
Solutions to Final Exam, Math 114, Fall 2002

Question 1 Find the point at which the tangent line to the curve

x = 3t2 − t y = 2t+ t3

at t = 1 intersects the line y = 2− x.

(A)

(
4

5
,
6

5

)
(B)

(
1

2
,
3

2

)
(C) does not exist

(D) (1, 1) (E)

(
2

3
,
4

3

)
(F)

(
3

4
,
5

4

)

Answer 1 At t = 1, the point on the curve is (x0, y0) = (2, 3). The slope of the tangent
line is

m =
dy

dx
=
y′(t)

x′(t)

Since x′(t) = 6t− 1 and y′(t) = 2 + 3t2, we have x′(1) = 5 and y′(1) = 5, so that m = 5
5

= 1.
Thus the tangent line is y− 3 = 1(x− 2) or y = x+ 1. The intersection between this line

and the line y = 2− x is at the point
(

1
2
, 3

2

)
. So the correct answer is (B).

Question 2 Find the length of the curve r = cos (θ)− sin (θ), 0 ≤ θ ≤ π

4
.

(A)
π

2
(B) 1 (C)

1√
2

(D)
π

2
√

2
(E)

1

4
(F) 2

Answer 2 The length of a curve given in polar coordinates is

L =

∫ β

α

√
r2(θ) +

(
dr

dθ

)2

dθ

In this case we have dr
dθ

= − sin θ − cos θ so that

r2(θ) +

(
dr

dθ

)2

= cos2 θ − 2 cos θ sin θ + sin2 θ + sin2 θ + 2 sin θ cos θ + cos2 θ = 2

So the integral is

L =

∫ π/4

0

√
2 dθ =

π
√

2

4

Thus the correct answer is (D).
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Question 3 Which of the sets described by the cylindrical coordinate inequalities are
unbounded? (Assume r is always positive.)

(I) r < 1, z < 1

(II) r + z2 < 1

(III) z + r2 < 1

(A) (I) only (B) (II) only (C) (III) only

(D) (I) and (II) (E) (I) and (III) (F) (II) and (III)

Answer 3 We work case by case.
The first set describes the bottom portion of a cylinder. r is bounded by 1, but z is free

to go out to −∞. So set (I) is unbounded.
For the second set, the inequality r + z2 < 1 implies that z2 < 1, so that |z| < 1. Also it

implies that r < 1, so that r is bounded as well. Thus set (II) is bounded.
The third set is unbounded, since again z is free to go out to −∞ if r = 0.
Thus the unbounded sets are (I) and (III), and so the correct answer is (E).

Question 4 Evaluate the double integral∫ 1

0

∫ 1

x

√
2 + y2 dy dx.

(A)
2

3
(B)
√

3− 2

3

√
2 (C)

4

3
+
√

2

(D) 0 (E)
1

3
(F) none of the above

Answer 4 The integral is possible as written, though it is rather difficult (requiring a
trigonometric substitution). It is much easier to change the order of integration first.

The region described is bounded above by y = 1 and below by y = x, between the limits
x = 0 and x = 1. We can also think of this triangular region as being bounded on the left
by x = 0 and on the right by x = y, between the limits y = 0 and y = 1. Then the integral
becomes

∫ 1

0

∫ 1

x

√
2 + y2 dy dx =

∫ 1

0

∫ y

0

√
2 + y2 dx dy =

∫ 1

0

x
∣∣∣y
0

√
2 + y2 dy

=

∫ 1

0

y
√

2 + y2 dy =
1

3
(2 + y2)3/2

∣∣∣1
0

=
1

3
(3
√

3− 2
√

2) =
√

3−
2

3

√
2

So the correct answer is (B).
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Question 5 Which of these functions could be the general solution of a linear homoge-
neous second-order differential equation with constant coefficients?

(I) y(x) = C1e
C2x

(II) y(x) = C1 sin x+ C2

(III) y(x) = C1xe
x + C2xe

2x

(A) (I) only (B) (II) only (C) (III) only

(D) (II) and (III) (E) all of them (F) none of them

Answer 5 The general solution of a homogeneous second-order equation is always of
the form

y(x) = C1y1(x) + C2y2(x)

so (I) cannot be correct.
(II) cannot be correct since if sin x were a solution of the equation, then cos x would also

be a solution of the equation, since then the roots of the characteristic equation would be
r = ±i.

(III) cannot be correct since xex would appear only if r = 1 were a double root of the
characteristic equation, in which case ex would appear as well.

So the correct answer is “none of them,” (F).

Question 6 Let z be a complex number satisfying

1

z
=

2 + i

1− i
.

What is Im(z)?

