GEOMETRY HW 7

CLAY SHONKWILER

4.5.1

Let S C R3 be a regular, compact, orientable surface which is not home-
omorphic to a sphere. Prove that there are points on S where the Gaussian
curvature is positive, negative, and zero.

Proof. By Corollary 2 of the Gauss-Bonnet,

//SKda = 2mx(9).

Now, by Proposition 4, since S is not homeomorphic to the sphere, it cannot
have Euler-Poincare characteristic 2. Therefore,

x(S)=0,-2,...,—2n,....

//KdJSO,
S

so if we can demonstrate that K must attain a positive value on at least
one point in S, then we can see immediately that K must attain a negative
value at some point and therefore, since K is continuous, we can use the
intermediate value theorem to conclude that K is also zero at some point.
In other words, proving the following lemma suffices to prove the desired
result:

Hence,

Lemma 0.1. If S C R? is a reqular, compact, orientable surface, then S
has an elliptic point.

Proof. We know that taking the norm of any point p € S produces a con-
tinuous function from S to R. Since S is compact, the image of the norm is
compact, and so has a maximum. Let pg € S be a point at which the norm
achieves a maximum. Then pg lies in both S and the 2-sphere of radius |p|,
denoted Sﬁv ol If : U — V C Sis a coordinate chart of S containing p such

that ¢(0,0) = po, then certainly |q| < |po|, so we see that, for ¢ € V, either

q € Sli)ol or ¢ is in the interior of Sl?vol' In either case, this implies that the

intersection of S with S‘on‘ is tangent to SED o7 SO

_ 2
TpyS = TPOS‘M.
Since every point on the sphere is an elliptic point, we know, by proposition

1 of Section 3.2 that every point on the sphere in a neighborhood of pg lies
1
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on the same side of this tangent plane, and thus we can conclude that every
point in V' lies on the same side of T),,S. Now, if N(pg) denotes the normal
to po, then we can define the distance from a point ¢ = ¢(uy, uz) to Tp,, S by

d(q) = d(¢(u1,u2)) = (p(u1,u2) — ¢(0,0), N(p))

Since each ¢ lies on the same side of the tangent plane, d has a fixed sign.
By the proof of Proposition 1 of Section 3.2, this implies that 1, has the
same fixed sign, which in turn means that the Gaussian curvature of py on
S is positive. Hence, pg is an elliptic point of S. O

O

4.5.2

Let T be a torus of revolution. Describe the image of the Gauss map of
T and show, without using the Gauss-Bonnet theorem, that

| | xiz=o.

Compute the Euler-Poincare characteristic of T' and check the above result
with the Gauss-Bonnet theorem.

Answer: The image of the Gauss map of T is all of S?, the 2-sphere,
since the image of each meridian of the torus under the Gauss map is a
meridian of the sphere; ranging over all meridians of the torus covers all
meridians of the sphere.

Now, in order to compute f fT Kdo, we can make use of the equality:

//DdJ—// K(’U,l,’LLQ)\/EG—FZd'quUQ.
T ¢=1(S)

: _ eg—f?
Now, since K = %=,

mental form of the torus.
Let T be parametrized by

we need to calculate the first and second funda-

d(u1,uz) = ((@a+ rcosuy) cosug, (a+ rcosuy)sinug, rsinuy).

Then
P, = 597‘1) = (—rsinu; cos ug, —r sinuj sin ug, r cos uy )
oy = (%i = (—(a +rcosuy)sinug, (@ + r cosuy) cosug, 0).
Furthermore,
0%¢ . .
—— = (—7cosuy cos ug, —r cos uy sin ug, —rsinuy),
ouy
0% . . .
= (rsinu sinug, —r sinuj cos ug, 0)
6u2u1
and
0%

502 (—(a+ rcosuy)cosua, —(a + rcosup ) sinug, 0).
U3
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Now, to calculate N, we see that

_ _Pi1xPe
N(ui,u2) = el

(—r(atrcosuy) cosuy cosuz,—r(atrcosur) cosuy sin uz,—r(a+r cosuy)(sin u1 cos? ug—sin uj sin® uz))

[[©1x D]
(— cosuy cos ug,— cos u1 Sin uz,— sinuy)

r(a+ rcosui)

\/r2(a+r cos u1)?2(cos? uj cos? uz+cos? ug sin? ug+sin® uy)
= (— cosuj cos ug, — €os uy sin ug, —sinuy).

Now, we can calculate the coefficients of the first and second fundamental
forms:

E = (9,P) = 2 cos? uy cos® us + r? sin® uy sin® ug + 2 cos® uy = r2,

F = (91, ®9) = r(a+r cosuy) sinug sinug cos ug—r(a+r cosuy) sin ug sin ug cos ug = 0,
G = (P9, ®3) = (a+7 cosu)?sin® ug+(a+r cosuy)? cos® up = (a+rcosuy)?,
%9 2 2 2. 2 .2
e = (N, ;—5) = rcos” uj cos” ug + r cos” uy sin” ug + rsin”u; = r,
ouy
¢ . . . .
f = (N, ——— = —rsinuy sin ug cos u1 cos ug+7 sin u sin uz cos uj cos ug = 0
8’11481@
and
2
_n 0 2 Lo
= 52 = (a+7 cosuy) cosuy cos” ug+(a+r cosuy) cos ug sin” ug = (a+r cosuy) cosug.
u
2
Therefore,

[ fpKdo = [I" [2" KVEG — F2duydus
27‘[’ 27‘[’ eg— f duldUQ
0 JO EG-F?

