GEOMETRY HW 10

CLAY SHONKWILER

5.10.1

Introduce a metric on the projective plane P? so that the natural projec-
tion 7 : S — P2 is a local isometry. What is the Gaussian curvature of
such a metric?

Answer: First, we find parametrizations of the sphere S?: we define
¢; : U C R? — 5% where U = {(u1,u2) € R? : u3 + u3 < 1}, where

Pr(u1,u2) = (u1,uz, /1 — (ui + u3))
pa(u1,u2) = (ur,uz, —\/1 — (ui +u3))
p3(u1,ua) = (u1, /1 — (uf 4 u3), ua)
paur,ug) = (ur, —/1— (u +u3), up)
b5 ) = (V1= (uf +u3),u1,uz)
(—\/ 1-— (u% + U%),Ul,’l,@).

Then, as we saw in Chapter 2, {¢;, U} gives a parametrization of S2. Fur-
thermore, for all i =1,...,6,

Pi(U)NA-¢;(U) =0

where A is the antipodal map on the sphere. Therefore, for any 7 o ¢; is an
injective map for each choice of ¢. Furthermore, if

mog;(U)Nmog;(U)#0D

Uy, U2
d6(ur,u2) =

then

(Trogbi)*lo(wogbj) :gf)i_low*loﬂoqﬁj :qﬁi_logbj
and

(mod;) ™ o(modp;) :¢j_1 on lomo ¢ :(z)j_l o @;
each of which is differentiable, so we see that the family {m o ¢;,U} gives a
parametrization of P2, so P2 is an abstract surface. In fact, it is clear that,
since antipodal points on the sphere are identified in the projective plane,
that ¢o, ¢4, ¢¢ are redundant. Now, if p € S2, then let ¢; : U — V C S? be
a coordinate chart containing p; then o ¢; : U — V' C P? is a coordinate
chart containing 7(p). Then

(Wogbi)_lowoqﬁi:gb;low_loquSi:gb;lqui:Id

which is a differentiable map from U into itself, so we see that 7 is a differ-
entiable map.
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Now, let p € P? and let vi,v9 € T,P?. Then there exists i = 1,3,5
such that mo ¢; : U — V C P? is a coordinate chart containing p, where
p = m o ¢;(up,vp). Hence

v =a(mo ¢z)u1 + {’(W o Cbz)uz
U2 = d(ﬂ- o ¢z)u1 + b(ﬂ- o ¢1)u2

Let ¢ = ¢;(uo,v0) and let wy, wy € T,S? such that

wy = a(¢i>u1 + (Z((Z)Z)M
wy = &(¢i)u1 + b(¢l’)U2‘

Then note that

drquwr = dmg(a(pi)uy + b(Pi)u,) = admg(@i)u, + bdmg(Pi)us = a(m o ¢i)u, + b(m 0 ¢i)u, = v1
drgws = dmg(a(di)uy + b(Pi)uy) = admg(Pi)uy + bdTg(Bi)uy = (T 0 Gi)uy + b(T 0 Gi)uy = va.

Now, define the metric (,) on P2 by
(v1,v2) 1= (w1, w2).

Now, let go € S? and let 21, 29 € T,y S?. Let go = 7(po). Then

_ [ (21, 22) q0 € ¢1(U) U ¢3(U) U ¢5(U)
(drqy21, dmgo22) = { (dAgy21,dAgyz2) otherwise.

Since the antipodal map A is a an isometry, we see that
(dmg, 21, dmgy 22) = (21, 22)

so 7 is a local isometry with respect to this metric.

Now we turn to the problem of determining the Gaussian curvature of the
projective plane. Let pg € P?. Then there exists i = 1,3, 5 such that m o ¢; :
U — V C P? is a coordinate chart containing pg, where py = 7 o ¢;(ug,vo).
Suppose, without loss of generality, that ¢ = 1. Then, as we’ve designed the
metric on P2,

E=((mod1)u, (Mo d1)uy) =
1

. —uw . —w
1,0, 1—<u%+u§>>’<1’0’ 1—<u%+u§>>>

F={(m0o¢1)ur,(mod1)us) = ((A1)urs (A1)us)

={(1,0,——x—) (01, —2_
’ ’\/1—(u%+u§) ’ ’ ’\/1—(u%+u§)

_ ULU

- 17(u1%4zu§
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and

G = <(7TO ¢1)u2’ (770 ¢1)u2> = <(¢1)u2, (¢1>u2>

14—
=t g
I
T 1-(uituj3)”

We see that these are simply the coefficients of the first fundamental form
on the given parametrization of the sphere. This implies that all of the
Christoffel symbols of S? and P? will be identical, so we can see that the
Gaussian curvature of P2 at the point pg will be given by the Gaussian
curvature of the sphere at ¢1(ug,vo) € S?. The Gaussian curvature is given
by the equation:

(Tio)us — (D1p)us + T1oT 1y — TGy = FK.

However, since the sphere lies in R?, we don’t need to calculate its Gaussian
curvature intrinsically; we are free to use the second fundamental form and
we know the end result will agree with the intrinsic calculation. To that
end, we first note that

2

_ 1 u
(@1)urm = <0’0’ 1—(u2tud) (1—(u%—‘r1u§))3/2> ’

(¢1)u1u2 = 07 07 % )
_ 1 _ uj
(¢1)u2u2 =00 1—(u2+u?) (1(u%+u%))3/2> '

Now, the Gauss map N is simply given by (u1,ug, /1 — (u? + u3), so

2

e =N, (¢1)uu) =—1- %
£ o= N, @) =
g = (N, (1)us) = ~1 ~ ke
Hence,
eg— 2 = (-1 21—(;21+u%)) (-1 1—(uu%2+u§>>2 ErE
L+ u@fi}) T AW TDP T G )y
=1+ A

T (= (ufHug))?”
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On the other hand, given our calculations for E, F' and G above,
EG— F2 _ ( 17u% ) (1_17u§ ) _ ( u%u%

1—(u3+u3) (u?4u2) 1—(u3+u32))?
_ (—ud)(1-u3 u?ud b
T (-i+ud)? (1-(uftud))?
(i) o
T (- (uituy))?”

Hence,
_eg—f*
K=pc—p ="

as we would expect. Therefore, we see that the Gaussian curvature of P? at
the point pg is 1.
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