12 -1
.10 7 -2
0 0 5
i 5 —6
5.17 —-10 2
0 9 2

equal.
(i 5o
o (YO )
() (

the matrices are equal.

C=2A-3B.
2 3
13. Am(m1 6
1 -1
4. A=12 2
0 -4
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() G
% y =3/ \3

0
12
-1

X

0.125
1414

x — 2

X 1) (9 1)
‘2'(); s) \ax 5

In Problems 13 and 14, find the entries ¢y and ¢, for the matrx

_1),}}
0

2
4
6
-2
2

In Problems 7-10, determine whether the given mairices are

(o 1) G Y
)

0.2
1

)

In Problems 11 and 12, determine the values of x and y for which

;v"“z)
3

4 -2 6)
1 3 =3
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18I A={5 10

1 2 -2 3) R
s \ — == ,fﬂd a)
miea=(y JJuan= (5 5) e

(7)) (%)

2 -1 3
11 +3—-1j—~21 4
-1 3 -3

¢ 09-G 90

U ®BaA @238 Y L U ! B

~2 0 3 -1 : oblems 29 and 30, determine the size of the matrix A such
16. IfA = 4 1 |andB= 0 2| find (a) the given product is defined.
73 -4 -2 : o
(D) B - A, () 2(A + B). ) 1 3 3)A 2
2 -3 (-
17. A= (~5 4) and B = ( 5 2), find ( 9 6 7 0 .
(b) BA, (c) A’ = AA, (d) B = BB. 5

14 (-4 6 ws)
and B = 1 -3 )
g 12

find (a) AB, (b) BA.

I -2 6 3 ,..,,0
19.-1fo(_2 4),3-—-(2 1>,andC——(_

find (2) BC, (b) ABC), (c) C(BA), () A(B + C)

2 4 4 10
f 31-34 A= = .
Pmt?lems -34, suppose (m 3 2) and B (2 5)
ify the given property by computing the left and right
mbers of the given equality.

L

—~1}, find -(a) AB, (b
) _

[ 3 (A = A 32, (A+BY = AT+ BT
20. FA=(5 =6 T,B=| 4|, (AB)T = B7A” 34. (6A) = 6AT
-1 2 1
/1 2 5% Suppose A = | 6 3 ). Verify that the matrix B = AA7
and C =|0 1 : 25
3 2

Is symmetric,

A)YC, (d) (AB)C.
(© BAYC, (@) Show that if A is an m X n matrix, then AAT is sym-
metric. : :

4 .
]\} A = 8| and B = (2 4 5), find{ In matrix theory, many of the familiar properties of the
oY -10 et real number system are not valid. ¥f ¢ and b are real

numbers, then ab = 0 implies that g = 0 or b = (. Find

T
() BB, (©) A +‘B - Wo matrices such that AB = 0 but A # 0 and B # 0.

T

i fecessarily imply A = B. Verify this for
(b) 2A7 - BT, (¢) A"(A - B).

2 1 4 51 6
‘ 3 4 dBm( 5 10) . A=|3 2 11,B=| 9 2 -3,
23. IfAm<g r At N B, ¥ A 1 3 2 -1 3 7
(b) BA'. : | . {00 0
59 dBm(—s 11). - nd . C=[2 3 4
(b) 2A + BT

blems 25-28, write the given sum as a single column matrix.

In Problems 39 and 40, let A and B be 1 X » matrices. Explain
why, in general, the given formula is not valid.

39. (A+BY = A2+ 2AB 1+ B?
40, (A+BYA -B) = A*-B?

a X b , .
12)( 1) = ( l) without matrices.
g/ \Xy by )

42. Write the system of equations

a
41, Write( t

Iy

2}1’} + 6x2+ Xy = 7
Xy + 2X2— Xy = -]
5x; + 7X2—'4X3 = 9

as a matrix equation AX = B, where X and B are col-
amn vectors. :

43. Verify that the quadratic form ax” + bxy + ¢)* is the same

as
e ")

Verify that the curi of the vector field F = Pi + O + Rk
can be written

44,

, 0 —8fax  dfax\ [P
curl F = 3/ ax 0 —afoax | O
~afay  ojax 0/ \R

(Readers who are not familiar with the concept of the
curl of a vector field should see Section 9.7.)

