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1. Introduction

The theory of ideal (inviscid) incompressible fluid mechanics is one of the most
mathematically beautiful theories in physics. This is partly because one does not need
any parameters to describe the system: as soon as one has a Riemannian manifold
M , possibly with boundary, one can construct the volume-preserving diffeomorphism
group Dµ(M), and on this infinite-dimensional manifold define a Riemannian metric
using the kinetic energy integral. Arnold [A] showed that the geodesics of this metric
on Dµ(M) are precisely the ideal incompressible fluid flows on M , in the Lagrangian
coordinate description. Thus, once one gets past the fairly serious technical issues of
functional analysis involved in constructing a topology on Dµ(M) and proving that
the geodesic equations are well-posed (as accomplished by Ebin and Marsden [EMa]),
one has essentially reduced much of ideal fluid mechanics to a study of geometry. Of
course, this does not automatically solve the outstanding problems of fluid mechanics,
but it does give a different context to them.

Perhaps the most serious outstanding open problem of ideal fluid mechanics is the
global existence of solutions of the 3-D Euler equations. Local existence and uniqueness
is well-known, and Ebin-Marsden [EMa] provided a new proof of this result in Sobolev
spaces using Arnold’s geometric approach. In this language, local existence and unique-
ness is equivalent to smoothness of the exponential map exp: TidDµ(M) → Dµ(M).
Global existence is then, in the language of Riemannian geometry, geodesic com-
pleteness of the manifold Dµ(M). This question has long been open when M is 3-
dimensional.

Our goal in this research is to relate the global existence question to a certain ques-
tion about conjugate points on Dµ(M3). We show that the famous blowup condition
of Beale, Kato, and Majda [BKM] for a solution (geodesic) η, together with some ad-
ditional conjectured blowup properties that have been observed to hold in all known
numerical experiments, imply that there are conjugate pairs arbitrarily close to the
blowup time T . This would imply that there is no weak solution which locally mini-
mizes energy near T , a stronger nonexistence result than is currently known.

Conjugate points on Dµ(M) have been of interest ever since Arnold [A] computed
the sectional curvature on Dµ(T2), found that it was usually negative but sometimes
positive, and asked whether one could find conjugate points. Computational difficulties
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prevented much progress in this direction, until Misio lek [M1] proved that one could
construct some simple examples of conjugate points in Dµ(S3) along geodesics corre-
sponding to rigid rotations of the 3-sphere. Here, positive curvature on the underlying
manifold M helps one obtain positive curvature on Dµ(M), which leads to the conju-
gate points. More surprisingly (and far more difficult computationally), Misio lek [M2]
showed that conjugate points exist on Dµ(T2), using an example similar to the one
about which Arnold had asked.

Since the work of Misio lek, substantial progress has been made in understanding
conjugate points on Dµ(M). For example, Shnirelman [Sh] proved that the diameter of
Dµ(M3) is finite for any 3-D manifold M , and using this result and the generalized flows
of Brenier [B1], showed that there must be “local cut points” along any sufficiently
long geodesic in Dµ(M3). Local cut points are points for which the geodesic is not
minimizing between these two points, and there is an arbitrarily close path which
yields a strictly shorter distance. In finite dimensions, these are conjugate points; on
the infinite-dimensional manifold Dµ(M3), this may not be true. No such result is
possible in the 2-D case, since the diameter of Dµ(M2) is infinite.

More recently, Ebin, Misio lek, and the author [EMP] studied the nature of the
differential of the exponential map. Singularities of d exp are precisely the conjugate
points, so the nature of conjugate points tells us much about the structure of the
exponential map. The map d exp is a mapping from one infinite-dimensional space
to another, and its singularities may be of two types: failure to be injective, and
failure to be surjective. (For finite-dimensional mappings, both types always coincide.)
Grossman [G] called these singularities monoconjugate points and epiconjugate points,
respectively. The authors of [EMP] showed that in Dµ(M2), both types of conjugate
points are the same, so that the exponential map is Fredholm. On the other hand, they
also showed that in Dµ(M3), it is possible to have an epiconjugate point that is not a
monoconjugate point. Their explicit example is the solid flat torus D2×S1, where the
geodesic η is rigid, unit speed rotation of the disc. Here η(π) is an epiconjugate point
but not a monoconjugate point; in addition, for every ε > π, there is a to ∈ (π, π + ε)
such that η(to) is monoconjugate to η(0). So the structure of conjugate points on
Dµ(M3) is in general much more complicated than onDµ(M2) or on a finite-dimensional
Riemannian manifold.

In Section 3, we explain why it has often been easier to find conjugate points in three
dimensions than in two. It turns out that one can construct local approximations of
Jacobi fields concentrated near any point in three dimensions, and use these to search
for genuine Jacobi fields. In Theorem 3.1, we prove that one can construct a divergence-
free vector field in a neighborhood of any point x interior to M , such that the index
form along a geodesic in Dµ(M) can be approximated by a corresponding index form in
TxM . This construction is not possible on a two-dimensional manifold. Thus we can
find monoconjugate points on Dµ(M3) just by solving a simple ordinary differential
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equation in TxM , for any point x ∈ M :

(1.1)
d

dt

(
Λ(t, x)

du

dt

)
+ curl Xo(x)× du

dt
= 0,

where Λ(t, x) = Dη(t, x)?Dη(t, x) is the metric pullback. If for some x in the interior
of M , equation (1.1) has a solution u(t) vanishing at times t = a and t = b, then the
geodesic η has a Jacobi field vanishing at the endpoints of any larger interval.

Although Theorem 3.1 applies only in three (or possibly higher) dimensions, it has
a sort of converse that is true in dimension two or higher and is easily proven in
Proposition 3.6. As one application, we find that harmonic vector fields on M (if the
topology of M allows them) generate geodesics in Dµ(M) that have no monoconjugate
pairs, and are thus infinitesimally minimizing on their entire length.

The results of Theorem 3.1 and Proposition 3.6 are quite reminiscent of the results of
Friedlander and Vishik [FV], though the method of proof is very different. They found
ordinary differential equations such that exponential growth of their solutions implies
exponential growth of linearized Euler perturbations, and hence of Jacobi fields along
geodesics. Our result on conjugate points is loosely related to positive curvature on Dµ,
while their result on exponential growth of Jacobi fields is loosely related to negative
curvature on Dµ. But although the connection between curvature and Jacobi fields is
subtle (as discussed in [P1]), both results show that the most important features of
Jacobi fields in Dµ(M3) are determined by certain ordinary differential equations at an
arbitrary point.

The criterion of Theorem 3.1 yields a very simple condition for conjugate points,
which is easiest to apply when we are dealing with a steady solution X of the 3-D
Euler equations. We find that for any steady solution X with a certain type of fixed
point at some x (for example, an elliptic fixed point), there must be a monoconjugate
point somewhere along the geodesic, and we can compute its location as the solution
of a certain algebraic equation in terms of the stress tensor and the vorticity at x. This
is a purely three-dimensional phenomenon: in two dimensions, there are many steady
flows that have elliptic fixed points but do not have any conjugate points along the
corresponding geodesic, because the curvature operator is nonpositive in all directions.
See [P2] for details.

The technique we use suggests that the first conjugate point along a geodesic in
Dµ(M3) is typically of the same form as the one found on D2 × S1 in [EMP]: an
epiconjugate point that is a limit of a decreasing sequence of monoconjugate points.
We do not prove this, but it is a reasonable conjecture. This would imply that the
pathological behavior of conjugate points is quite typical for diffeomorphism groups of
3-dimensional manifolds.

