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My research areas are directed algebraic topology (Section §1) and applied topology (Section §2). The appli-
cations span network optimization, image analysis, distributed computing, and computability theory. Current
nascent work also spans data analysis and Lorentzian geometry (Section §3). Future plans (Section §4), ex-
tending past and existing work, involve unifying local-to-global methods in algebraic topology and statistics in
a principled and tractable manner.

1. Directed Algebraic Topology

Directed algebraic topology is an algebraic topology for spaces with extra order-theoretic structure, like the
state spaces of dynamical systems. My relevant work in the field includes generalizations of topological lattices
with convenient categorical properties, an identification of directed spaces admitting directed universal covers
with order-theoretic properties convenient for state space analysis, general simplicial and cubical approximation
theorems, the construction of (co)homology theories, and the discovery of a relevant Poincaré Duality. The
relevant work is listed in reverse chronological order.

1.1. Directed Poincaré Duality. Flow-cut dualities in network optimization resemble Poincaré Dualities. A
complete reformulation of the former in terms of the latter allows for general duality theorems of aesthetic and
practical interest in optimization theory.

1.1.1. Background. Poincaré Duality in the classical setting takes the form of isomorphisms

Hp(X;O ⊗R F) ∼= Hn−p(X;F)

for module-valued sheaves F on weak homology n-manifolds X [3] and even generalizes to a weak equivalence
between sheaves of spectra [2] representing generalized local cycles and cocycles. A proof of the former relies on
basic homological algebra while a proof of the latter relies on a local-to-global Whitehead Theorem for simplicial
presheaves.

1.1.2. Completed Work. While there exists neither a suitable homological algebra nor even a more general
axiomatic homotopical framework in the directed setting, a natural (co)homology theory generalizing flows and
Poincaré sections on a dynamical system obey a Poincaré Duality. I have recently proven such a duality, taking
the following form [24].

Theorem [24, Theorem 4.1]. Fix a natural number n. There exist isomorphisms

(1) ~Hp(X;O⊗R[Σp]F) ∼= ~Hn−p(X;F), p = 0, 1, . . . , n

natural in sheaves F of R-semimodules on weakly n-smooth locally preordered spaces, with O the nth local
directed homology sheaf on X.

Here ~H∗,
~H∗ are directed (co)homology theories, generalizing the flows and Poincaré sections on dynamical

systems, and weakly n-smooth locally preordered spaces are directed analogues of weak homology n-manifolds.
The duality lifts flow-cut dualities on networks and hence yields applications in optimization theory. The
proof also provides a geometric alternative to algebraic derivations [3] of a Poincaré Duality for ordinary sheaf
(co)homology.

1.2. Directed (Co)homology. A directed (co)homology theory for directed spaces provides tractable meth-
ods of classifying qualitative features on state spaces of dynamical systems and hence qualitative features of
dynamical behavior.

1.2.1. Background. Existing (co)homology theories for directed spaces - ordinary cohomology equipped with
natural preorders [19] and an application of a higher categorical cohomology theory [26, 31] on the singular
complex - actually detects no more features than ordinary (co)homology on a large class of directed spaces (e.g.
pospaces).
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1.2.2. Completed Work. I have generalized dynamical flows and Poincaré sections on a state space to a
directed (co)homology theory [24]. I show that directed (co)homology generalizes sheaf (co)homology [24] and
coincides with a non-Abelian cohomology theory for higher categories [26, 31] in low degrees only [24]. Invariant
under directed homotopy [9], directed (co)homology is easy to calculate for directed graphs with cellular sheaf
coefficients and spacetime surfaces with constant coefficients [24] and [Figure 1]. Sensitive to ordinary homotopy,
directed (co)homology detects dynamical structure unseen by classical stalkwise weak equivalences and hence
various group-valued sheaf (co)homology theories in the literature.

~H1 = N⊕ N ~H1 = N⊕ N /2⊕ 0 ≡ 0⊕ 2

Figure 1. (1 + 1)-spacetimes distinguished by natural directed homology

1.3. Simplicial and Cubical Approximation. Just as classical simplicial and cellular approximation [4]
makes the calculation of singular (co)homology groups on compact triangulable spaces tractable, approximation
theorems for locally preordered spaces makes directed homotopy invariants [19] equally tractable.

Figure 2. Failure of a dotted homo-
topy to extend to a homotopy through
paths monotone in both coordinates.

1.3.1. Background. Existing tools in the literature
for calculating directed homotopy invariants included
van Kampen Theorems [10, Proposition 4], [18, The-
orem 3.6] and both cellular and simplicial approxima-
tions for directed paths [6, Theorem 4.1] and undi-
rected spaces of directed paths [6, Theorem 5.1], [27,
Theorem 3.5]. Generalizations for higher dimensional
domains are not straightforward: homotopy extension
properties, used to prove approximation theorems [4]
and construct Quillen model structures, almost never
hold in the directed setting [Figure 2.1.2] and double
edgewise subdivision, the directed counterpart to dou-
ble barycentric subdivision, does not generally factor
through polyhedral complexes.

