Recitations21* Math 241 (Shiying Dong Fall 2011): ps12

13.6.4

We have equation

subject to the boundary condition

u(0,t) = ug, w(l,t) =wuy, u(x,0)=f(x).

This is a time independent nonhomogeneous BVP problem. Following the example 1 in the book, we write
u(z,t) = v(z,t) + ¢(z) with v(z,t) satisfying the homogeneous BVP and k¢ (x) + r = 0 with ¢(0) = up and

11 = uy. It’s easy to solve

2

() =u(l—1z) — L(x —z) +uwz = LS (w1 + _ — ug)x + Up.

2k 2k 2k

Using this, we have

v(z,0) = u(x,0) —¥(x) = f(x) + ;—kxz — (ug + QLI{; — up)x — up.

Solving v in the usual manner we have
& 2,2
v(x,t) = Z A, sin(nrx)e kTt

where

1
A, = JO [f(x) Ll (ug + & —ug)x — uo] sin(nmz) de.

And in terms of these A,, we have

0
u(z,t) = —émz + (ug + é — Up)T + ug + 2 A, sin(mrm)e*k"%%.

n=1

13.6.12

We have the equation
Pu  Pu L

— + — h>0
0x? * Oy> ’ -

on (0,7) x (0,00) subject to the boundary condition
u(0,y) =0, wu(my)=1 wu(x,0)=0.
Well, the inhomogeneous part is y independent, therefore we can write
u(z,y) = v(z,y) + ¢(z)

with v(z,y) satisfying the homogeneous BVP and

V(x) = —h
with 9(0) = 0 and ¥(7) = 1. Solving ¢ we get
P(x) = 7%(1‘2 —x)+o = ,gIQ + (g + 1)z
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Recitations21* Math 241 (Shiying Dong Fall 2011): ps12 13.6.12 (continued)

Using this we have
v(z,0) = u(z,0) —¢Y(z) = —2* — (= + 1)a.

v also has a secret boundary condition that v(z,y) — 0 when y — co0. Solving v in the usual manner we have

0
—n
2 nsin(nx)e™"Y,

where 2 (M[h h 2 (™[ h h 1
A, = —L [2x2 - (5 + l)x] sin(nz) do = g [2712502 - (% + n)z] sin(x) dz,
which we can evaluate as

2{[hx2_(h+;)x] (— cosz) + [:23; (2 1)] sinx+:2cosx}

nm || 2n? 2n 2n

M:2{[h—i§2+(g+1)w](—1)n_h}.

0 nm

Using these coefficient we have

u(z,y) = v(z,y) + ¢(z) = —g(xQ —x)+a = —g:ﬂz + (h + 1)z + Z Ay sin(nz)e™™Y.

n=1

13.6.18

We have the equation
2

U ou
2t tr = —
2 + 2t + 3tx = a0
n (0,1) x (0,00) subject to the boundary conditions
u(0,t) =3, wu(l,t) =1, wu(z,0)=

Now the inhomogeneous part is t-dependent, therefore we can follow the example 2 and write

u(w,y) = U(Z’,y) + w(%t)

with 9 (x,t) defined as
Y(a,t) =12 + (1 —t2).

The equation for v becomes

with the boundary conditions
v(0,t) =0, v(1,t) =0, wv(z,0)=2?—=.
We first expand
0
3tx = Z By, sin(nmz).

n=1

1 nw nmw
61 6t 6(—1)"+1¢
Bn=2f 3trsin(nrx) dr = ﬁ‘[ rsinrdr = ——(-xcosz +sinz)| = L
0 n?mw? Jy n2m 0 nw

Therefore if we expand

o¢]
Z ) sin(nwx),

n=1
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13.6.18 (continued)

we have for each n
6(_1)n+1t

nm

—(nm)* T (t) + =T,,(t).

To solve this, we first rewrite it as

(enzﬂQtTn(t))/ _ en2W2t6< )n+1t _ 6(_1)n+1 (en2ﬂ-2t t

nm

This means

To(t) = Ape ™™t +

To get A, we let t =0, then T,,(0) = A,, + SCL” | Hence

nomb

(2% — x)sin(nmz) dz — =

4 s J 6(—1)" _ 4[(=1)" 1]

0 ndmd n3m3

We get

)

_en27r2t 1
n3m3 ndmd
6(—1)" 1 (n%7%t — 1)
nSmd '
6(—1)"
Copsps
=5 sin(nmx).
ndm

u(z,t) =t2 + (1 —1%) + i [ Tt | 6(—1)" 1 (n?m%t — 1)]

n=1
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