In Section 4, we apply the technique of Theorem 3.1 to study the blowup problem for
the 3-D Euler equations. Our starting point is the famous criterion of Beale, Kato, and
Majda [BKM], which states that a C∞ initial condition Xo leads to a solution X(t) that

fails to exist in C∞ after time T if and only if the quantity
∫ T

0
supx∈M |curl X(t, x)| dt
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diverges to infinity. We conjecture that in fact we have the stronger condition that∫ T

0

∣∣ curl X
(
t, η(t, x)

)∣∣ dt = ∞ for some x in the interior of M .
By computing a certain trace of the index form on TxM , we are motivated to pose

the Weak Conjugate Conjecture 4.2. This conjecture, a condition on the stress tensor
and the vorciticy along the path η(t, x) of maximum vorticity, implies via Theorem 4.3
that along a geodesic which ends at time T , there are monoconjugate pairs arbitrarily
close to T . Thus if the Weak Conjugate Conjecture holds, the geodesic will fail to be
minimizing on small intervals arbitrarily close to the blowup time T .

We present some simple conditions on the velocity field which imply the Weak Conju-
gate Conjecture, and list these in the Strong Conjugate Conjecture 4.5. As evidence for
the Strong Conjugate Conjecture, we cite numerical studies by Bell and Marcus [BM],
Kerr [K], Ohkitani and Kishiba [OK], and Pumir and Siggia [PS]. The well-known
conjectured properties of solutions that blow up, which together imply the Strong
Conjugate Conjecture, are that the maximum vorticity vector aligns with an eigenvec-
tor of the stress tensor; that the maximum vorticity magnitude diverges as t → T like
1/(T − t); and that the Laplacian of the pressure function remains positive along the
path of maximum vorticity.

The main consequence of the Conjugate Conjectures and Theorem 4.3 is that a C∞

solution that does not exist past a time T cannot be extended to a weak solution that
extends past T , if we are in a class of weak solutions that locally minimizes the energy
integral. The reason is that the conjugate points prevent minimization arbitrarily
close to T , so that a proposed solution cannot minimize the energy integral in any
neighborhood of the blowup time T . If it were known that there is a weak class in
which global solutions that locally minimize energy always exist (Brenier’s space of
generalized flows [B1] is a natural candidate), then we would obtain a contradiction
which would yield a true global existence theorem in C∞.

Of course this program is rather speculative, but the evidence from numerical studies
suggests it may be a useful avenue to pursue.

2. Background

In this section, we briefly review the geometry of the volume-preserving diffeomor-
phism group Dµ(M). Many of the formulas provided here for covariant derivatives,
curvature operators, and the index form were derived in [M1], [P1], and [EMP]. We
will confine ourselves to the C∞ case, although for some technical proofs it is more
convenient to use the Sobolev Hs spaces. See Ebin and Marsden [EMa] for the precise
constructions.

The space of volume-preserving diffeomorphisms Dµ(M) of a Riemannian manifold
M (possibly with boundary ∂M) consists of those C∞ diffeomorphisms η satisfying
η∗µ = µ, where µ is the Riemannian volume form. This space has the structure of a
Fréchet manifold. Its tangent spaces TηDµ(M) consist of elements of the form X ◦η,
where X is a vector field on M that is divergence-free and tangent to the boundary.
The L2 Riemannian metric 〈〈·, ·〉〉 on Dµ(M) is defined in terms of the metric 〈·, ·〉 on



CONJUGATE POINTS AND BLOWUP 5

M by the formula

(2.2) 〈〈U ◦η, V ◦η〉〉 =

∫
M

〈U, V 〉◦η µ.

Dµ(M) also has a Lie group structure, where the group operator is composition. The
differentials of the translation operators at the identity are

(2.3) dLη(X) = Dη(X) and dRη(X) = X◦η.

By the change of variables formula for integrals, and the fact that each η is volume-
preserving, we see that the metric (2.2) is right-invariant. It is not, however, left-
invariant. In some sense, then, all the geometric information about Dµ(M) is contained
in the left-translations.

To compute covariant derivatives in the metric (2.2), we use the Weyl decomposition
of vector fields. This decomposition allows us to write any vector field X on a manifold
M as

X = U +∇f,

where U is divergence-free and tangent to ∂M . We construct this decomposition by
solving the Neumann problem

(2.4) ∆f = div X, 〈∇f, ν〉∂M = 〈X, ν〉∂M

for f , then defining U = X −∇f . (Here ν is the unit normal on ∂M .) This decompo-
sition is orthogonal in the L2 metric (2.2). We will denote the orthogonal projections
by

(2.5) P (X) = U and Q(X) = ∇f.

By right-invariance of the metric, the orthogonal projections in TηDµ(M) are given
by

(2.6) Pη = dRη ◦ P ◦ dRη−1 and Qη = dRη ◦Q ◦ dRη−1 .

Now we consider covariant derivatives.

Proposition 2.1. Suppose η(t) is a curve in Dµ(M), and J(t) is a vector field along
η(t). Let X(t) be the Eulerian velocity field of η, defined by the formula

(2.7) X(t) = dRη(t)−1

(dη

dt

)
=

∂η

∂t
◦ η(t)−1.

There are three ways to compute the covariant derivative
eDJ
dt

along η.

• If we right-translate back to the identity to obtain Y (t) = dRη(t)−1

(
J(t)

)
, we get

(2.8)
D̃J

dt
= dRη(t)

(
∂Y

∂t
+ P

(
∇X(t)Y (t)

))
.
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• If we left-translate back to the identity to obtain U(t) = dLη(t)−1

(
J(t)

)
, we get

(2.9)
D̃J

dt
= dLη(t)

(
∂U

∂t

)
+ Pη(t)

(
∇J(t)X(t)

)
.

• If we consider that for each fixed x, η(t, x) is a curve in M and J(t, x) is a
vector field along that curve, we get

(2.10)
D̃J

dt
= Pη(t)

(
DJ

dt

)
.

Here DJ
dt

(t, x) is the covariant derivative as computed in M along each curve
η(t, x).

Proof. Formula (2.8) was derived by Misio lek [M1].
Formula (2.9) can be derived from formula (2.8), using the fact that Y (t) = η(t)∗U(t).

From the definition of the Lie derivative (see [Sp]), we have

(2.11)
∂Y

∂t
= η(t)∗

∂U

∂t
− [X(t), Y (t)],

so that

(2.12)
∂Y

∂t
+∇X(t)Y (t) = η(t)∗

∂U

∂t
+∇Y (t)X(t).

Right-translating to η(t) and applying the projection Pη(t) to both sides, we see that
(2.8) and (2.9) are equivalent.

Formula (2.10) also follows from (2.8), using the formula

(2.13)
DJ

dt
(t, x) =

∂Y

∂t

(
t, η(t, x)

)
+∇X(t,η(t,x))Y.

Applying the translated projection Pη(t) to both sides of (2.13), we see that (2.8) and
(2.10) are equivalent. �

The geodesic equation on Dµ(M) is

D̃

dt

dη

dt
= 0.

Using equation (2.8), the geodesic equation becomes, in terms of the Eulerian velocity
field X(t) defined by (2.7), the Euler equation of ideal incompressible flow:

(2.14)
∂X

∂t
+∇X(t)X(t) = −∇p(t).

The pressure function p(t) is written with a negative sign by convention, and comes
from solving the equation (2.4):

(2.15) ∇p(t) = −Q
(
∇X(t)X(t)

)
.