2w 27 r(a+rcosuy) cosuy

0 Jo r2(a+r cosuy)?
_ 27 27 r(a+rcosui)cosuy

0 Jo r(a+rcosuy)
2m 27
=[5 Jo " cosurduydusy

du1 dUQ

du1 dUQ

i

since cos is 2w-periodic.

Now, if we want to check this result with the Gauss-Bonnet theorem,
we need only find a triangulation of the torus and count faces, edges and
vertices in order to calculate the Euler-Poincare characteristic of the torus.
Specifically, let us choose the triangulation given by the following drawing:
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Then, since all vertices on this square are identified, V' = 1. Certainly, F' = 2

and then, since opposite edges are identified, we see that £ = 3. Then
XS)=F-E+V=2-34+1=0.

The Gauss-Bonnet Theorem (more specifically, Corollary 2), would suggest

that
0=2mx(T) = // Kdo,
T

which is exactly what we calculated above.

4.5.4

Compute the Euler-Poincare characteristic of
(a) An ellipsoid.
Answer: Triangulate the ellipsoid as shown:

Then we simply count the faces, edges and vertices and calculate that the
Euler-Poincare characteristic of the ellipse S is

X(S)=F—-E+V=4-442=2.

(b) The surface S = {(x,y,2) € R% 22 +y'0 4+ 20 = 1}.
Answer: Define f: S — R? by
(1373/7 Z) = (fl(x,y,Z),fQ(x7y,Z),f3(x7y,Z)) = (x,yS,z?’)
Then we see that the image of f is simply S?: if (z,y, 2) € S, then

(i@ g, 2))* (oo, y,2)* +(fs(2, 9, 2))* = (@) +(°)*+(2%)° = 2% +y"0+2% = 1,
so f(z,y,z) € S%. Now, define g : §2 — S given by

(z,y,2) = (2,47, 21/3).

Now, both f and g are certainly continuous, since their coordinate functions
are (note that this is dependent on the fact that 1,3 and 5 are all odd; g would
not even be well-defined if one of these powers were even). Furthermore,

(g o f)(xv:% Z) = g(f(x,y,z)) = g(.fC,yS,Z?)) = (.%,y, Z)
and
(f og)(x,y, Z) = f(g(ﬂs,y,z)) = f($7y1/5721/5) = (l‘,y, Z)
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so, in fact, g = f~'. Since f is continuous with continuous inverse, f is a
homeomorphism of S with S2. Now, since the Euler-Poincare characteristic
is a topological invariant, we know that

X(8) = x(5%) =2.

4.5.6

Show that (0,0) is an isolated singular point and compute the index at
(0,0) of the following vector fields in the plane:
(a) v = (z,y).
Answer: Certainly (0,0) is an isolated singular point of v, since v(p) = 0
if and only if p = (0,0), meaning (0, 0) is the only singular point of v.
Now, restrict v to the closed curve given by «(t) = (cost,sint) for t €
[0,27] and let ¢(t) denote the determination of the angle between v(t) :=
v(a(t)) and the z-axis. Then v(0) = (1,0), so ¢(0) = 0. Let a(t) = cost,
b(t) = sint. Then a and b fulfill the requirements of Lemma 1, Section 4.4.
Hence,
¢(t) = d(0) + [ (ab’ — ba')ds
= fg(cos2 s+ sin? s)ds
~ s
=t.
Therefore,
27l = ¢(27) — ¢p(0) =2r — 0 =27
so we can conclude that I = 1.

L]

(b) v = (—,p).

Answer: Certainly (0,0) is an isolated singular point of v, since v(p) = 0
if and only if p = (0,0), meaning (0, 0) is the only singular point of v.

Now, restrict v to the closed curve given by «(t) = (cost,sint) for t €
[0,27] and let ¢(t) denote the determination of the angle between v(t) :=
v(a(t)) and the z-axis. Then v(0) = (—1,0), so ¢(0) = 7. Let a(t) = — cost,
b(t) = sint. Then a and b fulfill the requirements of Lemma 1, Section 4.4.
Hence,

$(t) = ¢(0) + [y (ab’ —ba')ds

=+ fg(— cos? s — sin? s)ds

=7+ fg —1ds
=7 —t.
Therefore,
27l = ¢(2m) —p(0) =7 — 27 — 7w = =27
so we can conclude that I = —1.
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(c) v = (z,—y).

Answer: Certainly (0, 0) is an isolated singular point of v, since v(p) = 0
if and only if p = (0,0), meaning (0, 0) is the only singular point of v.