(A)
√

2 (B)
√

5 (C) 2i

(D) −3
5

(E) 1
5
i (F) 2

5

Answer 6 Taking reciprocals, we have

z =
1− i
2 + i

Now we eliminate the complex number in the denominator by conjugating:

z =
1− i
2 + i

2− i
2− i

=
2− 2i− i+ i2

4− 2i+ 2i+ 1
=

1− 3i

5

So Im(z), the imaginary part of z, is −3
5
. Thus the correct answer is (D).
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Question 7 Compute ∫ 1

−1

∫ √1−x2

0

sin
(
π[x2 + y2]

)
dy dx

using polar coordinates.

(A) 0 (B) π
2

(C) π

(D) 1 (E) π
√

2 (F) 2π

Answer 7 The region is described by the inequalities −1 ≤ x ≤ 1 and 0 ≤ y ≤
√

1− x2.
This represents the top half of a circle. We can thus write it in polar coordinates as 0 ≤ r ≤ 1
and 0 ≤ θ ≤ π.

The area element dy dx becomes r dr dθ, and so the new integral is∫ 1

−1

∫ √1−x2

0

sin
(
π[x2 + y2]

)
dy dx =

∫ π

0

∫ 1

0

sin (πr2)r dr dθ

=

∫ π

0

− 1

2π
cos (πr2)

∣∣∣1
0
dθ

=

∫ π

0

1

π
dθ

= 1

So the correct answer is (D).

Question 8 Identify the functions which satisfy

∂f

∂x
=
∂f

∂y

(I) f(x, y) = sinx cos y + sin y cosx

(II) f(x, y) = y lnx+ x ln y

(III) f(x, y) = exy

(A) (I) only (B) (II) only (C) (III) only

(D) (I) and (II) (E) (I) and (III) (F) (II) and (III)

Answer 8 We simply compute the partial derivatives of each function. For (I), we have
fx = cos x cos y − sin y sin x and fy = − sin x sin y + cos y cosx, so fx = fy in this case.

For (II), we have fx = y/x+ ln y and fy = ln x+ x/y, so fx 6= fy.
For (III), we have fx = yexy and fy = xexy, so fx 6= fy.
Thus the answer is (I) only, choice (A).
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Question 9 Where does the normal line to the surface x2 + 2y + 2z = 3 at the point
(−1, 0, 1) intersect the xy-plane?

(A) (1, 1, 0) (B) (1,−1, 0) (C) (0, 1, 0)

(D) (0,−1, 0) (E) (−1, 1, 0) (F) (−1,−1, 0)

Answer 9 The normal line through the point is found by first computing the gradient
vector, since the gradient is normal to the surface. For the function f(x, y, z) = x2 +2y+2z,
the gradient is

∇f = 2x ı̂ + 2 ̂ + 2 k̂

At (−1, 0, 1), ∇f = −2̂ı + 2̂ + 2k̂. So the line through the point (−1, 0, 1) parallel to ∇f is

x = −1− 2t, y = 0 + 2t, z = 1 + 2t

This line intersects the xy-plane when z = 0, i.e. when t = −1
2
. When t = −1

2
, x = 0

and y = −1. So the correct answer is (0,−1, 0), choice (D).

Question 10 If z = ex cos y and x = ln 2 with an error of 0.1, and y = π with an error
of 0.2, what is the maximum error in z?

(A) 0 (B) 0.1 (C) 0.2

(D) 0.3 (E) 0.4 (F) 0.5

Answer 10 The linearization formula gives

∆z ≈ ∂z

∂x
∆x+

∂z

∂y
∆y

Since zx = ex cos y and zy = −ex sin y, at x = ln 2 and y = π we have zx = −2 and zy = 0.
So

|∆z| ≈ |−2 ∆x|+ |0 ∆y| = 0.2

So the correct answer is (C).

Question 11 Find the volume under the plane z = 1 − x − y, above the plane z = 0,
and enclosed by the region x ≥ 0, y ≥ 0, x+ y ≤ 1.

(A) 1
6

(B) 1
5

(C) 1
4

(D) 1
3

(E) 1
2

(F) 1

Answer 11 The region of integration in the plane is given by 0 ≤ y ≤ 1−x with bounds
x = 0 and x = 1. The volume is the double integral:
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V =

∫∫
R

(1− x− y) dA =

∫ 1

0

∫ 1−x

0

(1− x− y) dy dx

=

∫ 1

0

(
(1− x)y − 1

2
y2
)∣∣∣y=1−x

y=0
dx =

∫ 1

0

1

2
(1− x)2 dx = −1

6
(1− x)3

∣∣∣1
0

=
1

6

So the correct answer is (A).