A common simplification is to write the pressure as the solution of the equation

(2.16) ∆p = − div (∇XX) = −Ric(X)− 1

4
Tr(Def X)2 +

1

2
|curl X|2,
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where the deformation (stress) tensor is defined as

〈Def X(U), V 〉 = 〈∇UX,V 〉+ 〈∇V X, U〉.
By formula (2.10), we could also think of the geodesic equation as a family of ordinary

differential equations on the manifold:

(2.17)
D

dt

dη

dt
(t, x) = −∇p(t, x),

which is Newton’s equation with a time-dependent potential p(t, x). Of course, p(t, x)
is not given in advance, but determined by the fluid so as to preserve volume. This
point of view will be useful later; we will see how one can consider the full Jacobi
equation on Dµ(M) by comparing it to the far simpler pointwise Jacobi equation (with
potential p) on M . Although these equations are not the same (when one is considering
perturbations in M , one does not have the volume-preserving constraint to complicate
the formulas), they are quite closely related.

We can eliminate the pressure term in (2.14) by computing the curl of both sides.
In three dimensions, we get the vorticity form of the Euler equation:

(2.18)
∂

∂t
curl X(t, x) +

[
X(t, x), curl X(t, x)

]
= 0.

Equation (2.18) implies that the vorticity is transported by the flow: for every x ∈ M ,

(2.19) curl X
(
t, η(t, x)

)
= Dη(t, x)

(
curl Xo(x)

)
.

More generally, by lowering indices in equation (2.14) to get an equation for the 1-form
X[ and taking the differential, we obtain the equation

(2.20)
∂

∂t
dX[ + LXdX[ = 0,

the solution of which is

(2.21) dX[(t) =
(
η(t)−1

)∗
dX[

o.

See for example [AK] for details.

There are several formulas for the Riemann curvature tensor R̃ on Dµ(M), but the
only one we’ll need is the following: if U , V , and W are divergence-free and tangent
to the boundary, then

(2.22) R̃(U, V )W = P
(
R(U, V )W +∇V Q(∇UW )−∇UQ(∇V W )

)
.

See for example [P1]. Since the metric is right-invariant, the curvature tensor is as well,
and thus we can compute the curvature at any η ∈ Dµ(M) using the same formula.

We are interested in Jacobi fields, which are defined as follows: if η(t, s) is a family
of curves in Dµ(M) with η(t) = η(t, 0) a geodesic, then J(t) = ∂η

∂s

∣∣
s=0

is a Jacobi field
along η(t). Jacobi fields satisfy the linearized geodesic equation

(2.23)
D̃2J

dt2
+ R̃

(
J(t), η̇(t)

)
η̇(t) = 0.
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Equation (2.23) is extremely unwieldy, not least because the formulas for both cur-
vature and the covariant derivative involve nonlocal operators (specifically, the solution
of the Neumann problem (2.4)). However, the Jacobi equation can be simplified sub-
stantially, and in fact decoupled into two first-order equations. This fact was first
observed by Rouchon [Ro], and exploited by the author [P1] to obtain explicit Jacobi
fields along certain geodesics of Dµ(M). These simplifications result from the following
equivalent expressions for the linearization of the Newton equation (2.17).

Proposition 2.2. Consider a solution X(t) of the Euler equation (2.14), with cor-
responding geodesic η(t) in Dµ(M). Let J(t) be a vector field along η(t). Then we
have

(2.24)
D2J

dt2
+∇J∇p + R(J, η̇)η̇ =

(∂Z

∂t
+∇XZ +∇ZX

)
◦ η,

where Z = ∂tY + [X, Y ] and J = Y ◦ η.
We can also write

(2.25)
D2J

dt2
+∇J∇p + R(J, η̇)η̇ = (Dη−1)?

(
∂

∂t

(
ΛV

)
+

(
ıV dX[

o

)]
)

,

where V = ∂tU and J = Dη(U), and (Dη−1)? is the pointwise metric adjoint of Dη−1.

Proof. To obtain equation (2.24), we start with

DJ

dt
= (∂tY +∇XY )◦η = (Z +∇Y X)◦η,

a consequence of (2.13). Using the Euler equation (2.14), we have(D2J

dt2
+∇J∇p + R(J, η̇)η̇

)
◦η−1 =

D

dt

(
(Z +∇Y X)◦η

)
◦η−1 +∇Y∇p + R(Y, X)X

= ∂t(Z +∇Y X) +∇X(Z +∇Y X)−∇Y (∂tX +∇XX) + R(Y, X)X

= ∂tZ +∇∂tY X +∇Y (∂tX) +∇XZ +∇X∇Y X −∇Y (∂tX)−∇Y∇XX

+∇Y∇XX −∇X∇Y X +∇[X,Y ]X

= ∂tZ +∇ZX +∇XZ.

To derive equation (2.25), we first recall that Y = η∗U , so that by equation (2.11), we
have η∗∂tU = ∂tY +[X, Y ]. Thus Z = η∗V . For convenience, define L = Z◦η = Dη(V ).

Then by equations (2.24) and (2.13), our goal becomes to prove that

(2.26)
DL

dt
+∇LX = (Dη−1)?

(
∂

∂t

(
ΛV

)
+

(
ıV dX[

o

)]
)

.

This equation involves no space derivatives, so we can consider it as an equation along
the fixed curve η(t, x) for each particular x ∈ M .

So for some fixed x, pick an arbitrary vector wo ∈ TxM . Then we can compute

(2.27)
〈
wo,

d

dt
(ΛV )

〉
=

d

dt
〈wo, ΛV 〉 =

d

dt
〈Dη(wo), L〉.
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By equations (2.12) and (2.13), we have the formula

D

dt

(
Dη(wo)

)
= ∇Dη(wo)X.

Thus (2.27) yields〈
wo,

d

dt
(ΛV )

〉
=

〈
∇Dη(wo)X, L

〉
+

〈
Dη(wo),

DL

dt

〉
=

〈
∇Dη(wo)X, L

〉
−

〈
Dη(wo),∇LX

〉
+

〈
Dη(wo),

DL

dt
+∇LX

〉
.

Using the general formula

〈∇AX, B〉 − 〈∇BX, A〉 = dX[(A, B),

we can write〈
wo,

d

dt
(ΛV )

〉
=

〈
Dη(wo),

DL

dt
+∇LX

〉
− dX[

(
Dη(V ), Dη(wo)

)
.

Now since the vorticity 2-form is transported by the flow, equation (2.21) yields

dX[
(
Dη(V ), Dη(wo)

)
= dX[

o(V, wo) = 〈
(
ıV dX[

o

)]
, wo〉.

Thus we finally get〈
wo,

d

dt
(ΛV )

〉
=

〈
Dη(wo),

DL

dt
+∇LX

〉
− 〈

(
ıV dX[

o

)]
, wo〉,

and since this is true for any wo ∈ TxM , we have the equation

Dη?
(DL

dt
+∇LX

)
=

d

dt
(ΛV ) +

(
ıV dX[

o

)]
,

which yields (2.26) and hence (2.25). �

Remark 2.3. Using Proposition 2.2, we can rewrite the ordinary differential equation
of Friedlander and Vishik [FV] in a manner analogous to (1.1). For a steady solution
X of the Euler equation on T3 and for some x ∈ T3, their equation becomes, using
(2.26),

(2.28)
d

dt

(
Λ(t, x)v(t)

)
+ curl Xo(x)× v(t) = 2

〈wo, Dη(t, x)−1∇Dη(t,x)v(t)X〉
〈wo, Λ(t, x)−1wo〉

wo,

with wo some constant vector orthogonal to v(0). If there is a solution v(t) of (2.28)
such that 〈v(t), Λ(t, x)v(t)〉 grows exponentially in time, then there is a Jacobi field
along the corresponding geodesic in Dµ(T3) that grows exponentially in the L2 metric.
In [FV], a number of conditions are given on X which yield exponential instability;
conceivably, the modified form (2.28) may suggest some new ones. However, we leave
this direction of research aside for now.