1.3.2. Completed Work. I have proven dual simplicial and cubical approximation theorems for directed ho-
motopy [20, Theorem 4.1, Corollary 4.2] and proved that the two main homotopy relations in directed homotopy
[9, 18] coincide for compact domains and quadrangulable codomains, generalizing a result for the domain a unit
interval and the range a geometric realization of a precubical set [6, Theorem 5.6]. Cubical approximation
(listed below), unlike its classical counterpart, is natural and suggests certain cubical sets as alternative models
for higher categories.

Corollary [20, Corollary 4.3]. Directed geometric realization induces a bijection

colimn→∞�̂(sdnA,B) ∼= U (|A|, |B|)

natural in finite cubical sets A and cubical sets B whose inclusions B ↪→ B̂ into a cubical set obtained by locally
replacing all hypercubes with cubical nerves admits a retraction, where �̂ and U denote the categories of cubical
sets and directed spaces.

Along the way, I also proved that locally preordered geometric realizations of cubical and simplicial sets
preserve finite products, commute with edgewise subdivision, commute with triangulation, and preserve certain
inclusions.
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1.4. Covering Spaces. Covering maps between topological spaces pull back local preorders on the base space
to local preorders on the cover. A question of basic aesthetic and practical interest is: Over which locally
preordered spaces is the locally preordered universal cover loop-free (admit only trivial directed loops)? A practical
application of the answer to software engineering is the identification of state spaces which can be delooped and
studied using poset reduction techniques.

1.4.1. Background. A ramified directed covering space theory [7], including existence theorems, provides tools
for removing singularities in the state space analysis of complex systems. While existence theorems in the
unramified setting trivially follow from classical covering space theory, order-theoretic properties of universal
(unramified) covers had not been investigated prior to the following joint work.

1.4.2. Completed Work. Emmanuel Haucourt, Eric Goubault, and I characterized all locally preordered
spaces with loop-free universal covers [15, Proposition 4.2] in terms of directed homotopy invariants and proved
that examples include the locally preordered geometric realizations of precubical sets, combinatorial descriptions
of asynchronous transition systems [17].

Theorem [15, Theorem 4.1]. For each precubical set C, a universal cover

E → |C|

pulls back the natural cosheaf of preorders on |C| to a cosheaf of preorders on E whose global cosections is an
antisymmetric preorder.

The proof exploited extra order-theoretic structure present in the cellular chain complexes used to construct
integral homology. One consequence is that every locally preordered geometric realization of a precubical set
lacks vortices (points never admitting a loop-free neighborhood), generalizing an observation for non-self-linked
precubical sets [9].

1.5. Generalizations of Lattices. Lattice multiplications naturally describe latent order-theoretic structure
on topological simplices and other spaces in nature. A clean generalization of lattices, closed under topological
limits and colimits, provides an aesthetic and convenient model of directed spaces.

1.5.1. Background. Despite the ubiquity of directed structures in geometry (e.g. topological lattices, vector
fields), directed homotopy has historically lacked convenient categorical foundations. Formalisms introduced at
the start of the field either fail to be closed under standard topological constructions [9, 25, 30] or encode more
structure than mere directionality [18, 19].

1.5.2. Completed Work. I introduced a complete, cocomplete, and Cartesian closed category of compactly
generated locally preordered spaces topologically fibered over spaces [21, Theorem 5.1], investigated the inter-
action of order and topology in such structures, and in particular proved that compact Hausdorff topological
lattices admit the unique compatible structure of locally preordered spaces [21, Theorem 4.2].

Theorem [21, 4.1]. For a compact, connected topological lattice L, the partial order with graph

graph(6L) = {(x, y) ∈ L2 | x ∨ y = y}

forms the global cosections of a unique cosheaf preordering each open neighborhood of L.

2. Applications

Applications of the theory to concrete problems (image analysis, software engineering) and more traditional
areas of applied mathematics (optimization, computability theory) are listed below in reverse chronological
order.

2.1. Optimization. Directed Poincaré Duality [24] generalizes the classical Max-Flow Min-Cut (MFMC) du-
ality from the setting of numerical capacity constraints on finite directed graphs to sheaves of semimodules on
general directed spaces. Concrete applications for multi-commodity and logical constraints immediately follow.
Support for past and present work partially comes from a DARPA GRAPHS 2013 grant.
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2.1.1. Background. The Max-Flow Min-Cut Theorem and its generalizations, dualities between the maximum
amount of flow and minimum cost of a cut on a finite weighted graph, finds applications in such diverse fields
as logistics, data-mining, image segmentation, and Internet routing. Existing proofs of MFMC are either
algorithmic [8], linear-algebraic, or matroid-theoretic [29] - but not topological. However, the literature exploits
connections between MFMC and topological dualities: certain max-flow and min-cut algorithms on graphs
embedded in compact surfaces exploit classical Poincaré Duality, and a recent analysis of distributed linear
coding in terms of sheaves of vector spaces on graphs [12] implicitly draws upon a Poincaré Duality for sheaves
of vector spaces [12].