Question 12 Let S be the surface given in cylindrical coordinates by the equation
z = 1 + r2. The intersection of S with the plane 3y − πx = 0 is

(A) empty (B) a hyperbola (C) a pair of lines

(D) a point (E) a parabola (F) a circle

Answer 12 Writing S in rectangular coordinates, we get z = 1 + x2 + y2, which is
obviously a paraboloid opening along the z-axis, shifted up one unit. The plane 3y−πx = 0
gives a vertical slice through the paraboloid (passing through the vertex), resulting in the
graph of a parabola. So the answer is (E).

Question 13 Find the absolute maximum of f(x, y) = 9x2y on the triangle bounded
by the x-axis, the y-axis, and the line x+ y = 1.

(A) 0 (B) 9 (C) 3

(D) 4
3

(E) 3 (F) 9
2

Answer 13 The function’s critical points occur where fx = 18xy = 0 and fy = 9x2 = 0
simultaneously; that is, whenever x = 0. So f has critical points along the entire y-axis, but
here f(0, y) = 0. Also on the x-axis, f(x, 0) = 0.

Since there are no critical points in the interior of the triangle, the maximum must occur
on the boundary. And since it does not occur on either of the axes—f is positive in the first
quadrant but vanishes on the axes—it must occur on the line x+ y = 1.

We could use a Lagrange multiplier, but it’s easier just to substitute y = 1− x into the
equation for f , to obtain

f(x, 1− x) = 9x2(1− x)

We maximize this by taking the derivative with respect to x and setting it equal to zero.

d

dx
f(x, 1− x) = 18x− 27x2 = 0

implies that x = 0 or that x = 2
3
. We’ve already eliminated x = 0, so x = 2

3
is the only

remaining possibility.
Since f

(
2
3
, 1

3

)
= 4

3
, this must be the maximum and (D) is the answer.
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Question 14 A function y(x) satisfies the initial value problem

xy′ + y = 2x2, y(2) =
1

6

Find y(1).

(A)
1

6
(B) −13

3
(C) 0

(D) 1 (E) −5 (F) 11

Answer 14 The easiest way to solve this is to notice that the left-hand side is already
written as the derivative of a product, so we don’t even need to find an integrating factor.
We just write

d

dx

(
xy(x)

)
= 2x2

xy(x) =

∫
2x2 dx

xy(x) =
2

3
x3 + C

y(x) =
2

3
x2 +

C

x

Now we find C using the initial condition y(2) = 1
6
, and we obtain C

2
= 1

6
− 16

6
= −5

2
so

C = −5. Thus

y(x) =
2

3
x2 − 5

x

So at x = 1, y(1) = 2
3
− 5 = −13

3
. So the correct choice is (B).

Question 15 Match the polar coordinate equations to their graphs, for 0 ≤ θ ≤ 2π,
r ≥ 0. (Hint:it is easier to use the polar equations directly than to convert to Cartesian
equations.) Enter your answers in the table below. Give a reason for each choice.

Equations:

(i) r = sin2 (θ/2) (ii) r = sin (3θ) (iii) r = sin2 (θ) (iv) r = sin2 (2θ)

Graphs:

(a)

–1

1

–1 1

(b)

–1

1

–1 1

(c)

–1

1

–1 1

(d)

–1

1

–1 1
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Answers:

Graphs (a) (b) (c) (d)
Equations (i) (iii) (ii) (iv)

Answer 15 We can distinguish the graphs just by plugging in the cardinal values of θ:
0, π

2
, π, and 3π

2
.

Equation (i) gives r = 0 at θ = 0, r = 1
2

at θ = π
2
, r = 1 at θ = π, and r = 1

2
at θ = 3π

2
.

So it must correspond to the graph (a).
Equation (ii) gives r = 0 at θ = 0, r = −1 at θ = π

2
(which is undefined in the problem

since we assume r ≥ 0), r = 0 at θ = π, and r = 1 at θ = 3π
2

. So it must be the three-petaled
flower in graph (c).

Equation (iii) gives r = 0 at θ = 0, r = 1 at θ = π
2
, r = 0 at θ = π, and r = 1 at θ = 3π

2
.

So it must be the two ovals in graph (a).
Equation (iv) gives r = 0 at any of the cardinal values of θ, so it must correspond to the

four-petaled flower in graph (d).

Question 16 True or false. Explain your reasoning.

(a) If |~a×~b| = 3, then |(~a+~b)× (~a−~b)| = 6.

(b) If ı̂× ~a = ~0 and ı̂ · ~a = −1, then |~a| = 1.