From Proposition 2.2, we can derive the following, which will be useful later.
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Proposition 2.4. If M is a three-dimensional manifold and X and η are as given in
Proposition 2.2, then for any x ∈ M , the vorticity field J(t) = curl X

(
t, η(t, x)

)
is a

solution of the linearized Newton equation

(2.29)
D2J

dt2
+∇J∇p + R(J, η̇)η̇ = 0

along the curve η(t, x).

Proof. Since the vorticity is transported, by (2.19), J = curl X ◦η has U = dLη−1(J) =
curl Xo and V = ∂tU = 0. So by equation (2.25), we know (2.29) is satisfied. �

The following proposition shows how the Jacobi equation simplifies under either left-
or right-translations.

Proposition 2.5. If η is a geodesic in Dµ(M) and X is its Eulerian velocity field
defined by (2.7), then the Jacobi operator in (2.23) can be written in two ways:

• in terms of the right-translation, with Y = dRη−1(J), as

(2.30)
D̃2J

dt2
+ R̃

(
J, η̇

)
η̇ = dRη

(
∂Z

∂t
+ P

(
∇ZX +∇XZ

))
,

where

(2.31) Z = ∂tY + [X, Y ].

• in terms of Jacobi operators along the paths η(t, x), as

(2.32)
D̃2J

dt2
+ R̃

(
J, η̇

)
η̇ = Pη

(
D2J

dt2
+∇J∇p + R

(
J, η̇

)
η̇

)
• in terms of the left-translation, with U = dLη−1

(
J
)
, as

(2.33)
D̃2J

dt2
+ R̃

(
J, η̇

)
η̇ = (dLη−1)?

(
∂

∂t
P

(
Λ

∂U

∂t

)
+ KXo

(∂U

∂t

))
,

where the operator KXo : TidDµ(M) → TidDµ(M) is defined by

(2.34) KXo(W ) = P
(
ıW dX[

o

)]
,

with Λ = Dη?Dη being the metric pullback, Xo being the initial velocity field,
and

(dLη−1)? = dRη◦P ◦(Dη−1)?◦dRη−1

being the L2 adjoint of the operator dLη−1 : TidDµ → Tη−1Dµ.

Proof. The right-translated Jacobi equation (2.30) was derived by Rouchon [Ro], by
linearizing the geodesic equation (2.14) and (2.7) directly. The fact that (2.30) is
equivalent to (2.23) can be seen directly, using formulas (2.8) and (2.22).

Equation (2.32) is an immediate consequence of equation (2.24). Equation (2.33) is a
consequence of (2.25), along with the observation that (dLη−1)?(W ) = (dLη−1)?◦P (W )
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for any vector field W . This observation follows from the fact that if g is a function on
M , then

(dLη−1)?(∇g) = dRη◦P ◦(Dη−1)?◦dRη−1(∇g) = dRη◦P
(
∇(g◦η−1)

)
= 0.

�

The operator KX defined by (2.34) is given in two dimensions by

KXo(W ) = P
(
(curl Xo)?W

)
,

where ? is the two-dimensional Hodge star operator that rotates vectors 90◦. This
operator is compact, as discussed in [EMP]. In three dimensions,

KXo(W ) = P
(

curl Xo ×W
)
,

and this operator is not compact. The fact that this operator fails to be compact
in three dimensions is the main reason Fredholmness of the exponential map fails in
three dimensions, which is why conjugate points look so different between Dµ(M2) and
Dµ(M3).

The main thing we are interested in for this paper is the index form along a geodesic
η(t) in Dµ(M). In general this is defined for a Riemannian manifold as

(2.35) I[a,b]

(
J(t), J(t)

)
=

∫ b

a

〈〈D̃J

dt
,
D̃J

dt

〉〉
−

〈〈
R̃

(
J(t),

dη

dt

)dη

dt
, J(t)

〉〉
dt.

The index form represents the second derivative of the energy functional

E(s) =
1

2

∫ b

a

〈〈∂η(t, s)

∂t
,
∂η(t, s)

∂t

〉〉
dt.

If η(t, s) is a family of curves in Dµ(M), such that η(t, 0) is a geodesic, with η(a, s) and
η(b, s) constant in s, then E ′(0) = 0 and

E ′′(0) = I[a,b]

(∂η

∂s

∣∣∣
s=0

,
∂η

∂s

∣∣∣
s=0

)
.

So if the index form is negative for some vector field J(t) vanishing at t = a and t = b,
then the geodesic is not minimizing on [a, b]. In addition, there must be a Jacobi field
which vanishes at t = a and t = c for some c ∈ (a, b).

We will derive several alternative formulas for the index form (2.35), which will form
the basis for the rest of the paper.

Proposition 2.6. If η(t) is a geodesic in Dµ(M) and J(t) is a smooth vector field
along η(t) vanishing at t = a and t = b, then the index form I[a,b]

(
J(t), J(t)

)
may be

written in either of the following forms:
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• in terms of covariant derivatives on M as

(2.36) I[a,b]

(
J(t), J(t)

)
=

∫ b

a

∫
M

〈DJ

dt
(t, x),

DJ

dt
(t, x)

〉
−

〈
∇J(t,x)∇p + R

(
J(t, x), η̇(t, x)

)
η̇(t, x), J(t, x)

〉
µ(x) dt,

• or in terms of the left-translation U(t) = dLη(t)−1

(
J(t)

)
as

(2.37) I[a,b]

(
J(t), J(t)

)
=

∫ b

a

∫
M

〈
Λ(t, x)

∂U

∂t
(t, x),

∂U

∂t
(t, x)

〉
+ dXo(x)[

(
U(t, x),

∂U

∂t
(t, x)

)
µ(x) dt,

where Λ(t, x) = Dη(t, x)?Dη(t, x) is the metric pullback and curl Xo is the initial
vorticity.

Proof. Both of these formulas follow immediately from Proposition 2.5, after integrat-
ing the index form (2.35) by parts to obtain

I[a,b]

(
J(t), J(t)

)
= −

∫ b

a

〈〈D̃2J

dt
+ R̃

(
J(t),

dη

dt

)dη

dt
, J(t)

〉〉
dt.

�

What is remarkable about both of the formulas (2.36) and (2.37) is that they involve
only local computations; it is not necessary to solve the Neumann problem (2.4) to
compute the index form. The index form is virtually the only object in the geometry
of Dµ that can be computed so easily, and it is this fact which helps so much to
understand conjugate points on Dµ, despite our very incomplete understanding of the
curvature on Dµ.

3. The local criterion

Theorem 3.1. Let M be a 3-dimensional compact manifold (possibly with boundary).
Let η : [0, T ) → Dµ(M) be a geodesic curve in the diffeomorphism group with η(0) = id.

(Here T is the maximal time of existence, which may be infinite.) Let X(t) = dη
dt
◦η(t)−1

be the velocity field, with X(0) = Xo.
If for some point x in the interior of M , the ordinary differential equation

(3.38)
d

dt

(
Λ(t, x)

du

dt

)
+ curl Xo(x)× du

dt
= 0

has a nontrivial solution vanishing at t = 0 and t = a, then for any δ > 0, there is a
b ∈ (0, a + δ) such that η(b) is monoconjugate to id along η.

Proof. Clearly curl Xo(x) is not zero; if it were, we could not have a nontrivial solution
vanishing at two points, since Λ(t, x) is positive definite.
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So set up an oriented orthonormal basis {e1, e2, e3} at TxM , such that curl Xo(x) =
ωoe3, with ωo > 0. Choose Riemannian normal coordinates (x1, x2, x3) such that at x,
∂x1 = e1, ∂x2 = e2, and ∂x3 = e3.