As shown in Figure 8.1(a), a spacecraft can perform rota-
tions called pitch, roll, and yaw about three distinct
axes. To describe the coordinates of a point P we use
two coordinate systems: a fixed three-dimensional
Cartesian coordinate system in which the coordinates of
P are {x, y, z) and a spacecraft coordinate system that
moves with the particular rotation. In Figure 8.1(b) we
have illustrated a yaw—that is, a rotation around the
z-axis (which is perpendicular to the plane of the paper).
The coordinates (xy, yy, zy} of the point P in the space-
craft system after the yaw are related to the coordinates
(x, y, z} of P in the fixed coordinate system by the equa-
tions

45,

Xy = X COS ¥+ ysin vy
Yy = =X 8in ¥+ y cos y
Iy =2

where v is the angle of rotation.

(a) Verify that the foregoing system of equations can be
written as the matrix equation

Xy X
yr ] =Myl y
Ly Z
cosy ;sizjy' ‘0
where M, = '_"éin‘f ‘ cosy- 0
' 0 0 1
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6,: Cng + 02 - CO:;_ -+ HQO i 0 0O
: Cu + HNO; —» Cu(NOy), + H,0 + NO 37.10 1 0 A
g, Cax(PO,); + H;PO, — Ca(H,PO,), 0 ¢ 1
. 0 1 O\/1 0 0
 Problems 29 and 30, set up and solve the system of equations 8. |1 0 olto 1 0]A
e currents in the branches of the given network. 0 0 1 0 ¢ 1

The linear system (1) can be written as the matrix equation
AX = B. Suppose m = n. If the n X n coefficient matrix A in the

v 21V

+ P system has an LU-factorization A = LU (see page 351), then the
~ system AX = B, or LUX = B, can be solved efficiently in two
1-'} 13 | steps without Gaussian or Gauss-Jordan elimination:
i
? | (i) First, let Y = UX and solve LY = B for Y by forward-
330 56 360 substitution,
O O N (ify Then solve UX = Y for X using back-substitution.

In Problems 39—42, use the results of Problem 46 in Exercises
8.1 to solve the given system.

R )

AN
S o | : Lo _ 10 iy i 1 -2 1 2
) XXt a =2 +M:i 20 40 41. 1 0 I 21X=]~1
| X X A A = o - 2V LT+ Q mQ ‘o 2 6 1 1
C 9%+ 3xy = . 10x + 15x, = 3t ot ot o= 1 i1 0
2+ xp = -1 Bx + 2k =] . x1+2x2+2x3.+3x4- : _ T 42. 13 T 21X=11
= = %= 3 x4t x=0 dxy + Sxy — 2x3 T xg : Figure 8.5 Network in Problem 30 1 =1 1 4

le+3,7C2+5.1:3=7' le“i“ .XQ'I"Q.X3:9 . 'x2+ Xy ™ Xg =
x}+3x2+5x3“ Xg =
xl+2x2+SX3M4X4=
x + by + 6xy — 2x, =

_e}émentary matrix E is one obtained by performing a single :
operation on the identity matrix I In Problerss 3134, veri- Computer Lab ASSIgnments
rthat the giver matrix is an elementary matrix. In Problems 43 -—1-5_6, use a CAS to solve the given system.

