ALGEBRA HW 2

CLAY SHONKWILER

1
Let x and X’ be the characters of two representations. Prove the formulas:
(X +X)2 = X2 + x5 + XX,
(X +x)a = Xa + Xa +xx-
Proof. We simply use the the fact that
1
X5(9) = 5(¢*(9) + x(9°))

and

and compute.

(x+xX)i(9) = %((X +x)2(9) + (x + X)(g%)
= ¥(X2(9) +2xx'(9) + xX"*(9) + x(9*) + X' (%))
= 30%(9) + x(¢%) + 5(X2(9) + X (9) + xxX'(9)
= Xo + X7 XX

Also
(x+x)alg) = %((x +xX)*(9) — (x + xX)(9?))
?(x2(g) +2xx'(9) + x"*(9) — x(9%) — X' (¢%))

=30%(y ) (92)) +2(x%(9) — X'(99) + xxX'(9)
=2+ x2 + xx-

2
Let X be a finite set on which G acts, let p be the corresponding permu-

tation representation, and let xyx be the character of p. Let s € G; show
that yx(s) is the number of elements of X fixed by s.
Proof. Now, by definition,
XX(S) = Tr(ﬂs)'
Now, considering ps in matrix form, as (Azy)zyex. Then

s) = Z Apz-

zeX
1
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Now, recalling that p(e;) = esz, then Ay, = 1 precisely when sz = x. On
the other hand, if sx # x, then Ay, = 0. Hence,

XX(S) = Z Agz = N,
reX

where ng is the number of elements of X fixed by s. O

3

Let p: G — GL(V) be a linear representation with character y and let V'
be athe dual of V, i.e., the space of linear forms on V. Forx € V, 2/ € V'
let (z,2’) denote the value of the linear form z’ at x. Show that there exists
a unique linear representation p’ : G — GL(V') such that

(psz, pla’)y = (z,2') for s€e G,z € V,2' € V.
This is called the contragredient (or dual) representation of p; its character
is x*.
Proof. Let {eg}sec be the basis for V. This basis induces a basis {e} }gec
on V', and so, if z € V, x induces a unique element ' € V'. If we define

the action of p/ on each e;, then this will completely determine p/,. Hence,
define p, as follows:

el = o py s
for each s € G and extend linearly. Then, if s € G,
<pseg7 P;€;> = <Ps€gv elg 0 pg-1) = <psega 6; o ps_1> = (69, 6lg>
for each g € G, and so we see that
(psz, pa’) = (z,2/)

forall z € V.
To show uniqueness, suppose there were another representation ¢ : G —

GL(V') such that
(ps, psa’) = (z,2") = (ps, pla’).
Then, subtracting the right from the left, we see that
0= (s, dsa’) — (psz, sa’) = (psz, 2’ — pla’) = (ps, (65 — p)7’)

for all x € V since ps, ¢s and p are linear. Now, since ps € GL(V), psx
spans all of V' as we let x vary. Hence

(ps, (65 — p)a’) =0

implies that (¢s — p})z’ = 0. Since this is true for all z, we see that it must
be the case that ¢5 — p), =0, or

(255 :p;-

Hence, p’ is unique.
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Now, as we’ve constructed it, ps makes the following diagram commute

for all s € G:

v Lt

— V
o L
C — C

In other words,

1—1

pei(v) =’ o g0/ (v)

Xp(s™1) = Tr(ps-1) = Tr(ps) = X (5).

Now, to complete the proof, we simply note that

X (8) = Xo(571) = X5 ().

4

Let p1 : G — GL(V1) and p2 : G — GL(V3) be two linear representations
with characters x; and y2. Let W = Hom(V1, V2), the vector space of linear
mappings f : V3 — Va. For s € G and f € W let psf = pas ofopi;; SO
psf € W. Show that this defines a linear representation p : G — GL(W),
and that its character is x7 - x2.

Proof. We start out showing that p is a homomorphism, i.e. that for g, h €
G, pgnf = (pg © pn)f. Note that, since p1, po are linear representations,

P2,gh = P2,g © P2,h
and

-1 _ -1 _ -1

pl,gh - pl,h ° pl,g‘

Using this data, we make the following calculation:
- -1_ 1 -1

panf = pa.gnofopy g, = pagopanofopy oriy = peo(p2nofopyy,) = (pgopn)f.

Hence, p is indeed a representation.
Now, we simply recall that

Hom(Vi, V) ~ V] @ Va.

Hence, p = p ® p where p: G — GL(V]) and p : G — GL(V3) are uniquely
determined representations. The only such (p) and Zp) are pj and po, re-
spectively, so p = p} ® p2. In 3 above, we showed that the character of p} is
X1, so we see that

X = X1 X2



4 CLAY SHONKWILER

5

Let p be a linear representation with character y. Show that the num-
ber of times that p contains the unit representation is equal to (x|1) =

(1/9) >_seq x(s) where g = |G].