Let h : R → [−1, 1] be a C∞ function which vanishes identically outside [−1, 1].
For a small ε > 0, let us define three vector fields

A1 = ε4h′
(x1

ε

)
h
(x2

ε2

)
h
(x3

ε3

)
∂x1 − ε3h

(x1

ε

)
h′

(x2

ε2

)
h
(x3

ε3

)
∂x2 ,

A2 = ε3h
(x1

ε

)
h′

(x2

ε2

)
h
(x3

ε3

)
∂x1 + ε4h′

(x1

ε

)
h
(x2

ε2

)
h
(x3

ε3

)
∂x2 ,

A3 = −ε3

2
h′

(x1

ε2

)
h
(x2

ε3

)
h
(x3

ε

)
∂x1 +

ε2

2
h
(x1

ε2

)
h′

(x2

ε3

)
h
(x3

ε

)
∂x2 .

Now we specify divergence-free vector fields E1, E2, and E3 by the formulas Ej =
curl Aj. Since we are working in Riemannian normal coordinates, we can compute
these curls to order O(ε) just using the Euclidean formulas, and we obtain:

E1 = h
(x1

ε

)
h′

(x2

ε2

)
h′

(x3

ε3

)
∂x1 + O(ε) on [−ε, ε]× [−ε2, ε2]× [−ε3, ε3],

E2 = h
(x1

ε

)
h′

(x2

ε2

)
h′

(x3

ε3

)
∂x2 + O(ε) on [−ε, ε]× [−ε2, ε2]× [−ε3, ε3],

E3 = h′
(x1

ε2

)
h′

(x2

ε3

)
h
(x3

ε

)
∂x3 + O(ε) on [−ε2, ε2]× [−ε3, ε3]× [−ε, ε].

These vector fields are chosen so that, roughly speaking, Ei is nearly parallel to ei

near x, to lowest order. More precisely, we can check that the following formulas hold
for the L2 inner products:

〈〈E1, E1〉〉 = 〈〈E2, E2〉〉 = 〈〈E3, E3〉〉 = Γε6 + O(ε7)

〈〈E1, E2〉〉 = 〈〈E1, E3〉〉 = 〈〈E2, E3〉〉 = O(ε7)

〈〈∂x3 × E1, E2〉〉 = Γε6 + O(ε7), 〈〈∂x3 × E2, E1〉〉 = −Γε6 + O(ε7)

〈〈∂x3 × E1, E3〉〉 = 〈〈∂x3 × E2, E3〉〉 = O(ε7),

where the constant Γ is defined by

Γ =

(∫ 1

−1

h(σ)2 dσ

) (∫ 1

−1

h′(σ)2 dσ

)2

.

Now since u(t) is a solution of equation (3.38) vanishing at t = 0 and t = a, we have
that for any δ > 0, there is a vector function ũ(t) vanishing at t = 0 and t = a + δ such
that

ia+δ(ũ, ũ) ≡
∫ a+δ

0

〈Λ(t, x)ũ′(t), ũ′(t)〉+ 〈curl Xo(x)× ũ(t), ũ′(t)〉 dt < 0.

(The construction is the same as that for Jacobi fields in finite-dimensional Riemannian
geometry, or more generally for index forms of second-order self-adjoint equations. See
for example Reid [Re].)
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If ũ(t) = u1(t)e1 + u2(t)e2 + u3(t)e3, then define Ũ(t) = u1(t)E1 + u2(t)E2 + u3(t)E3.
For y in the support of Ũ , we can approximate Λ(t, y) = Λ(t, x)+O(ε) and curl Xo(y) =
curl Xo(x) + O(ε). Therefore, we have

Ia+δ(Ũ , Ũ) =

∫ a+δ

0

〈〈Λ(t)∂tŨ , ∂tŨ〉〉+ 〈〈curl Xo × Ũ(t), ∂tŨ〉〉 dt

=

∫ a+δ

0

〈〈Λ(t)∂tŨ , ∂tŨ〉〉+ ωo〈〈∂x3 × Ũ , ∂tŨ〉〉 dt + O(ε7)

= Γε6ia+δ(ũ, ũ) + O(ε7),

and choosing ε sufficiently small, we can make this quantity negative.
Since the index form is negative for some divergence free vector field on the interval

[0, a + δ], there must be a Jacobi field along η vanishing at t = 0 and t = b for some
b < a + δ. So η(b) is monoconjugate to η(0) along η, as desired. �

Remark 3.2. The main point is that for any particular vector u ∈ TxM , we can con-
struct a divergence-free vector field U such that U ≈ u near p and P (curl Xo × U) ≈
curl Xo × u near x. We can do this only in three (or possibly higher) dimensions. In
two dimensions, the index form takes the form

I[0,a](U,U) =

∫ a

0

〈〈Λ(t)∂tU, ∂tU〉〉+ 〈〈(curl Xo) ?U, ∂tU〉〉 dt,

where ? is the Hodge star operator. If U is any divergence-free vector field with support
in a disc, then ?U is a gradient, and thus to lowest order, (curl Xo) ?U is also a gradient.

Since the gradients are orthogonal to the divergence-free vector fields, the second
term in the index form vanishes to lowest order; thus the index form is positive definite
to lowest order. We conclude that there is no local criterion that can be used to find
conjugate points along two-dimensional fluid flows: conjugate points on Dµ(M2) are an
essentially global phenomenon. In three (and possibly higher) dimensions, conjugate
points are essentially a local phenomenon.

Remark 3.3. The result is sharp, in the sense that there may not be a monoconjugate
point actually at η(a). This is precisely what happens for one example where we
can compute everything explicitly: uniform rotation with angular velocity 1 of the
solid torus D2 × S1. Ebin, Misio lek, and the author [EMP] computed explicitly the
Jacobi fields along this flow in terms of curl eigenfields on the cylinder, and found that
monoconjugate points occurred at a sequence of locations that decreased to π, but
that η(π) itself was not a monoconjugate point. For this example Λ(t, x) is always the
identity and curl Xo ≡ 2 ∂x3 , so that the equation (3.38) becomes u′′(t)+2 ∂x3×u′(t) =
0. With u(0) = 0, the solutions are

u(t) =
1

2

1− cos 2t − sin 2t 0
sin 2t 1− cos 2t 0

0 0 t

 u′(0),

and choosing u′(0) orthogonal to ∂x3 , we see that the first vanishing point is a = π.
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If a is not actually a monoconjugate location, then there must be a sequence of
monoconjugate locations descending to a. As a result, the seemingly pathological
behavior described for uniform rotation of a solid torus in [EMP] is actually quite
typical on Dµ(M3).

Theorem 3.1 is easiest to apply if X = Xo is a steady solution of the Euler equation,
with a fixed point x.

Theorem 3.4. Suppose X is a steady solution of the Euler equation P (∇XX) = 0 on
a 3-manifold M , and x is a fixed point of X in the interior of M . Then there is an

oriented orthonormal basis {e1, e2, e3} such that in this basis, Def X(x) =
(

2λ 0 0
0 −2λ 0
0 0 0

)
and curl X(x) = ωoe3, with ωo > 0. The equation (3.38) has a nontrivial solution
vanishing at t = 0 and some t = a > 0 if and only if |λ| < ωo.

Proof. Obviously if curl X(x) = 0, the solution of equation (3.38) with u(0) = 0 is

u(t) =

(∫ t

0

Λ(τ, x)−1 dτ

)
u′(0),

which vanishes only at t = 0, since the solution operator is positive-definite. Thus we
know curl X(x) 6= 0 is a necessary condition to obtain a solution.