X 2xy o By = —11 X & Xy b xy=3

.x;ﬁ;xzﬂ- x3=0 , x1+2x2"“4x329

X xS =0 S5x, — x3+ 2x;= 1 _ 0 1 0 1 0 0 43. 1.567x; — 3.48x, + 5.22x, = 1.045
g b x4 . oxy 23 Xy 11 o0 o 2.l 1 o .3.56x; + 4.118x, + 1.57x; = —1.625
L o 32- 3 A+ 90+ xt 12% o 0 1 0 0 ¢ 44, x4+ 2y - 25=0
XLWXQ“;“JC?,mB 4‘xl+ X2 3xl+9x2+6X3+21X4 ) . 1 0 O 1 le_ 2x2+ X3"—“O
T 20— =1 X+ 3+ ot 9% ' i (1) (1) g 0 1 0 0 3= byt dn =90
L 9y = : 34,
2x, + 2%, =0 12 4~ X ‘ 2 =0 In Problems 21 and 22, use a calculator to solve the given sy 0 ¢ 1 0 0 1 0 dx) + 1dxy — 13x3, = 0
—2%, 4+ X+ x=0 2x) + dxy + 5xy = 0 e f+ mt x = 4280 ' 00 0 1 45. 1.2x + 3.5x, — 4.4x, + 3.1x, = 1.8
+ ={ bx; — 3x; =0 ’ e N - B
3x) X3 ! 3 ~ 0.2x; — 0.1, — 0553 = —1.978  matrix A is premaltiplied by an elementary matrix E, the 0.2 = 613 = 2.3%; + 5'#“ 06
o oxp ot 2xp 2oy =2 Cox T2t =2 4.1x; + 0.3x, + 0.12x; = 1.686 oduct EA will be that matrix obtained from A by performing 3.3x = 3.5%, — 2.4x; — 0.1x, = 2.5
Nt mt u=0 3, = Xy 2y =S 22, 2.5% + Ldx, + 4.5x, = 2.6170 : elementary row operation symbolized by E. In Problenr‘ls 52x + 8.5x, — 44dx; — 2.9x, =0
=35~ 1= 0 2t ot m=1 | 35x, + 0.95x, + 121, = 07545 _ _,._.compute the given product for an arbitrary 3 X 3 matrix 46. Xy~ X Xy b Dty Xs =S
Xt x =3 : 2.7%; + 3.05x, ~ 1.44x; = —1.4292 ' 6x; + 9x — Oy + 170 — x5 =40
' 0 10 100 2x + xp — 2x5 + Sxy - xs =12
e — = ] ) . . 1 2 3 47 X3
Xy Xy Xy Tn Problems 2328, use the procedures illustrated in Exanmp. 1 0 0GA 6. |0 1 0]A 5 3 =
35+ x+x3=35 to balance the given chemical equation. : o o0 1 0 0 ¢ X+ 2x - a3+ 3x, =7
: + 20+ x3+ 3 =1
xXp Xy 2= 23, Na + H,0 — NaOH + H, _ X2+ X g e

=3k — 20t Xy = 24. KCi0, — KCl + O, : _ o [T
2% 3% = 25, FeyOy + C — Fe + CO
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A CAS can be used to row reduce a matrix to a row-ech-
elon form. Use a CAS to determine the ranks of the aug-
ition : _ _ mented matrix (A|B) and the coefficient matrix A for
vz;'aﬁd' V3 be the ﬁrst second, and thzrd col b 2xy - bxy gt Xt oxg=2