2.1.2. Completed Work. Complete work takes the form of two papers.

Topological MFMC: I have generalized MFMC for cellular sheaves of semimodule-valued constraints on
directed graphs by decategorifying Equation (1), show that the flatness of the sheaf is equivalent to the decom-
posability of flows into loops, and shown that the stalkwise flatness of the sheaf implies a characterization of
flows as a non-Abelian homology theory for parity complexes [23].

Multiple Commodities and Logical Constraints: Specializations of the generalized MFMC for con-
straints on multiple commodities and logical constraints yield distinct instances of MFMC and requisite com-
putational methods. Rob Ghrist and I have worked out the relevant cases of interest [13] (e.g. [Figure 3].)

Figure 3. Multi-Commodity MFMC:
constraints (above) and local flows (be-
low)

2.1.3. Ongoing Work. Rob Ghrist and I are working
out generalized MFMC in the information-theoretic
and stochastic settings (e.g. sheaves of probability
distributions), developing corresponding algorithms
for computing optimal network codes, and a semiring-
theoretic generalization of Linear Programming Dual-
ity (e.g. for stochastic optimization).

2.2. Image Analysis. Variants of sheaf homology
theory, appropriate for the noisy setting, improve
upon existing tools in image analysis in certain set-
tings of interest in aerial imagery. Support for past
and current work comes from a DDR&E Math Chal-
lenge 2012-2013 grant.

2.2.1. Background. The persistent tracking of fea-
tures in a noisy digital video (e.g. people, cars), from
frame to frame, is a difficult computational problem
with satisfactory solutions under linear assumptions
on motion (e.g. Kalman filters) or sharp image resolu-
tion (e.g. particle filters). Neither linearity in motion
nor sharp image resolution are reasonable assump-
tions for, say, tracking ground vehicles from aerial
video.

2.2.2. Completed Work. Rob Ghrist (Penn), David Lipski (Penn), Hank Owen (Hank Owen LLC), Michael
Robinson (George Washington University), Mike Stein (Tesseract Analytics LLC), and I have developed topo-
logical methods in target-tracking [14] and have implemented such methods in proof-of-concept software. My
particular contribution to the project includes the implementation of Python libraries of abstract data types for
non-Abelian sheaves, including methods for calculating tensor products and global sections in the semimodule-
valued setting.

2.2.3. Ongoing Work. Current work involves the application of sheaf tensor product software for fusing dis-
parate data sources (e.g. radar, historical road maps), the adapatation of vehicular tracking for missle tracking,
and the incorporation of Kalman filters in our topological methods.

2.3. Software Engineering. Often invariants on directed spaces, constructed with particular motivations in
formal verification in mind, have technical definitions and are therefore difficult to investigate theoretically.
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2.3.1. Completed Work. Completed work takes the form of a paper and formal verification software.

Future Path-Components: Eric Goubault, Emmanuel Haucourt, and I defined categories of future path-
components, analogous to classical sets of path-components, in a principled manner and proved a van Kampen
Theorem that allowed for practical calculations, illustrated in Figure 4 [16].

Software: We implemented such calculations as part of general formal verification software ALCOOL de-
veloped for Electricité de France (EDF) [1] over three years.

Figure 4. Future path-components (below) of state spaces (above)

2.4. Computability. A natural question of theoretical interest in computability is: What is the directed ho-
motopy type of a state space of computations measuring? Continuous lattices, certain lattices equipped with
intrinsic Lawson topologies, provide semantic models for partially recursive computable functions used to an-
swer hitherto unsolved questions in denotational semantics [28]. Thus a natural starting point to answering the
question is to study the directed homotopy types of continuous lattices.

2.4.1. Completed Work. I proved that monotone maps from suitably topologized posets to a continuous
lattice are homotopic through monotone maps if and only if they are homotopic as maps of underlying spaces
[22]. Interestingly, the statement is not true for general topological lattices - the proof hinges on the distinctive
structure of a continuous lattice.

Corollary [22, 4.3]. A hypercontinuous lattice of CW type is contractible along a monotone homotopy.

A consequence is that a hypercontinuous lattice of CW type is contractible along a homotopy monotone
in both coordinates [22, Proposition 3.7]. Thus under mild point-set assumptions on a state space of compu-
tations, the paper shows that directed homotopy types measure obstructions to deterministic and terminating
computations.