Since X is assumed to be a steady solution of the Euler equation, we know by
(2.18) that [X, curl X] = 0 everywhere, and in particular at x. Thus ∇curl X(x)X =
∇X(x) curl X = 0 since X(x) = 0. Now for any Y ∈ T (x)M , we can write ∇Y X =
1
2

Def X(x)(Y ) + 1
2

curl X(x)× Y . Therefore we know that

0 = ∇curl X(x)X =
1

2
Def X(x)(curl X(x)).

Thus curl X(x) is an eigenvector of the self-adjoint operator Def X(x) with eigenvalue
0.

Since div X = 0, Def X(x) must have trace zero, and thus the other two real eigen-
values add to 0. So in an oriented, orthonormal basis of eigenvectors {e1, e2, e3} such
that curl X(x) = ωoe3, we can write

Def X(x) =

2λ 0 0
0 −2λ 0
0 0 0

 ,

where λ is some real number.
Since x is a fixed point, the metric pullback Λ(t, x) is given by Λ(t, x) = et Def X(x),

and thus equation (3.38) takes the form

(3.39)
d

dt

e2λt 0 0
0 e−2λt 0
0 0 1

 du

dt

 + ωo

0 −1 0
1 0 0
0 0 0

 du

dt
= 0.

Differentiating once and performing some algebra, we can obtain constant-coefficient
equations for the components of u, and thus without much difficulty we can obtain the
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general solution with u(0) = 0 in the form u(t) = Φ(t)u′(0), with the solution operator
Φ(t) given by

(3.40) Φ(t) =
1

ωo

 ωoe
λtSµ(t) 1− eλtCµ(t) + λeλtSµ(t) 0

e−λtCµ(t) + λe−λtSµ(t)− 1 ωoe
−λtSµ(t) 0

0 0 ωot


where µ = ω2

o −λ2 and the functions Sµ(t) and Cµ(t) represent the solutions of f ′′(t) =
−µf(t) with initial conditions

Sµ(0) = 0, S ′
µ(0) = 1, Cµ(0) = 1, C ′

µ(0) = 0.

We will have u(a) = 0 for some a > 0 and some initial condition u′(0) if and only if
the determinant of the matrix appearing in (3.40) vanishes at t = a. Since the functions
Sµ and Cµ satisfy the identity C2

µ(t) + µS2
µ(t) = 1, we can compute the determinant of

this matrix as

det Φ(t) =
2t

ω2
o

[
1− cosh λtCµ(t) + λ sinh λt Sµ(t)

]
.

We now consider two cases. First, if µ ≤ 0, then the derivative of the term inside
the square brackets (using Sµ

′(t) = Cµ(t) and Cµ
′(t) = −µSµ(t)) is

(3.41)
d

dt

[
ω2

o

2t
det Φ(t)

]
= ω2

o cosh λt Sµ(t).

Now if µ < 0 then Sµ(t) = 1√
|µ|

sinh
√
|µ|t, and if µ = 0 then Sµ(t) = t. Either

way, the function on the right side of (3.41) is always positive for t > 0, which means

that ω2
o

2t
det Φ(t) is strictly increasing for t > 0, and thus that det Φ(t) is also strictly

increasing. Thus it starts at zero and is positive for all t > 0.
The other case is when µ > 0. In this case, Sµ(t) = 1√

µ
sin

√
µt and Cµ(t) = cos

√
µt.

If λ = 0 then we clearly have det Φ(t) = 0 at t = 2π/ωo. If λ 6= 0, then we can write

det Φ(t) =
t

ω2
o

[
2− ωo√

µ
e|λ|t cos (

√
µt + φ)− ωo√

µ
e−|λ|t cos (

√
µt− φ)

]
,

where φ = arctan (|λ|/√µ). For t sufficiently large, the middle term in brackets will
take on arbitrarily large positive and negative values, while the term on the right can
be made arbitrarily small. Thus the sum must be equal to −2 for some t = a, which
will make det Φ(a) = 0, as desired. Thus there will be some choice of u′(0) that makes
u(a) = 0. �

Remark 3.5. By formula (2.16), we have

∆p(x) + Ric(X(x)) = −2λ2 +
1

2
ω2.

Thus if ∆p + Ric(X) ≥ 0 at the fixed point x, we will have |λ| ≤ 1
2
|ω|, so that the

hypothesis of Theorem 3.1 is automatically satisfied. The nonnegativity requirement
for the pressure Laplacian is a theme that will recur in Section 4. This theorem shows
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that something akin to a nonnegativity requirement is necessary to obtain conjugate
points.

We have a natural converse to Theorem 3.1, which works for any dimension n ≥ 2.

Proposition 3.6. Let M be any manifold with dimension n ≥ 2, possibly with bound-
ary. Suppose η(t) is a geodesic in Dµ(M) with η(0) = id, and let X be the Eulerian

velocity field defined by X = ∂η
∂t
◦ η−1.

If there is a Jacobi field along η vanishing at t = 0 and t = a > 0, then for some x
in the interior of M , there is a solution u(t) of the ordinary differential equation

(3.42)
d

dt

(
Λ(t, x)

du

dt
+

(
ıu(t)dX[

o(x)
)]

)
= 0

with u(0) = u(a) = 0.

Proof. Let U(t) be the left translation of the Jacobi field vanishing at t = 0 and t = a.
Then the index form I[0,a](U,U) vanishes:∫ a

0

〈〈Λ(t)Ut(t), Ut(t)〉〉+ 〈〈
(
ıU(t)dX[

o

)]
, Ut(t)〉〉 dt = 0.

Thus, interchanging the order of integration, we know that∫
M

∫ a

0

〈Λ(t, x)Ut(t, x), Ut(t, x)〉+ 〈
(
ıU(t,x)dX[

o(x)
)]

, Ut(t, x)〉 dt dµ(x) = 0.

As a result, the function

(3.43) ia(x) =

∫ a

0

〈Λ(t, x)Ut(t, x), Ut(t, x)〉+ 〈
(
ıU(t,x)dX[

o(x)
)]

, Ut(t, x)〉 dt

must vanish for some x in the interior of M .
Now ia(x) is the index form of the self-adjoint system (3.42), and since the matrix

Λ(t, x) is always positive-definite, we can apply the Morse index theorem for systems
to conclude that if ia(x) = 0, then the vector u(t) = U(t, x) must satisfy (3.42). See
Reid [Re], Theorem V.8.1. �

We have an easy corollary that guarantees the nonexistence of monoconjugate points
along certain flows.

Corollary 3.7. Let M be a manifold of dimension at least two. If X is a harmonic
vector field on M , i.e., one satisfying div X ≡ 0 and dX[ ≡ 0, with X tangent to the
boundary of M (if any), then X is a steady solution of the ideal Euler equation, and
the corresponding geodesic in Dµ(M) has no monoconjugate pairs.

Proof. X is a steady Euler flow by equation (2.20). Since dX[ ≡ 0, we know the
function ia(x) defined by (3.43) is positive-definite on M . So there cannot be any
solution of (3.42) vanishing at two times. �
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Remark 3.8. We conjecture the following property of the first conjugate point η(a) (if
any) along a geodesic in Dµ(M3). Either η(a) is epiconjugate and not monoconjugate
to η(0), with a decreasing sequence of monoconjugate points converging to η(a); or
η(a) is a monoconjugate point of infinite order. Either type implies a rather drastic
failure of Fredholmness already at the first conjugate point. We will not try to prove
this here, since our main concern is applying the conjugate point theorems above to
the blowup problem; however we suspect the proof is not difficult.