" vectors, respectively, of the matrix " : Sxyp + Dxg — 2y F Sxy + dus o+ 2 = 3

1 3 2 1 7 6x1+2x2~2x3+ x4+ x5+3x6&—-1
3. 3 9 4.1 -1 2 4 A=( 10 2 —Xt 20+ 35+ x X b b= 0
E 9361 - TXQ - 2}c3 + k7 + 4x5 = 5
1 11 0 ‘ s What can we conclude about rank(A) from the obsém s the system consistent or inconsistent? If consistent,
5.1 0 4 6. (Z -; 2 5) tion 2v, -+ 3v, — vy = 07 solve the system.
. 4 :
1 41 [Hint: Read the Remarks at the end of this section.}
1 -2 1 -2 3 4
3 ~6 1 468 Discussion Problems .
7. 8 ;
7 -1 0 1 oo 18. Suppose the system AX = B js consistent and A &'& Determinants ]
4 5 2 568 6 > 3 marrix. Suppose the maximum number of linear '
0 2 4 2 2 independent rows in A is 3. Discuss: Is the solutio » Introdud:ton SupposeA is an n X n matrix. Associated with A is a number called the
410 5 1 the system unique? eterminant of A and is denoted by det A. Symbolically, we distinguish a matrix A from
‘ - 3 tof A
9. 2 1 % 3 4 . 19. Suppose we wish to determine whether the set of colu the determinant of A by replacing the parentheses by vertical bars:
6 6 6 12 0 vectors dy dy 0 Ay LT S
4 ] o G an v Gy o |G dm oy
1 -2 1 8 -1 1 16 3 5 : A : .| and deta =17 l
O 0 1 3 - 1 1 1 5 V} - 2 ’ V2 B 2 > BT 1 anl s "0y Gy dyp "0 Gy
10.l0 01 3 -1 2 10 8 1 1 1 . .
o o000 01 1 3} eterminant of an n X 1 matrix is said to be a determinant of order n. We begin by
2\ ! 1 “defining the determinants of 1 X 1,2 X 2, and 3 X 3 matrices.
1 -2 18 -1 1 2 6 3 .
In Problems 1114, determine whether the given set of vectors is Vam 1 4 | 5= 1 _s | A Definition Foral X | matrix A = (g), we have det A = [¢| = a. For example, if
linearly dependent or linearly independent. | q = (—5), then det A = |~5[ = —5. In this case the vertical bars || around a number do not
_:mean absolute value of the number,
1w =(1,2,3),u,= (1,0, 1), u; = (1, =1, 5) is linearly dependent or linearly independent.
12,00, =0,63u={1-1,4, =321, Definition 7.7, if
u, = (2,5, 4) ey eV cavs ooV +oosvs =0
. = - 3 4, 2 .
3 8 2 D =, -1.4.2) only forc;, = 0, ¢, = 0,65 = 0, ¢, = 0, ¢5 = 0, the
' set of vectors is linearly independent; otherwise the
14 0, =(2,1,1,5), u, =(2,2 L1} uy=(3,~16,1), ~ linearly dependent. But (4) is equivalent to the !
u, = (11,1, ) ‘ system
15. Suppose thfa system AX = B is consistent and A is a doy+ g — eyt 204t c5=0
5 % 8 matrix and rank{A) = 3. How many parameters :
does the solution of the system have? 3¢+ 20y + 63+ 3ey + o5 =0
16. Let A be a nonzero 4 X 6 matrix, 2¢; + 20+ ¢y + deg — 5oy =0 AS a mnfamon'ic, a determinant of order 2 is thought to be the product of the main di-
(2) What is the maximum rank that A can have? X Gt et ot oes=0, gonal entries of A minus the product of the other diagonal entries:
(b) .If rank(AiB) = 2, then for what value('s) of raimk{A) Without doing any further work, explain why we c. ; multiply multiply subteact
is the system AX = B, B # 0, inconsistent? conclude that the set of vectors is linearly dependent
Consistent? . L : 2\ _ _
1 - TV
2 al * = ayay — apas. @ LT
2% 22
. . 6 -3\ -
Or example, if A = (5 9) then det A = ‘? g’ = 6(9) — (~3)(5) = 69.
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THEOREM 8.8 -

Evaluate the indicated minor determinant or cofactor. 5 7 X
aluate the indicated mi etermi -3 4 8§ 7 -4 10 detAm‘3 42%41 and  det A = 5 3 - a1,
.M, 2My, 3Csi 4 Cy R - 7T -4
In Problems 5-8, suppose 23 1x y 2z Since transposing a matrix interchanges its rows and columns, the significance of
2 3 Thearem 8.8 is that statements concerning determinants and the rows of a matrix also
0 2 when the word “row” is replaced by the word “column.”
1 2 -2 3 1 1 1 ' |
51 0 =1} 24. x y z S -
1112 2+x 34y 447z . THEOREM 8.9 = '“'"_TondentacaiRows

Evaluate the indicated minor determinant or cofactor. I 1 =3 : tWO IOWS (columns) Gf' ann >< n matnx A are the same then det A ' 0
5. My 6. M, 7. Cy 8. Coy 25. i 52) :; 26. (1) . - —— . e —
In Problems 9-- 14, evaluate the determinant of the given matrix. 4 0 1' - : — :
o (—7 o, 2 5 xample 1 Matrix with Two Identical Rows
-7 ’ (1) . 32 0 1 -1 2 2 0 6 2 2
- ( 3 5) 12. (? i) o 1 4 2 3 I 1 8 nce the second and third columns in the matrix A = | 4 2 2 | are the same, it fol-
-4 3T 2210 0 2 -1 1) f1 0o 2-1 9 2 2
. (1 -r 3 ) " (_.,3 ~ A -4 ) 0o 0 0 4 3 2 0 1 -2 ws from Theorem 8.9 that
2 2-4 =2 3-A 6O 0 0 0 2 0 1 0 0 ]
In Problems 1528, evaluate the determinant of the given matrix 22
by cofactor expansion. In Problems 29 and 30, find the vhiues of A that satxsfy the g detA=14 2 2/=0
equation. 9 2 2
02 0 5 0 0
5. 13 0 1 5. 10 =3 0 29 =3-Xr 10 |_ 0 You should verify this by expanding the determinant by cofactors. o
0 5 8 0 0 2 2 5= A i
302 1 -1 -1 I — A 0 -1 Zero Row or Column
7.2 7 1 18. | 2 2 =2 30, 1 2 - A 1l=0
2 6 4 1 1 9 3 3 —A

roof Suppose the ith row of A consists of all zeros. Hence all the products in
|:th ;xpansmn of det A by cofactors along the ith row are zero and consequently
et A = 0

