Solutions to Final Exam

Q 1. Each of the matrices below is a row echelon form of the augmented
matrix of a system of linear equations. Determine if each system is consistent
or inconsistent and briefly justify your answer. If the system is consistent,
find the solution.

Answer The system is consistent. The general solution is z, = 3,21 =
—3 — 4dxy, where z3 is arbitrary.
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Answer The system is inconsistent since rank(A) = 2 but rank(A[b) =

3,
102 04
001 2|6

© 1001 5|0
000 16

Answer The system is inconsistent since the matrix reduces to

102 0| 4
0012 6
000 1|-=6/7
0000 1

For this matrix, rank(A) = 3 but rank(A|b) = 4.

Q 2. Solve X' = {_01 g] X+ {_11} e~ " subject to X(0) = [8] Hint:
There is a particular solution of the form X,,(t) = é e’



Answer First we find the particular solution, given the trial form. We
obtain the equation

e[ Y Ll

This yields the two equations —A = 2B + 1 and —B = —A + 3B — 1, which
have solutions A = —1 and B =0. So

Next we find the complementary solution of X’ = [_01 iﬂ X. The char-
acteristic equation of A is \> — 3\ + 2 = 0, with solutions A = 1 and )\ = 2.
For A = 1, the eigenvector is [ﬂ, while for A\ = 2, the eigenvector is {ﬂ :

Therefore the complementary solution is

X.(t) = e m e+ ¢ m ¢,

So the general solution is

X(t)=¢ E} e + e {ﬂ e + [_01} et

The solution with initial condition X(0) = has 2¢; +¢; — 1 =0 and

0
0
c1 4+ ¢ =0, so that ¢; =1 and ¢y = —1. Thus the solution is

o 2 r)t 1 72f _l ) t o 2(’f - ()Zf — € t
X(t) = {1} e’ — L} e + { 0 } e ' = ot o2 .

Q 3.
1 0 1
(a) Show that the vectorsu; = |1|,uy = |1|, and ug = |1| are linearly
1 1 0
independent.

Answer We can either solve the equations a;u; +asus+azus = 0 and
show that ai, as, and ag all have to be zero, or we can simply compute
the determinant of the matrix P formed by the column vectors and
show that it is nonzero:

1 01
11 1]=04+40+1-1-1-0=-1#0.
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(b) Express the vector v = | 2| in the basis {uy, uy, us}.
1
Answer The equation a;u; + asus + azus = v implies the three
equations
a; —+ + a3 = 3
ap + ay + a3 = 2
a; + a9 = 1,

which implies that as = —1, a; = 2, and a3 = 1. Thus

VvV = 21117 — Uy + us.

Q 4. Use Laplace Transforms to solve y” — 4y’ = 6¢e3, y(0) = 1,
y'(0) = —1.

Answer We have L{y(t)} =Y (s), L{y'(t)} = sY(s) —y(0) = sY (s) — 1,
and L{y"(t)} = s*Y(s) — sy(0) — ¢/(0) = s?Y(s) — s + 1. Therefore the

equation is

Y (s) —s+1—4sY(s) +4 = 1
S_

which simplifies to

6 28 21
(82— 4s)Y(s) =5 — 5+ —_ =TS+
S

-3 s—3
50 28 21
§° — 385+
Y(s) = .
(s) s(s —3)(s—4)
Expanding Y'(s) in partial fractions, we have
5?2 —8s+21 A B C
Y = = — _—
(5) s(s —3)(s —4) s+s—3+s—4

s — 85+ 21 = A(s — 3)(s —4) + Bs(s — 4) + Cs(s — 3).

When s =0, we find A = %. When s = 3, we find B = —2. When s =4, we
find C = %. Thus

71 1 5 1
Y(s)=+2_9 o
() 4s 5s—3 * 4s5—4
The inverse transform of —L- is ™, so that
7 . 5
y(t) = 1 2e% + i(f”



Q 5. Use diagonalization to solve the system

1 1

Answer The characteristic equation for A is A2—2 = 0, so the eigenvalues

1
are A\ = +v2. The eigenvectors are K; = {\/— } for v2 and Ky =

2—1
{\/51+ 1} for —v/2. Thus we can write

p=| ﬁ“}.

{\/5—1 1

So the general solution is

=l

ae’?® | _ [ae +e(vE+ 1)
(12(5\/21‘, Cl(ﬂ o 1)0\/21‘, + ('/2(?7@" .

(There are several possible forms of this solution, depending what multi-
ples of the eigenvectors you chose.)

Q 6. Decide if x = 0 is an ordinary point, a regular or an irregular
singularity for the following ODE: (e — 1 — z)y” 4+ xy = 0. Briefly justify
your decision. DO NOT SOLVE THE EQUATION!

Hint: the Maclaurin series for e* is 1 4+ x + IQ—? + g—? + j—? + e

Answer In standard form, the differential equation is

T

y'+ ——y=0.
e —1—uw
The coefficient Q(x) looks like
x T 1
Q) = e —1—x 22/2+23/6+--- x/24+22/6+---

At z = 0, this function is singular. Therefore x = 0 is a singularity.
To determine if it is a regular singularity, we check to see whether z2Q(x)
is analytic at z = 0. We have

x? x

:$/2+x2/6—{—---+1/2—|—x/6~|—---'

2*Q()



The numerator is x and the denominator is a power series which is analytic
and nonzero at « = 0. Since we can (at least theoretically) divide one power
series by a nonzero power series to get another power series, we see that
22Q(x) is analytic at x = 0. So = = 0 is a regular singularity.

Q 7. Use an appropriate power series method about x = 0 to find the
two solutions of the given ODE.

22y +y +y=0.

