Quiz 2

NAME:

For your own benefit show all of your work, keep it neat, and if you write
more than one solution make clear which is your answer or I will just grade
whichever one is closest to the top of the paper.

1. (10pts) Find the general solution to the system of equations:

, (0 1
X_<_44)X

First we find the eigenvalues:

-2 1
—4 4—-)

Me—=N+4=1-2%=0
Thus we have A\; = Ay = 2. Now we find the eigenvectors:
-2 1|0 -2 110
(A—QI)U—O»—><_4 20>n—>< 0 00)
Thus our only condition is —2x 4+y = 0 so y = 2z and we can let v = (%) Since

this is our only linearly independent eigenvector (we only have 1 parameter) we
need to find the generalized eigenvector P:

-2 11 -2 111
(A2])Pv»—><_4 22)»—>(0 00)

So our only condition is that —2z +y =1, so let z = 1 and get P = (3). Thus
our general solution is:

x—ae(3) ver i (3) < (3)]

Note that you may have picked different v’s and P’s, but will still have the
correct general solution. Now the initial conditions will get us:

2() +(:) - ()

Solving this system should get us ¢; = 2 and ¢; = —1. So our final answer is:

x= ()= e (2) e ()] = () - ()



2. (10pts) Find the recurrence relation corresponding to a series solution to the
following differential equation (centered at 0):

(> + 1)y + 2y +3y =0

We recognize that x = 0 is not a singular point of our equation and thus we can
find two power series solutions. So we will plug in the following into the above
equation:

y= Z cpx Yy = Z ne,z™t oy = Z n(n — l)cnxnf2
n>1

n>0 n>2
So we get:
(2 +1) Z n(n —1)c, 2" % + Z nepx™ 43 Z cpz” =0
n>2 n>1 n>0
Z n(n — De,z™ + Z n(n —1)c,z" % + Z nepx” + Z 3cpxz™ =0
n>2 n>2 n>1 n>0
—_——— ———
let k =n let k =n-2 let k =n let k =n
> k(k = Dera® + > " (k+2)(k + Deryoa® + 3 kea® +> " 3epa® =0
E>2 k>0 k>1 k>0
—_—
pull out pull out pull out
k=0,1 terms k=1 k=0,1
term terms

(202+300)+(663+01+3cl)x+z (k(k — Deg + (k+2)(k + V)epao + kep + 3cx] 2% =0
k>2

So our recurrence relation comes from setting the bracketed term equal to zero:

k(k=1)+k+3)ck + (k+2)(k+1)cpr2=0
(k% 4 3)ep + (B +2)(k + 1)cpyn =0
s = —[k? + 3]ex
(k+1)(k+2)
This recurrence holds for k > 2, (actually it holds for k£ > 0 if we check.)



Formulas

Complex solutions:

)\:a+i57 U:B1+iBQ

X = ¢1e® [By cos Bt — By sin t] + cae™ By sin t + By cos 3t]
Repeated eigenvalues:

X = cieMu + cpterv + e M P)