. (W

Properties of Determinants

.For example, it follows immediately from Theorem 8.10 that

B Introduction In this section we are going to consxder some of the many propert
determinants. Our goal in the discussion is to use these properties to deveiop ame

zero cobuine 4

evaluating a determinant that is an alternative to cofactor expansion. A 6 0
) zero row — ()
' . . . e =0 and I 5 0j=0.
B Properties The first property states that the determinant of an n X 7 matrix i 7 -6 8 -1 0

transpose are the same.

. Interchangmg Rows' S

18 he matrix obtained by mterchangmg any two rows (col'umns) of an n X'n
x A then det B = —detA |

8.5 Properties of Determinants | 379
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{b) The determinant of the diagonal matrix A = is

[ e
o SO
Lo e )

-T2

B Row Reduction Evaluating the determinant of an » X n matrix by the method
factor expansion requires a herculean effort when the order of the matrix is largs
pand the determinant of, say, a 5 X 5 matrix with nonzero entries requires evaluatiy
cofactors that are determinants of 4 X 4 submatrices; each of these in tuimn requires
ditional cofactors that are determinants of 3 X 3 submatrices, and $0 on. There i
practical (and programmable) method for evaluating the determinant of a matrix
method is based on reducing the matrix to a triangular form by row operations and 1
that determinants of triangular matrices are easy to evaluate (see Theorem 8.15),

Example 8 Reducing a Determinant to Triangular Form

6 2 7
-3 2
4 8

Evaluate the determinant of A = | —4
2

Sotution

6
detA =|—4 -3 2

18] (—6 times first row added to third row: Theorer 8
- 17

-10

2 4
= —210 5 18
0 19
= (—2)(1)(5)(19) = —190 (Theorem 8.15)

(2 times second row added to third row: Theorem g1

Our final theorem concerns, cofactors. We saw in Section 8.4 that a determinant dé!
of an n X n matrix A could be evaluated by cofactor expansion along any row (colum
This means that the n entries a; of a row (column) are multiplied by the corresp d

CHAPTER 8 Matrices

ors Cj; and the n products are added. If, however, the entries a; of a row (g; of 2
' ) of A are multiphed by the correspondmg cofactors Cy;of a dszerent row {Cy of

+ akaH : 0 forz %ﬁ k

: arlck[ + aezcu

3 'é are the entnes in. the ]ﬂ’l column and C;k, _Czk,

_ C,,k are the cofacw
f the entmes m the kth cqumn then .

0 forjaﬁk

+ a,,JC

auclk T azjczk

of We shall prove the result for rows. Let B be the matrix obtained from A by let-
he entries in the ith row of A be the same as the entries in the kth row—that is,
s Oz = gy - - -, Gy = Oy, Since B has two rows that are the same, it follows
om Theorem 8.9 that det B = 0. Cofactor expansion along the kth row then gives the
esired result:

= a4;Cy + apCp +

-+ akrrcim
-+ aincku' a

Xé'mple 7 Cofactors of Third Row/Entries of First Row

: 6 27
(Consider the matrix A = | —4 =3 2 |. Suppose we then multiply the entries of the
' 2 4 8

-ﬁ_és_t row by the cofactors of the third row and add the results; that is,

2 7 6 7 6 2
Cyy + a0 + = . 4 2 +
ay Gy + apCy + 4130y 6__3 5 2( -4 2) 7 ~4 __3‘
= 6(25) + 2(~40) + T{(—10y = Q. g

34%72‘ 2“3 4’m’4 6! g?g g

5 oe 11 e 100 100 700 5 0 ol

Z“SI:‘—ﬁ _8‘ a0 0 20=-200 10 o 4
010 joo

12 3 12 1 123 |4

42 1g=6p2 1 3 9.4 5 6=2 5

59 ~12| |59 -4 789 36

8.5 Properties of Determinants

3 2 .1
2 6 3=0
5 -8 -4
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] der £ i _ . .
(1) g g g g 8 g (1) 75 Consider fhe matex Suppose Ais a3 X 5 matrix for which det A = —7, {a) Compare the number of operations for both methods
10. 003010300 N z Z + i z + ; hat is the value of det(2A)? : using a 25 X 25 matrix.
= + 4 - . . .
An n X nmatrix A is said to be skew-symmetric if ,
0004 4000 ¢c e+ 1 ¢+2 = ~A. IfAisa5 X 5.skew-symmetric matrix, show (b) If a computer can do 50,000 operations per second,

E I compare the lengths of time it would take the com-
thatdet A = 0. i
puter to evaluate the determinant of a 25 X 25 ma-

Without expanding, evaluate det A. _ , _
t takes about ! multiplications to evaluate the determi- trix using cofactor expansion and row reduction.