For each solution, find a recursion relation for the coefficients, and write
the first three terms of the series.

Answer The equation is singular at x = 0, but the singularity is regular,
so we can use the method of Frobenius. Therefore we try a solution of the
form

y(z) = i anz™t.
n=0

We then obtain

y(z) = Z an(n+r)x" = Z ani1(n+r+ 1)
n=0

n=-—1

2zy" (z) = 2x Z an(n+7r)(n+r—1)2"t"? = Z 201 (n+7r+1)(n+7r)z".

n=0 n=-—1

Plugging in, we obtain

2aor(r — 1) + agr + Z |:an+1(n +r+1)2n+2r+1)+ an:| " = 0.
n=0
The indicial equation is thus 2r(r —1)+r = 212 —r = 0, with solutions r = 0
_ 1
and r = 3.
If » =0, we get the recursion relation
1
Apy1 = — , — U,
o (n+1)2n+1)

and the first few terms of the solution with ag = 1 are
1 2
§U1<5f>:] *;1”+6,1,’, NI

If r = 1/2, we get the recursion relation
1
(n+1)(2n+3)

Up+1 = — Uy,
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and the first few terms with ¢y = 1 are

. 1 1 .
() = 2/2 (1 = Zp 4+ — 22400 ) .
Yo(x) = ( 37 + 30° + >

Q 8. Use Green’s Theorem to evaluate 7{ y* dx + 2? dy where C is the
c
triangle bounded by x =0, x +y =1, and y = 0.

Answer There are no singularities, so Green’s Theorem says

jléygdx%—xQdy://R (a%(x?)—%(y?)) dA
://R(Qx—Qy)dA
:/01 /le(2x—2y)dydx

= /0 (Qx(l —x)—(1— x)Q) dx

1

:/ (4 — 1 — 32°) dx
0

=2—-1-1

=0.

Q 9. Use Stokes” Theorem to evaluate ¢ F-drif F = zzi+xyj+3xzk

c
and C' is the boundary of the portion of the plane 2x + y + z = 2 in the first
octant traversed counterclockwise as viewed from above.

Answer Since there are no singularities, Stokes” Theorem says

]{F~dr—//0urlF-nd5.
C S

If the surface is given by z = g(z,y), then

dg. OJg.
=(-—=—i—-=—j+k )
ndS ( 8951 ayj ) dx dy

In this case, z = 2 — 2x — y, so that
ndS = (2i+j+k)dvdy.

6



We compute
i j k
curl F = (% % % =0i-(3z—2)j+yk=(r-32)j+yk

Tz 1Yy B2

The projection of the surface in the xy-plane is the triangle bounded
above by y = 2 — 2z, below by y = 0, and between x = 0 and x = 1. Thus
the surface integral is

]{F-dr://curlF‘ndS
c s
1 p2-2z
:/ / (x+y—3z)dydx
o Jo

1 2-2
:/ / (Tx + 4y — 6) dy dx
o Jo

2—2x

1
—/0 (7xy+2y2—6y)0 dx

1
:/ (14x — 142® 4+ 8 — 162 + 82 — 12 + 127) dw
0

1
_/ (102 — 62* — 4) dx
0

= (5z® — 22° — 4x)‘(1)
=—1.

Q 10. Show that the given integral is path independent, then evaluate
the integral two ways: (a) find a function d¢ = P dx+@Q dy and, (b) integrate
along any convenient path between the given points.

(7/2,0)
/ cosx cosydr + (1 —sinzsiny) dy
(0,0)

Answer To prove it’s path independent, we compute

oP )
— = —coszxsiny = —.
By Y= o
Because the integral is path independent, we can solve the equations
0¢ 0p . .
—— = COS X COSY and — =1 —sinzsiny.
ox dy



We obtain ¢(z.y) = sinx cosy + y. Thus, for part (a), the integral is
(m/2,0)
/ coszcosydr + (1 —sinzsiny) dy = ¢(%,0) — ¢(0,0) = 1.
(0,0)

For part (b), we construct the simplest path, a straight line: x = ¢, y = 0,
from t =0 to t = w/2. Then dz = dt and dy = 0. The integral is

(7/2,0) /2 /2
/ cosxcosydx—i—(l—sinxsiny)dy:/ costdt =sint| = 1.
(070) 0 0

Q 11. Solve 2%y" — Tzy' + 41y = 0.

Answer This is just a Cauchy-Euler equation, and we can find solutions
of the form y = 2". Plugging in v/ = ra" ! and 3’ = r(r — 1)2" 2, we obtain
the characteristic equation

O=r(r—1)—Tr+4l =1 -8 +41 = (r —4)* +25=0.

The solutions are r = 4 + 5. Thus the general solution will be

y = 12" cos (5Inx) + ez’ sin (51n ).

Q 12. Evaluate the surface integral // G(z,y,2)dS if G(z,y,2) =
S
x+vy—+ zand S is the cone z = /22 + y? between z = 1 and z = 4.

Answer We cannot use any shortcuts here, since the surface is not closed.
Thus we compute directly:

2 2
5= 1 (2) 4 (%) aa
€T 2 Y 2 x2+y2
= 14— ) dA =1+ 55 dA = V2dA.
\/+( —x2+y2> +< _x2+y2> d T V2d

The region of integration is the annulus enclosed by the circles r = 1
and r = 4. Thus the integral is most natural in polar coordinates, and the
function to integrate is G(x,y,2) =x +y+ 2z =rcosf +rsinf +r.




We thus have

[ cwzyas = [[ Glaw Ve vaas
s R
27 4
:\/5/ /(rcose—l—rsin@—l—r)rdrde
o J1

4
= 2%\/5/ r?dr
1
= 2\/57%(43 1%)
= 42V/2r.