Now, restrict v to the closed curve given by «(t) = (cost,sint) for t €
[0,27] and let ¢(t) denote the determination of the angle between v(t) :=
v(a(t)) and the z-axis. Then v(0) = (1,0), so ¢(0) = 0. Let a(t) = cost,
b(t) = —sint. Then a and b fulfill the requirements of Lemma 1, Section
4.4. Hence,

o(t) = ¢(0) + [3(ab — ba')ds

= fg(— cos? s — sin? s)ds

= f(f —1ds
= —t.
Therefore,
2l = ¢(27) — ¢(0) = —27+ 0 = —27
so we can conclude that I = —1.

L)
(d) v = (52 — 3, —20p).
Answer: Certainly (0, 0) is an isolated singular point of v, since v(z,y) =
0 if and only if

2?—y>=0 and —2zy=0.

This in turn implies that either x = 0 or y = 0 by the second equation.
From this point, we see that both x and y must be zero by the first equation.
Hence, v(p) = 0 if and only if p = (0,0), meaning (0,0) is the only singular
point of v.

Now, restrict v to the closed curve given by «(t) = (cost,sint) for t €
[0,27] and let ¢(t) denote the determination of the angle between v(t) :=
v(a(t)) and the x-axis. Then

v(t) = (cos?t — sin®t, —2 costsint) = (cos 2t, — sin 2t)

by the double-angle identities. Then v(0) = (1,0), so ¢(0) = 0. Let a(t) =
cos2t, b(t) = —sin2t. Then a and b fulfill the requirements of Lemma 1,
Section 4.4. Hence,

o(t) = 0(0) + fy(ab — ba')ds
= fg(—Q cos? 25 — 2sin? 2s)ds
= fg —2ds
= —2t.
Therefore,
2l = ¢(27) — ¢(0) = —4dm + 0 = —4«
so we can conclude that [ = —2.
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(e) v = (2* = 3ay?,y* — 32%y).
Answer: Certainly (0, 0) is an isolated singular point of v, since v(x,y) =
0 if and only if

22 —32y>=0 and ¢°—32%y=0.

This in turn implies that

2

T :3y2

and y? = 322
This, in turn, implies that
y? =9y* andz? = 922,
Hence, v(p) = 0 if and only if p = (0,0), meaning (0,0) is the only singular
point of v.

Now, restrict v to the closed curve given by «(t) = (cost,sint) for t €
[0,27] and let ¢(t) denote the determination of the angle between v(t) :=
v(a(t)) and the x-axis. Then

v(t) = (cos®t— 3costsin®t,sin®t — 3sintcos®t)
= (cos 2t, — sin 2t)
by the double-angle identities. Then v(0) = (1,0), so ¢(0) = 0. Let a(t) =
cos®t — 3costsin?t, b(t) = sin®t — 3sint cos?t. Then
a?+b* = (cos®t —3costsin®t)? + (sin®t — 3sint cos?t)?

= cos® t + 3 cos? tsin?t + 3cos? tsin* ¢ + sin® ¢

= (cos?t + sin?¢)3

=13

=1.

Hence, a and b fulfill the requirements of Lemma 1, Section 4.4. Therefore,

o(t) = 6(0) + /0 (alf — ba')ds

Now, calculating a’ and b, we see that
d'(t) = —3cos’tsint — 3(—sin®t 4+ 2cos? tsint) = —9cos® tsint + 3sin’ ¢
and
V(t) = 3sin®tcost — 2(cos®t — 2sin*t cost) = 9sin®t cost — 3 cos® ¢.
Thus,
¢(t) = ¢(0)+ [y (ab’ —ba')ds
= fot((cos?’ s — 3cos ssin? s)(—9 cos? ssin s 4 3sin® )
—(sin® s — 3sin s cos? 5)(9sin? s cos s — 3 cos? 5))ds
f(f(—?) cos® s — 9 cos? ssin? 4
fot —3(cos? s + sin? 5)3ds
[ —3ds
0
= =3t

s —9cos? ssint s — 3sin’ s)
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Therefore,
2nl = ¢(27) — ¢(0) = =67 + 0 = —67
so we can conclude that I = —3.

1

In class we defined the integral of a smooth function f : S — R over a
bounded region R C S contained in a coordinate chart ¢ : U — V C S by

// y )f(ul,uz)\/Wduldug.
(R

Show that this definition is independent of the coordinate chart which con-
tains R.

Proof. Let ¢ : U — V C S be another coordinate chart containing R. Let
E,F,G be the coefficients of the first fundamental form associated with
¢ and let E,F,G be the coefficients of the first fundamental form associ-
ated with ¢. Let h := ¢! o ¢ be the change-of-coordinate map and let

O(u1,u2)/0(ut,uz) be the Jacobian of the change of coordinates. Then

1l fafl(R) fur, m)\ EG — Fdurdug

= [ Jyor sy F (1@, W) )VEG — F? E“lv“zg durduz
= [ Jy gy Pl u)VEG = F2 | 523 gy
= [ Js-1(my f (w1, uz)durdus.
Hence, this integral is independent of the choice of coordinate chart. ([l
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