Proof. Now, if p' : G — GL(W) is the trivial representation, then x,(s) =1
for all s € G. Suppose V is the vector space associated with the representa-
tion p. Now, we have seen that V is a direct sum of irreducible representa-
tions
V=W @& - oW

Recall that W is the trivial representation, which is irreducible. Then, by
Theorem 4, the number of W; isomorphic to W is equal to (x|x,) (recalling
that p’ is the trivial representation) Now

(xI1) = (xlxp) = Zx 8)xy (s Zx Zx

sEG SEG SEG

6

Let X be a finite set on which G acts, let p be the corresponding permu-
tation representation and let y be its character.

(a) The set Gz of images under G of an element z € X is called an
orbit. Let ¢ be the number of distinct orbits. Show that ¢ is equal to the
number of times that p contains the unit representation 1; deduce from this
that (x|1) = c¢. In particular, if G is transitive (i.e., if ¢ = 1), p can be
decomposed into 1 @ 6 and 6 does not contain the unit representation. If ¢
is the character of #, we have y =1+ and (¢)|1) = 0.

Proof. Let W denote the permutation representation and let {e, }.cx be its
basis. Let € X and consider the space X, spanned by the vector

=Y e

z€Gx

PsY = Z Ps€z = Z €sz,

z€Gx z€Gx
which is just a re-ordering of y, so psy = y for all s € G. Hence, X, is
invariant under the action of G, so X, is a subrepresentation of W isomor-
phic to the trivial representation. Since our choice of x was arbitrary, we
see that we can obtain such a copy of the trivial representation for each of
the ¢ orbits of X. Since no other subspace of W is fixed by the action of G,
we see that c is precisely the number of copies of the trivial representation
in p. By what we showed in problem 5, then, (x|1) = ¢. If ¢ = 1, then it
is certainly true that p can be decomposed into 1 & 6, and it is clear that
f does not contain the trivial representation, else there would be at least

Then
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two copies of it in p. Since the character of a direct sum is the sum of the
characters, it follows that

x=1+1v.
The fact that (|1) = 0 is a result of the fact that ¢ does not contain the
trivial representation (again, by our work in problem 5 above). O

(b) Let G act on the product X x X of X by itself by means of the
formula s(z,y) = (sz,sy). Show that the character of the corresponding
permutation representation is equal to x2.

Proof. By the definition of the permutation representation, we know that it
has

{e(x,y) }(ac,y)EXXX
as a basis. Let W be as above and let p’ denote the permutation representa-

tion of X x X with corresponding vector space W’. Then we see that there
is a bijection between W/ and W @ W given by

C(z,y) < €z D€y

and extended linearly. Furthermore,

(Ps ® ps)(efﬁ ® ey) = Csgp & gy C(sz,sy) — p;e(a:,y)a

so we see that W’ and W ® W are isomorphic as representations. Hence,
2
Xp = X" X=X+
O

(c) Suppose that G is transitive on X and that X has at least two ele-
ments. We say that G is doubly transitive if, for all z,y,z’,y € X with
x # y and x’ # 1/, there exists s € G such that 2’ = sz and v’ = sy. Prove
the equivalence of the following

(i) G is doubly transitive.

(ii) The action of G on X x X has two orbits, the diagonal and its com-
plement.

(if) (/1) = 2.

(iv) The representation 6 defined in (a) is irreducible.

Proof. [(i) < (ii)] Suppose G is doubly transitive and let D denote the
diagonal in X x X. If z,y,2’,y € X and = # y, 2’ # o then, by the
definition of double transitivity, there exists s € G such that s(z,y) =
(sx,sy) = («',y). If (xz,2),(y,y) € D, then, since G is transitive on X,
there exists s € G such that s(z,x) = (sx, sx) = (y,y), so the diagonal and
its complement comprise the two orbits of X x X. On the other hand, if the
diagonal and its complement comprise the two orbits of X x X, then it is
immediately clear that G is doubly transitive, since for any (z,y), (z',y') €
(X x X)\D, there must exist an s € G such that s(z,y) = (sz, sy) = (2/, ).

[(ii) & (iii)] Note that the character of the permutation representation of
X x X is x2, as we saw in (b) above. By (a), (x?|1) is equal to the number
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of orbits in X x X. Hence, (x?|1) = 2 if and only if there are precisely two
orbits in X x X.
[(ili) < (iv)] If ¢ is the character of # then, as we saw in (a), 1 + 1 = X,
(1]1) =1 and (¢|1) = 0. Now
X2 =1+2¢ + 92,
SO
(P11 =2 = (L1) +2(¢[1) + (¥*[1) = 1+ (¥*[1) & (¥*[1) = 1.

This, in turn, is true iff

1= (1) = Zw = (¥l¥)

SEG
since v is real valued, which is true iff  is irreducible. Therefore, we see
that 6 is irreducible if and only if (y?|1) = 2. O
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