2.5. Quantum Information Theory. Convex semigroups encode superpositions of symmetries of relevance in
quantum and stochastic computability theory. The convex closure 〈Σn〉 of the group Σn of permutation (n×n)-
matrices in n2-dimensional Euclidean space models stochastic operations on n bits of information. The convex
closure 〈SO(3)〉 of SO(3) in 9-dimensional Euclidean space models all possible physical operations on a qubit,
a quantum unit of information analogous to a bit. A comparison between the algebro-topological structure of
〈Σn〉 and 〈SO(3)〉 illuminates similarities and differences between stochastic and quantum computation.

2.5.1. Completed Work. Johnny Feng, Keye Martin, and I gave equivalent characterizations of the convex
closure 〈A4〉 of a natural SO(3)-representation of the alternating group A4. For example, 〈A4〉 models all noisy
distortions on a three-dimensional digital image and is the free convex semigroup generated by A4. Thus a
single qubit can theoretically be used for a range of useful image processing functions.
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3. Nascent Work

Broadly, I am currently pursuing two interrelated and active areas of research:

(1) applications of generalized sheaf (co)homology to analyze real-world data
(2) applications of directed (co)homology to spacetime geometry and higher categorical structures

Sheaf cohomology, by definition, measures global structure invariant under equivalent local representations
of the same data. A current major focus of mine and the larger Applied Topology Group at Penn is to extract
robust global features in large systems that are locally specified (e.g. information networks, video and image
data) as some variant of sheaf cohomology. Such a focus, dovetailing tightly with my existing work in extending
Abelian sheaf (co)homology for the semimodule setting, includes alternatives to persistent homology in data
analysis.

3.1. Data Analysis. Data is often given in the form of real vectors. However, the ambient dimension of the
data is often far larger than the true submanifold on which the data is generated. A principled method of
dimensionality reduction and consequent data analysis under assumptions of linearity is to project data along
principle eigenvectors. General data, while not linear, is often locally linear. Principle eigenvectors on local
restrictions of given data yield a structure reminiscent of a Cech 1-cocycle, except that matrices admitting
Moore-Penrose inverses replace invertible matrices. I am interested in evaluating such generalized Cech 1-
cocycles, elements in a Cech cohomology for semimodule-valued sheaves, as both a robust empirical predictor
of non-linearity in sample data and a means of reconstructing the latent manifold on which data is generated.

3.2. Lorentzian Geometry. A basic question of interest in Lorentzian geometry is to understand how the
underlying topology of spacetime constrains the Einstein dynamics. Analytic Yamabe invariants measure some
such interaction in a systematic manner. Directed (co)homology offers an alternative systematic approach: pas-
sage from semimodule coefficients to their group completions induces a natural map from directed (co)homology
of spacetime to the (co)homology of the underlying manifold. Preliminary calculations on (1 + 1)-spacetimes
gives evidence that group structure in natural cohomology detects certain causal singularities (geodesic incom-
pleteness). Envisioned applications of such an approach include a generalization of the Penrose Singularity
Theorem.

4. Long-term plans

The grand long-term goal of my research is to unify stochastic and hence practical analyses of large and
complex phenomena (e.g. dynamical systems, massive datasets) with essentialist, traditional, geometric analyses
of state spaces as different choices of coefficients (e.g. natural numbers, sheaves of probability distributions)
in directed algebraic topology. Such complex phenomena can range from the latent and unknown generation
of noisy data (where the directed spaces are Scott-domains of observations), dynamical systems (where the
directed spaces are phase spaces), to higher categorical structures (where the directed spaces are classifying
spaces). Listed below are two examples of how to render such a goal concrete.

4.1. Homological Algebra for Statistics. Algorithms in statistics and machine learning, ranging from
expectation-maximization algorithms to the estimation of covariance matrices of joint probability distributions,
are local-to-global inferences on data. Computational tools in directed algebraic topology, naturally generalizing
homological algebra for semimodules (e.g. probability distributions under convolution), should yield a unified
setting for computing global patterns from local data (e.g. graphical models for joint distributions). Invari-
ance theorems for directed sheaf (co)homology, for example, should indicate computational shortcuts vital for
analyzing massive datasets increasingly available in the natural and social sciences.

4.2. Directed types of higher categories. Directed algebraic topology reveals higher categorical properties
without the combinatorial fuss of defining higher categories, just as algebraic topology reveals deep properties of
weak ∞-groupoids in the simpler language of spaces. A concrete example of such higher categorical properties
are obstructions to solving the word problem on monoids using string-rewriting. Classical homological types of
monoids measure some such obstructions [32]; strong evidence suggests that directed types might measure more
such obstructions for monoids of interest in compiler design and theorem-proving.
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