In Problems 11 14, evaluate the determinant of the given matrix

using the resuit 24. Consider the matrix _ lcal
' nant of an n Xz matrix using expansion by cofactors,
a, 4y as 1 ! 1 hereas it takes about n*/3 arithimetic operations using
by by bs|=73 A= X y z the row reduction method illustrated in Example 6.

yt+z x+z x+y

Cp € O
Without expanding, show that det A = 0,
dy ay 20, a; 03 :
1. A=|b b b 12. B = | 6b, 3b, 3b, | 3 InProblems25~32, use the procedure illustrated in Exam Inverse of a Matrix
e e C %, ¢ o evaluate the determinant of the given matrix. : ‘
3 2 !
—a —a, —ay 15 24 5 i Introduction The concept of the determinant of an n X n, or square, matrix will play
13. C = b, b, by 25. |4 36 26. [ 42 0 mportant role in this and the following section.
= oy -y o~ a 0 -1 1 8 7 -2 -
a b c -1 2 3 -2 2 -6 -Finding the Inverse
14.D=a b o 27. 4 =5 -2 28. 501 In the real number system, if a is a nonzero number then there exists a number b such
a by o 9 =% &6 i -2 2 . that ab = ba = Ei The number b is called the multiplicative inverse of the number ¢ and
‘ . { -2 21 01 45 S'dgnoted by a™*. For 4 square matrix A it is also important to know whether we can !
In Problems 1518, evaluate the determinant of the given matrix 3 1 -2 3 250 1 n ax}other §quare matrix B of the same order such that AB = BA = I, We have the i
without expanding by cofactors. 29. 30. ollowing definition, ‘
3 4 —8 1 1220
61 38 10 3 —it 12 2 3132
2 .
soAa=]03 72 123 4 | 29138
00 -4 9 st 7 L, 1374
00 0 -3 Ul2a36 7 “lo1 65
0 0 ags 158 20 3142
33. By proceeding as in Bxample 6, show that
dy din On L1
N —5 00 B 07 ¢ a b cl={{b~a)c~ aXc— b
17. C = G 70 18. D=|4 0 0 &2 B &P For o th . 2 1\, -
00 3 00 -2 xample, the matrix A = T 1) nonsingular or invertible since the matrix
1 1 t 1
n Problems 19 and 20, verify that det A = det A” for the given b d ( )is its inverse, T ify thi :
matrix A. By . g. 34, BEvaluate ;12 p ;2 2 [Hint: See Problem 33.] -1 2 © verify this, observe that
12 1 23 4 a b d AB_(Z 1)( 1 —1) (i 0)
: = = =1
19 A=141 -1 200 A=i10 5 In Problems 35 and 36, verify Theorem 8.16 by evaluati | 7 1 1/A-1 2 0 1
12 -1 72 -1 anCiy + anCin + aCyy and aCi + apCy + a3ty an BA = ( 1 *1)(2 .1) 3 (1 0) |
21, Consider the matrices given matrix. : =1 2/\1 1 0 1 ’
- 1 12 30 Unii
s 1 1 5 1 5 - Unlike the real number system, where every nonzero number @ has a multiplicative
A=13 1 -1 ad B=14 38 38, A=|~-1 21 6 A= -2 3 *1_: iiverse, not every nonzero # X n matrix A has an inverse.
4 -2 1 2 2 -3
0 2 2 0 —-1 0 B R . 1 1 b b
i 3 ,..M4 7 4 : or {":Xample, lfA = and B = 11 ]2) theﬂ
Verify that det AB = det AdetB. 37. Let A = (1 2) and B == (~_1 —5). Verify tha : 0 0 by by’
22. Suppose A is an n X n matrix such that A? = I, where ' ' KNS EEAY b + b T e
A% = AA. Show that det A = *1. dei(A + B) # det A + det B. AB = (o | 0)(2;” bm) = ( e b :; b”). .
21 22 : . P
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Solution We found the inverse of the coefficient matrix
2 01
-2 3 4
-5 5 6

A=

in Example 4. Thus, (7) gives

% 2 0 1\"'/ 2 ~2 5 =3\/ 2 19
n|=|-23 4 4|l=1-8 17 -0} 4|=|
X3 -5 5 6 -1 5 -10 6/\-1 -36

Consequently, x, = 19, x, = 62, and x; = —36.