Answer 16

(a) Since ~a× ~a = 0 and ~b×~b = 0, the cross product can be simplified by distributing:

(~a+~b)× (~a−~b) = −~a×~b+~b× ~a = −2~a×~b

Therefore
|(~a+~b)× (~a−~b)| = |−2~a×~b| = 2|~a×~b| = 6

Thus the statement is true.

(b) We know that ~a is parallel to ı̂ since their cross product is zero. Thus ~a = r ı̂ for some
scalar r. Since ~a · ı̂ = −1, we must have r = −1. Thus

|~a| = |−̂ı| = 1.

So this statement is also true.

Question 17 Show that

lim
(x,y)→(0,0)

sin (x)− sin (y)

x+ y

does not exist.
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Answer 17 The easiest way to show the limit of the function does not exist is to find
two separate paths approaching the origin, such that the function approaches two different
values along these paths.

First let’s try approaching on the y-axis, so that x = 0 and y 6= 0. Then we have

lim
y→0

sin 0− sin y

0 + y
= −1

Now if we approach along the x-axis, so that y = 0 and x 6= 0, then we have

lim
x→0

sin x− sin 0

x+ 0
= 1

Since the function has two different limits along the two different paths, the limit does
not exist.

Question 18 Let f(x, y, z) be a function which at the point (1, 0, 1) increases most

rapidly in the direction of the vector ı̂ + ̂ + k̂, with a rate of increase 2. Find the directional
derivative of f starting at the point (1, 0, 1) and going in the direction parallel to the vector

ı̂− ̂ + k̂.

Answer 18 To find the directional derivative of f in direction ~u, we use the formula

D~uf = ∇f · ~u

So the first thing to do is to figure out ∇f . Since the gradient is the direction of most
rapid increase, the problem is telling us that ∇f must be parallel to ı̂ + ̂ + k̂; hence

∇f = r(̂ı + ̂ + k̂)

for some scalar r. Also since the rate of increase is 2, we know that |∇f | = 2. Therefore we
have

2 = |∇f | = r|̂ı + ̂ + k̂| = r
√

12 + 12 + 12 = r
√

3

So r = 2√
3

and hence

∇f =
2√
3

(̂ı + ̂ + k̂)

The other thing to do is to find the vector ~u. Directional derivatives are always computed
along unit vectors, so we need to find a unit vector in the same direction as ı̂− ̂ + k̂. This is

~u =
1

|̂ı− ̂ + k̂|
(̂ı− ̂ + k̂) =

1√
3

(̂ı− ̂ + k̂)

So we have

D~uf = ∇f · ~u

=
2√
3

1√
3

(̂ı + ̂ + k̂) · (̂ı− ̂ + k̂)

=
2

3
(1 · 1− 1 · 1 + 1 · 1)

=
2

3
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Question 19 Show that ρ(x) = x is an integrating factor of

(3x+ 2y2) dx+ 2xy dy = 0

and then solve the equation using the integrating factor.

Answer 19 The equation is not exact as written, since

∂

∂y
(3x+ 2y2) = 4y 6= 2y =

∂

∂x
(2xy).

However if we multiply through by x, we get

(3x2 + 2xy2) dx+ 2x2y dy = 0,

which is exact since
∂

∂y
(3x2 + 2xy2) = 4xy = 4xy =

∂

∂x
(2x2y).

So we seek a function f(x, y) such that

∂f

∂x
= 3x2 + 2xy2

and
∂f

∂y
= 2x2y

The first of these equations can be integrated with respect to x to obtain

f(x, y) = x3 + x2y2 + k(y)

for some unknown function k(y). Now if we plug into the second equation, we get

2x2y + k′(y) = 2x2y,

showing that k′(y) = 0 and thus that k(y) is constant.
So the solution is f(x, y) = C, or

x3 + x2y2 = C

Question 20 Find the distance from the point A = (1, 0, 2) to the plane passing through
the point (1,−2, 1) and perpendicular to the line given by the parametric equations x = 7,
y = 1 + 2t, z = t− 3.

Answer 20 The quick way is to use the projection formula, which I won’t.
The long way is to actually find the point on the plane which is closest to A. To do this,

we note that the normal vector to the plane is ~n = 2̂ + k̂. So the equation of the plane is

0(x− 1) + 2(y + 2) + 1(z − 1) = 0

or 2y + z + 3 = 0.
To get the closest point on the plane, we consider the line which is parallel to the normal

vector on the plane and passes through A. This line has equation x = 1, y = 2t, z = 2 + t.
The line intersects the plane 2y + z + 3 = 0 when 4t+ 2 + t+ 3 = 0, or t = −1. This occurs
at the point B = (1,−2, 1).

So the problem is to find the distance from A to B, which is

|
−→
AB| =

√
(1− 1)2 + (0− (−2))2 + (2− 1)2 =

√
5
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