4. Blowup

The celebrated paper of Beale, Kato, and Majda [BKM] showed that if a C∞ solution
of the 3-D Euler equation (2.14) fails to exist at a time T , then the following equation
must be satisfied:

(4.44)

∫ T

0

sup
x∈M

|curl X(t, x)| dt = ∞.

It is generally believed, and has been observed in numerical simulations, that this
blowup condition in fact occurs along a particular path, i.e., that for some x in the
interior of M , we have

(4.45)

∫ T

0

|curl X
(
t, η(t, x)

)
| dt = ∞.

We will assume this stronger form of the Beale-Kato-Majda criterion, which to the
author’s knowledge has not yet been proven.

For the purpose of the next conjecture, we recall the definition of oscillatory differ-
ential equations from Swanson [Sw].

Definition 4.1. A differential equation for a scalar function g(s) of the form

g′′(s) + c(s)g(s) = 0,

with c(s) some given function, is called oscillatory on (0,∞) if one (and hence every)
solution g(s) has infinitely many zeroes on (0,∞).

We pose the following conjecture. Its motivation will become clear in Theorem 4.3.

Conjecture 4.2 (Weak Conjugate Conjecture). Suppose η is a geodesic in Dµ(M3)
which exists on a time interval [0, T ). Let X(t) be the velocity field, and let ω(t) =
curl X(t) be the vorticity field. Suppose that for some point x in the interior of M , we
have the Beale-Kato-Majda blowup condition (4.45).

Define a time-dependent function by

(4.46) Ψ(t) = −1

4

( |ω ×Def X(ω)|
|ω|3

)2

+
1

2

∆p + Ric(X)

|ω|2
+

3

4

( 1

|ω|2
d|ω|
dt

)2

,

where all quantities are evaluated at time t and position η(t, x). Let s = h(t) ≡∫ t

0
|ω(τ, x)| dτ . By (4.45), h maps [0, T ) bijectively to [0,∞).
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The conjecture is that the ordinary differential equation

(4.47) g′′(s) + Ψ
(
h−1(s)

)
g(s) = 0

is oscillatory on (0,∞),

Theorem 4.3. Suppose η is a geodesic in Dµ(M3) which exists on a time interval
[0, T ). Let X(t) be the velocity field, and let ω(t) = curl X(t) be the vorticity field.
Suppose that for some point x in the interior of M , we have the Beale-Kato-Majda
blowup condition (4.45).

If the Weak Conjugate Conjecture 4.2 holds, then for every to ∈ (0, T ) there is a
time t1 ∈ (to, T ) such that η(t1) is monoconjugate to η(to) along η.

Proof. By Theorem 3.1 and Proposition 2.6, it is sufficient to show that there is a
vector field y(t) along η(t, x) vanishing at times to and some t2 > to, such that the
index form is negative:

(4.48) i[to,t2](y, y) =

∫ t2

to

〈
Dy

dt
,
Dy

dt

〉
−

〈
∇y∇p + R(y, η̇)η̇, y

〉
dt < 0.

Then our desired t1 will lie in (to, t2).
Our method will be to imitate the technique of the Bonnet-Myers theorem. This

technique yields a quite different result here, since we are dealing with perturbations
of the Newton equation D

dt
dη
dt

= −∇p ◦ η rather than the geodesic equation D
dt

dη
dt

= 0.
One reason for the difference is that in the Riemannian case, the tangent vector is a
solution of the Jacobi equation. In the Newtonian case, this is not true; however the
vector field ω = curl X is a solution of the Jacobi equation by Proposition 2.4.

So define a unit vector field e3 along the curve t 7→ η(t, x) by the formula e3(t) =
ω
(
t, η(t, x)

)
/|ω

(
t, η(t, x)

)
|. Choose e1(to) and e2(to) such that {e1(to), e2(to), e3(to)}

forms an oriented, orthonormal basis of Tη(to,x)M . Then define e1(t) and e2(t) in general
to be the solutions of the equations

(4.49)
De1

dt
= −

〈
e1(t),

De3

dt

〉
e3(t) and

De2

dt
= −

〈
e2(t),

De3

dt

〉
e3(t).

Then we will automatically have

d

dt
〈e1, e2〉 =

d

dt
〈e1, e3〉 =

d

dt
〈e2, e3〉 = 0.

Thus we get a natural orthonormal basis for each Tη(t,x)M , with one of the vectors

always parallel to ω
(
t, η(t, x)

)
.

For some number t2 ∈ (to, T ) to be specified later, consider the space of smooth
functions f(t) vanishing outside [to, t2]. Define vector fields y1(t) = f(t)e1(t) and
y2(t) = f(t)e2(t). Using equations (4.49), we can compute that for j = 1, 2,〈

Dyj

dt
,
Dyj

dt

〉
=

(df

dt

)2

+ f(t)2
〈
ej(t),

De3

dt

〉2

.



20 STEPHEN C. PRESTON

Now let i = 1
2

(
i[to,t2](y1, y1) + i[to,t2](y2, y2)

)
. We find

(4.50) i =

∫ t2

to

(df

dt

)2

+
1

2
f 2

(〈
e1,

De3

dt

〉2

+
〈
e2,

De3

dt

〉2
)

− 1

2
f 2

(
〈∇e1∇p + R(e1, η̇)η̇, e1〉+ 〈∇e2∇p + R(e2, η̇)η̇, e2〉

)
dt.

The second term in (4.50) is simply

(4.51)
〈
e1,

De3

dt

〉2

+
〈
e2,

De3

dt

〉2

=
〈De3

dt
,
De3

dt

〉
.

The term on the second line of (4.50) can be rewritten using

〈∇e1∇p + R(e1, η̇)η̇, e1〉+ 〈∇e2∇p + R(e2, η̇)η̇, e2〉 −
(
∆p + Ric(X)

)
◦η

= −〈∇e3∇p + R(e3, η̇)η̇, e3〉 = − 1

|ω|
〈∇ω∇p + R(ω, η̇)η̇, e3〉 =

1

|ω|

〈
D2ω

dt2
, e3

〉
,

using the fact that ω is a solution of the Jacobi equation, by Proposition 2.4.
Next we compute〈D2ω

dt2
, e3

〉
=

d2|ω|
dt2

+ 2
d|ω|
dt

〈De3

dt
, e3

〉
+ |ω|

〈D2e3

dt2
, e3

〉
=

d2|ω|
dt2

− |ω|
〈De3

dt
,
De3

dt

〉
.

Inserting this expression into the expression above, we obtain the formula

(4.52) 〈∇e1∇p + R(e1, η̇)η̇, e1〉+ 〈∇e2∇p + R(e2, η̇)η̇, e2〉

=
(
∆p + Ric(X)

)
◦η +

1

|ω|
d2|ω|
dt2

−
〈De3

dt
,
De3

dt

〉
.

We then observe that since
Dω

dt
= ∇ωX =

1

2
Def X(ω) +

1

2
ω × ω =

1

2
Def X(ω),

and
1

|ω|
d|ω|
dt

=
1

|ω|2
〈Dω

dt
, ω〉 =

1

2
〈Def X(e3), e3〉,

we can compute

(4.53)
∣∣∣De3

dt

∣∣∣2 =
∣∣∣ 1

|ω|
Dω

dt
− 1

|ω|
d|ω|
dt

e3

∣∣∣2 =
1

4

∣∣ Def X(e3)− 〈Def X(e3), e3〉e3

∣∣2
=

1

4

(
〈Def X(e3), Def X(e3)〉 − 〈Def X(e3), e3〉2

)
=

1

4

∣∣e3 ×Def X(e3)
∣∣2.