B Uniqueness When det A # 0 the solution of the system AX = B is anique. Suppo
not—that is, suppose det A # 0 and X, and X; are two different solution vectors, The
AX, = B and AX, = B imply AX, = AX,. Since A is nonsingular, A7 exists, an
AHAX) = A7(AX,) and (ATTA)X, = (A7 A)X,. This gives IX; = IX; or X,
which contradicts our assumption that X, and X, were different solution vectors, .0 E 0 thischapterif weiwish to'prove that 4 cértain ratrix Bic the iny
B Homogeneous Systems A homogeneous system of equations can be written AX
Recall that a homogeneous system always possesses the trivial solution X = 0 and poss
an infinite number of solutions. In the next theorem we shall see that a homogeneou,
tem of n equations in n unknowns possesses only the trivial solution when A i

singular.

A homogeneous system:of i inear equations in 7 unknow '
- trivial solution if and only if A s ) |

2 3 —4 2)

: I -1 0 - ; .
Proof We prove the sufficiency part of the theorem. Suppose A is nonsingular. A=13 0 o - 2 ~1 2 given matrix or show that no inverse exists.
by (7), we have the unique solution X = A™'0 = 0. Lo e -1 2 )
-3 2

-3 15. (6 “2)

: 4

o ()
5 3

<O

n linear equations in # unknowns possess a nontrivial solution? Bear in mind th

[Ven matrix is singular or nonsinguls it i i
- o - o ar, I itis g
homogeneous system has one nontrivial solution, it must have an infinite numbe & nonsingular, use

orem 8.18 to find the inverse.

solutions.
:(5 —1) L (4 123
N _ 4 1 4 3 19.14 5 6
 THEOREM 8.22 ( 6 0) (‘*27? mﬂ-) 789
3 : 6
: B 5 -3 2 - _
- A homogeneous system of n linear equations in n unknowns AX. 0-hag a non T N 4 23
. solution if and only if'A is singula : b 35 2 3 0 2l 20100
SR e S T 2 4.4 8| 0 11 14 =1 =20
. 1o-11 -1 4 7 - 30
In view of Theorem 8.22, we can conclude that a homogeneous system of nl 1 2 13 5 -
equations in n unknowns AX = 0 possesses : 0 L5 23. b-21
. —4 2 10 0 -2 0 12
o only the trivial solution if and only if det A # 0, and -1 51 1 4 0 L2 31
o anontrivial solution if and only if det A = 0. 30 0 02 0
06 o 3 @5\ -1 0 21
The last result will be put to use in Section 8.8: 0 21001 21 -390
0 -2 8§00 11 21

CHAPTER 8 Matrices
8.6 Inverse of a Matrix

o

In Problems 15-26, use Theorem 8.20 to find the inverse of the

0

ol

20.

22

24,

OO = 00 RN O

0
1
3

2—3)
2 4

10 -6

& e DD
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Using the Inverse to Solve Syste ht+ b+ 4

In Problems 27 and 28, use the given matrices to find (AB) ™", 42. Consider the 3 X 3 diagonal matrix X b XXyt xg =0 200 + 15 + u; + 100
u =
% ay 0 0 nt HTxn—x=0 g 4
-1 R ES

27 A ) B (-_% ) A 0 a0} : 20+ ay+ =0 ' 200 + 100 + u, + 1

8] 00133 : . xgwx3mx4:0 s = i 4

3 ~15 Determine conditions such that A is nonsingular. | : . - . .

