if q(x) = x4+ ax® + bx? + cx + d has four distinct roots

then q'(x) must have three distinct roots.
11. Suppose f 1s defined for all real x and |f(x) - f(y)|] £ 5(x -y
all real x and vy.
a) Prove f 1s continuous.
b) Prove f is differentiable with derivative f’(x) = 0.
c) Prove f i1s constant f(x) = C for all Xx.
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