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𝐻& 𝐻'

𝐴: 𝑋+ → 𝑅𝑒𝑗𝑒𝑐𝑡	𝐻&, 𝐹𝑎𝑖𝑙	𝑡𝑜	𝑅𝑒𝑗𝑒𝑐𝑡	𝐻&

significance
power

𝑯𝟎 is True 𝑯𝟏is True

𝐴 rejects 𝛼 1-𝛽

𝐴 fails to reject 1-𝛼 𝛽
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𝐴: 𝑋+ → 𝑌 𝜀, 𝛿
𝐷, 𝐷′ ∈ 𝑋+ 𝑆 ⊆

𝑌

𝑃 𝐴 𝐷 ∈ 𝑆 ≤ 𝑒I𝑃 𝐴 𝐷 ∈ 𝑆 + 	𝛿



𝐷 = (𝐷',… , 𝐷L)~𝑀𝑢𝑙𝑡𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝).
1. Goodness of Fit

2. Independence Test

𝑄U = 	V
(𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑\	−𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑\)U

𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑\

𝑌(U) = 1 𝑌(U) = 0

𝑌(') = 1 𝐷'' 𝐷'&

𝑌(') = 0 𝐷&' 𝐷&&



• Wang, Lee, Kifer ‘16 – independently also consider GOF and Independence DP Tests







𝜀, 𝛿 − 𝐷𝑃 𝜀 − 𝐷𝑃



�⃑�& 𝒏 𝜒Ld','deU Significance

(.25,.25,.25,.25) 100 7.81 0

(.25,.25,.25,.25) 1,000 7.81 0.01

(.25,.25,.25,.25) 10,000 7.81 0.357

(.25,.25,.25,.25) 100,000 7.81 0.901

(.1,.4,.2,.3) 10,000 7.81 0.3

(.1,.4,.2,.3) 100,000 7.81 0.875

(.05,.25,.1,.6) 10,000 7.81 0.168

(.05,.25,.1,.6) 100,000 7.81 0.793

(.01,.29,.1,.6) 100,000 7.81 0.586







(𝑘 + 1)(1 − 𝛼)



𝑈 = 𝑈', 𝑈U, … , 𝑈L
𝑈\ =

𝐷\ − 𝑛𝑝\&

𝑛𝑝\
&

𝑈
h
→𝑁 0, Σ

Σ = 𝐼 − 𝑝& 𝑝&
l

𝑄U = 𝑈l𝑈



𝑊 = 𝑈,𝑉 𝑈
𝑉

𝑉\ =
𝑍\
𝜎

𝑄hqU = 𝑊l𝐴	𝑊
𝐴 = 	 𝐼L Λ

Λ ΛU
Λ = 𝐷𝑖𝑎𝑔 t

+uv



𝑊 = 𝑈, 𝑉
h
→𝑁 0,Σw

Σw = 	 Σ 0
0 𝐼L

𝑄hqU = 𝑊l𝐴	𝑊

𝑄hqU
h
→V𝜆\𝜒'U

\













�⃑�& 𝒏 𝜒Ld','deU Classical
Signif

𝝉𝝐𝜶 PrivGOF
Signif

1
100 , … ,

1
100

10,000 123.23 0 7,339 0.9491

1
100 , … ,

1
100

100,000 123.23 0 844.7 0.9511

1
100 , … ,

1
100

1,000,000 123.23 0.0524 195.3 0.9479





𝐻': 𝑝 = 𝑝& + Δ ⋅ (1,−1,1,−1,… , 1,−1).





𝑌(') ∼ 𝐵𝑒𝑟𝑛 𝜋' 𝑌(U) ∼ 𝐵𝑒𝑟𝑛 𝜋U
H&: 	𝑌(') ⊥ 𝑌 U .

𝜋' 𝜋U

𝑌(U) = 1 𝑌(U) = 0 Total

𝑌(') = 1 𝐷'' 𝐷'& 𝐷'⋅

𝑌(') = 0 𝐷&' 𝐷&& 𝐷&⋅

Total 𝐷⋅' 𝐷⋅& 𝑛

𝐷 ∼ 𝑀𝑢𝑙𝑡𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝)

Under H& we have
𝑝 = 𝜋'𝜋U,𝜋' 1 − 𝜋U , 1 − 𝜋' 𝜋U, 1 − 𝜋' 1 − 𝜋U



𝑄�U = ∑ h��d+u���
�

+u��� 		
	

𝜋'� =
𝐷'⋅
𝑛 , 𝜋U� =

𝐷⋅'
𝑛

�̂� = 𝑝 𝜋'�, 𝜋U�



𝐷 + 𝑍 = 𝑤
argmin

�
||𝑤	 − 𝑥	||

𝑠. 𝑡.V𝑥\�
\�

= 𝑛

𝑥\� ≥ 0



𝐷 + 𝑍 = 𝑤
argmin

�
			(1 − 𝛾)||𝑤	 − 𝑥	||' + 𝛾 𝑤 − 𝑥 U

𝑠. 𝑡.V𝑥\�
\�

= 𝑛

𝑥\� ≥ 0

𝛾 = 1	if Gaussian Noise
𝛾 ≪ 1 if Laplace noise



𝑝�

𝑄�hqU = V
𝐷\� + 𝑍\� − 𝑛𝑝�\�

U

𝑛𝑝�\�\�

(𝑘 + 1) 1 − 𝛼



𝑄�U = 𝑈�l	𝑈� 𝑈�\� =
h��d+u���

+u���
𝑈�

h
→𝑁 0,Σ\+L

		Σ\+L

• 	Σ\+L= 𝐼	 − 𝑝 𝑝l − Γ ΓlΓ d'Γl



𝑝�

𝑊� = 𝑈�,𝑉 𝑄�hqU = 𝑊� l	𝐴�𝑊�

𝑊� ≈ 𝑁 0, Σ\+Lw Σ\+Lw = 	 Σ\+L 0
0 𝐼 	

Σw� \+L
Σ\+Lw 𝑝�



𝑄�hqU

V𝜆�\𝜒'U,	
\

















𝐷 ∼ 𝑀𝑢𝑙𝑡𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝 + Δ(1,−1,1,−1)

Where 𝑝 = 𝜋'𝜋U, 𝜋' 1 − 𝜋U , 1 − 𝜋' 𝜋U, 1 − 𝜋' 1 − 𝜋U