28. A 0 ~1 5 nonsingular, find A™'. Generalize your resul 57. The system of equations for the currents ;, i, and s in _ s+ 100 + 100 + u

’ n X n diag onal matrix . the network shown in Figure 8.6 is Hy = )

4

(b) Verify that A = | 1/V3  1/V2  1/Ve |is 51 To—20=1b,
' V3 ~1yV2 1V 3~ 2% = by,

an orthogonal matrix. _{(5 :(10> - ( 0)
s=(0) »=(o) 2o

. Show that if A is an orthogonal matrix (see Problem 33), X+ 25+ 56 = by :
then det A = %1, 2+ 3x, + 81, = by Introduction We saw at the end of the preceding section that a system of » linear
o . 1 2 TR uations in # unknowns AX = B has precisely one solution when det A # 0. This solu-
- If A and B are nonsingular » X n matrices, use Theorem =%+ X+ 2% = by _. on, as we shall now see, can be expressed in terms of determinants. For example, the sys-
8.19 to show that AB is nonsingular. - 1t of two equations in two unknowns

87  Cramer’s Rule | ]

. Suppose A and B are n X n matrices. Show that if either B = 41, B= 3
A or B is singular, then AB is singular, apx; toapx, = b W
. Show that if A is a nonsingular matrix, then det A~ = In Problems 53—56, without solving, determine whet T )
1/det A. given homogeneous system of equations has only the trivial ossesses the solution
tion or a nontrivial solution. i
. Stow that if A* = 4, the’.n either A = Lor A is singular. 53, x t2x— % =0 54. 6+ ot X _ bay —apb ayb; ~ biay,
X =" and xp = (2)

=
. . . v - — : Ayl — 450 -
. Suppose A and B are n X n matrices and A is nonsingu- dy— xp+ x=0 x =2t X nén — Gty Qpédy, ™ Aty

lar. Show that if AB = 0, then B = 0. Sxp 4 xp = 2350 r'(i_vided that aya9; — apay # 0. The numerators and denominators in (2) are recog-

. Suppose A and B are n X n matrices and A is nonsingu- 55. xt ;=X t x4 =0 : | i2ed as detennin;:ﬁntsi Thatls, the system (1) has the unique solution
lar. Show that if AB = AC, then B = C. Si+ 2 =0 by an ay b |
. If A and B are nonsingular n X n matrices, is A + B X X3 = Xg=0 e by ay e dy by -
necessarily nonsingufar? 3+ 2 —xyt % =0 e e TP fan ap
fyn  dn Ay A
CHAPTER 8 Matrices : : 8.7 Cramer's Rule

(a) Show that the above system can be written as the

2 : MRlii -+ szz = E - E i i
B! 2 0 In Problems 43— 50, use an inverse matrix to solve th Rt b B Ez ~ Ez matrix equation
system of equations. : aoU TR Es M -4 1 0 1\ /u ~200
. 5 fé\) Mt x =4 . where Ry and Ey, &k = 1, 2, 3, are constants. 1 -4 1 0 wy 1 | —300
AT = (3 )’ what is A? 2y —x =14 . : {a) Express the system as a matrix equation AX = B. 0 1 -4 1f{lw]. | -300
s o . ' 45, 4x, — 6x, = 6 . s . {b) Show that the coefficient matrix A is nonsingular. 1 O 1 -4 Uy —200
. If A is nonsingular, then (A")™" = (A™")". Verify this for 2+ xp=1 = =3 (¢) Use X = A™'B to solve for the currents. (b} Solve the system in part (a) by finding the inverse of
.- ( ! 4) 47 x + = ) . the coefficient matrix.
2 10 Xt xta= . E, as B, ”J“ E =200
_ ) (4 ) 5xp — xy = : iy i Iy
. Find a value of x such that the matrix A = (x x 2 2 = : R, O %, O 2,
its own inverse, . X — 2x, + 2x, w= 100
3x — x + 5x i i '
‘ . nf  cosd [ 2 3T Figure 8.6 Network in Problem 57 /
. Find the inverse of A = . ) Xy X3 : . =100
—cosf sinf ot _ 58; Consider the square plate shown in Figure 8.7, with the e
2 3 N . . . . -
. A nonsingular matrix A is said to be orthogonal if . —x + s F D 4 x femperarures as indicated on cach side, Ugder some cu
A-l = AT T X 3 T Xy _ cumstances it can be shown that the approximate temper- \
: Xy Xy e atures iy, Uy, Uy, and u, at the points Py, P,, Py, and P, ‘ u = 100
(a) Verify that the matrix in Problem 32 is orthogonal. In Problems 51 and 52, write the system in the form AX respectively, are given by _Figure 8.7 Plate in Prohtem 58
— ...l s . .
1/\/5? 0 __2/\/6 Use X = A™'B to solve the system for each matrix B. 4y = iy + 1y + 100 + 100
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