Finally, substituting (4.51), (4.52), and (4.53) into (4.50), we obtain

(4.54)

i =

∫ t2

to

(df

dt

)2

+ f 2
(1

4

∣∣e3 × Def X(e3)
∣∣2 − 1

2

(
∆p + Ric(X)

)
◦η − 1

2|ω|
d2|ω|
dt2

)
dt.
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To finish the proof, we now define a new function g by g = |ω|1/2f . Then∫ t2

to

(df

dt

)2

dt =

∫ t2

to

1

|ω|

(dg

dt

)2

− 1

|ω|2
d|ω|
dt

g
dg

dt
+

1

4|ω|3
(d|ω|

dt

)2

g2 dt

=

∫ t2

to

1

|ω|

(dg

dt

)2

+

(
1

2|ω|2
d2|ω|
dt2

− 3

4|ω|3
(d|ω|

dt

)2
)

g2 dt

(4.55)

after integrating the middle term by parts.
Inserting (4.55) into (4.54), we simplify i to

i =

∫ t2

to

1

|ω|

(dg

dt

)2

+
( 1

4|ω|
∣∣e3 ×Def X(e3)

∣∣2 − 3

4|ω|3
(d|ω|

dt

)2

− ∆p + Ric(X)

2|ω|

)
g2 dt

=

∫ t2

to

1

|ω(t)|

(dg

dt

)2

− |ω(t)|Ψ(t)g(t)2 dt.

(4.56)

Finally, changing variables to s = h(t) yields

(4.57) i =

∫ h(t2)

h(to)

(dg

ds

)2

−Ψ
(
h−1(s)

)
g(s)2 ds.

This expression can be made negative for some g and some t2 if and only if the equation
(4.47) is oscillatory, by standard index theory for second-order equations.

Therefore, if equation (4.47) is oscillatory, we can make i negative for some choice
of f , and therefore at least one of i[to,t2](y1, y1) or i[to,t2](y2, y2) must be negative. This
completes the proof. �

Very little is known about fluids near a critical time. Aside from conditions similar
to the Beale-Kato-Majda condition (4.45), the only rigorous information about blowup
of the Euler equation is the condition of Constantin, Fefferman, and Majda [CFM],
which is a constraint on the spatial variation of the vorticity in a neighborhood of x
rather than on the various quantities at x. It is not clear whether the Constantin-
Fefferman-Majda condition tells us anything about the function Ψ(t) in (4.46).

Nonetheless we can describe some simple conditions on Ψ(t) which will ensure that
equation (4.47) is oscillatory. There are a wide variety of conditions we might consider;
many are described in Swanson [Sw]. But the simplest one by far is the following:

Proposition 4.4. If lim inf
t→T

Ψ(t) > 0, then equation (4.47) is oscillatory.

Now consider the following possible geometric features of a solution X that satisfies
the Beale-Kato-Majda criterion (4.45) at a point x ∈ M .

Conjecture 4.5 (Strong Conjugate Conjecture). We conjecture that if the Beale-
Kato-Majda criterion (4.45) is satisfied for some x in the interior of M3 and some time
T , then in addition the following conditions will also be satisfied (in what follows, all
quantities are evaluated at time t and position η(t, x)).
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(I) lim inf
t→T

∆p + Ric(X)

|ω|2
≥ 0.

(II) lim
t→T

|ω ×Def X(ω)|
|ω|3

= 0.

(III) lim inf
t→T

1

|ω|2
d|ω|
dt

> 0.

Clearly the Strong Conjugate Conjecture implies the Weak Conjugate Conjecture.
Numerical computations of solutions of the Euler equations which appear to exhibit
the Beale-Kato-Majda blowup condition also appear to satisfy the Strong Conjugate
Conjecture.

Condition (I) is actually a local condition, by formula (2.16) for the pressure in terms
of the deformation tensor and curl. So it is equivalent to saying that the vorticity grows
faster than the strain rates. Condition (I) is generally believed to hold, according to
Ohkitani and Kishiba [OK]. It is also believed that the term ∆p + Ric(X) is much
smaller in magnitude than |ω|2.

Condition (II) essentially states that the vorticity aligns with an eigenvector of the
strain tensor. If condition (I) holds, then the size of the stress tensor satisfies

‖Def X‖ =
√

Tr(Def X)2 ≤
√

2|ω|,
and thus

lim
t→T

|ω ×Def X(ω)|
|ω|3

≤ 2 lim
t→T

|e3 ×Def X(e3)|
‖Def X‖

,

so that this is basically a question of whether the normalized matrix Def X/‖Def X‖
has certain off-diagonal components approaching zero. Condition (II) is also believed
to hold, according to numerical experiments of Pumir and Siggia [PS].

Condition (III) is related to the Beale-Kato-Majda criterion, but is not implied

by it. For example, if |ω
(
t, η(t, x)

)
| ∝ 1

1−t/T
ln

(
1

1−t/T

)
, then (4.45) is satisfied but

condition (III) is not. On the other hand it is generally believed that the dependence
of |ω

(
t, η(t, x)

)
| on t is algebraic, so that |ω(t, x)| ∝ (1 − t/T )−γ for some number γ.

We must have γ ≥ 1 for (4.45) to hold. If γ = 1, then the limit in condition (III) is
some positive number, while if γ > 1, the limit is positive infinity. It is widely believed
that γ = 1, according to numerical experiments of Bell and Marcus [BM] and Kerr [K].

If conditions (I)–(III) hold, then we can obtain a stronger nonexistence result.

Theorem 4.6. Suppose η is a geodesic in Dµ(M3) which exists on a time interval
[0, T ). Suppose that for some x ∈ int(M), the Beale-Kato-Majda condition (4.45)
holds. Suppose also that for this T and x, the Weak Conjugate Conjecture is valid.

Then η cannot be extended to any larger interval containing T in any class of gen-
eralized solutions which minimizes the energy integrals∫ b

a

∫
M

〈∂η

∂t
,
∂η

∂t

〉
dµ dt

locally in time.
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Proof. If the Weak Conjugate Conjecture holds, then Theorem 4.3 holds, so that for
any to < T , there is a t1 ∈ (to, T ) such that η is not minimizing on (to, t1). Thus any
extension of η which agrees with η on [0, T ) is not minimizing in any open interval
containing T . �

The original theorem of Beale-Kato-Majda [BKM] ensured that if (4.45) held, there
were no solutions which were global in time and H3 in space. However, it is believed
that there may be weak solutions that are global in time.

For example, Brenier [B1] defined a class of generalized flows which contains as
special cases the paths in Dµ(M), proving that the problem of the shortest path joining
two diffeomorphisms always has a solution. Shnirelman used these flows to answer a
number of questions about the global topology of Dµ(M), showing in particular that
such generalized flows could be approximated by paths in Dµ(M). Thus the question of
whether a generalized flow minimizes energy can be studied using the conjugate point
technique, as above.

Later, Brenier [B2] related such generalized flows to the weak solutions of the Euler
equation constructed by DiPerna and Majda [DM]. Since the DiPerna-Majda class
is believed to be the appropriate one in which to construct weak global solutions of
the Euler equations, it is reasonable to expect that any weak solution of the Euler
equations should minimize energy, locally in time.

Therefore, if one could prove the stronger form of the Beale-Kato-Majda criterion
(4.45) and either the Weak Conjugate Conjecture 4.2 or the Strong Conjugate Conjec-
ture 4.5, and in addition one could show global existence in a class of solutions satisfying
local minimization of energy, then Theorem 4.6 would imply global C∞ existence of
solutions to the 3-D Euler equations.
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