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Show that vi,...,v; € V are linearly independent iff v1 A ... Avg # 0 in
Ar(V).

Proof. Suppose vy, ..., vy are linearly dependent. Then there exist as,...,a; €

R such that
V1 = agUy + ...+ apUk.
Then

v AL A = (agua 4 ...+ agvr) Ave AL A g
= a2 ANV N ... ANV + ...+ agvp Nva AL A Vg

=0+...40
=0
Hence, we conclude that if v1 A... Avg # 0, then vy, ..., vp must be linearly

independent.

On the other hand, suppose v1 A ... A vy = 0. Then, for all linear maps
¢ A(V) = R, ¢p(vg A... Avg) = 0. Now, suppose ¢ : V x ... xV — R
is an alternating multilinear map. Then, by the universal property of the
external product, ¢ factors through a linear map W : Ax(V) — R such that
Y =Vorm, where m: V x ... x V — Ag(V) is the standard projection. By
the above argument, then, ¥(v; A ... Avg) =0, and so

(v, ...,v) =Vom(vy,...,v)
=U(vg AL Avg)
=0.

Since our choice of 1 was arbitrary, we see that all alternating multilinear
maps must be zero on (vi,...,v). In particular, if det; : V x ... xV =R
is given by

det(wy, ..., wy) = the determinant of the ith k x k minor of the matrix [w; ..
7

then det; is an alternating multilinear map for all ¢ = 1,...,n — k, and so

det;(v1,...,vx) = 0 for all ¢ = 1,...,n — k. This, then, implies that the

matrix [v1 ...vx| has rank strictly less than &, and so it’s columns (namely

the v;) must be linearly dependent. Having proved the contrapositive, we

conclude that if vy, ..., vy are linearly independent, then v1 A...Avg # 0. [
1

W
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Recall that an element in Ag(V) is decomposable iff it is of the form
(L IANAN V)

(a): Given four vectors v, w,z,y € V, under what conditions is v Aw+
x Ay a decomposable vector in Ag(V)?
Answer: Let w = v Aw + x Ay. If wis decomposable, then
w = 21 A z9 for some z1, z0 € V; hence,

wAw= (21 Nz2)A (21N 2z2) =0.
Hence,

O=wAw =@WAw+zAyY)ANWOAwW+TAY)
=@WAw)ANwAw)+WAW)A(zAY)+(@Ay)AVAWw)+ (zAYy)A(xAy)
=@WAw)A(zAy)+ (xAy)A(vAw)
=2vAwAzAy),

which means that v Aw Az Ay = 0. By our work in problem 1 above,
this implies that v, w, x,y are linearly dependent.

On the other hand, suppose v, w, x, y are linearly dependent. Then
there exist aq, ag, ag such that

V= a1W + ax + asy.
Hence,

vAw+z Ay = (amw+axr+asy) N\w+zx Ay
=aqwANw+arANw+ayNw+xT Ay
=axr Nw+ay Nw+x Ay
=zrzNawt+yNasw+x Ay
=z A (agw +y) + y A asw
=z A (aaw +y) +y A agw + (azas)w A w
=z A (aqw +y) + y A asw + asw A agw
=z A (aqw +y) + (y + aqw) A agw
=z A (aqw +y) + asw A (aqw + y)
= (z — agw) A (agw + y);

— — — —

thus, v Aw + z Ay is decomposable.
Therefore, we conclude that v Aw + = A y is decomposable if and
only if v, w, x,y are linearly dependent.

&
(b): Show that w € Az(R*) is decomposable iff w A w = 0.

Proof. Suppose, first of all, that w is decomposable. Then there exist
v,w € V such that w = v A w. Then

wAw=WAw)A(vAw)=—-vAvAwAw=0

On the other hand, suppose w A w = 0. Now, since w € Ay(R?*),
we know that w can be expressed as a linear combination of basis
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elements:
w=aj(e;Nez)taz(er Nes)+as(e; ANes)+ag(eaNes)+as(eaNeg)+ag(esNey)

for some aq,...,a6 € R. Then this means that a; # 0 for some i.
Hence,

0 = wAw

= (ai(e1 Neg) +az(er Aes)+asz(er Aeq) +ag(ea Aes) + as(ez Aeq) + agles Aeq))
A(ai(er Ae2) +az(er Aes)+az(er Aeq) +ag(ea Aes) + as(ea Aeg) + agles A ey))

= (al(el VAN 62)) N (CL6(€3 AN 64)) + (a2(61 VAN 63)) AN (a5(€2 A 64)) + (ag(el VAN 64)) N (CL4(€2 AN 63))
+(CL4(€2 VAN 63)) VAN (a3(61 A 64)) + (a5(€2 VAN 64)) A (ag(el A 63)) + (a6(€3 AN 64)) VAN (a5(61 A 62))

= ajage1 Nea Neg N\eg+ azase; Neg\ex \eg+ azager N\eg/N\ey e
+asageas Nes Nep ANeg+ agsasea Neg Nep ANes+arages Aeg Nep N\eg

= 2ajage1 Neg Aeg Aeg— 2asase; Aeg Aeg N eg+ 2azase1 Nex Aes A ey

= 2(a1a6 + azaq — a2a5)61 Nea Aesey.

Therefore, it must be the case that ajag¢ + azas — asas = 0, or
a1ag + aza4 = asas.

Now, if it were the case that w is decomposable, then we would have
w=vAw for v,w € R% In turn, we can re-write v and w in terms
of the standard basis of R*:

v = ci1e] + cgeg + c3e3 + cqeq
w = dier + dgeg + dzez + daey

for some c1, ¢o, c3,cq,d1,do,ds,ds € R. In turn,

w=vAw = (cr1e1+ caea+ csez + cgeq) A (dieq + does + dges + dyey)
= c1daer Neg + cidger A eg + crdaer A eq + cadies A ey
+codges N ez + codyges A eq + c3dies N e + cgdaes N es
+cgdges N eq + cadieg N eq + cadaeyg N es + cyadseq N eg
= (Cldg - 62d1)€1 N eg + (Cldg — d3€1)61 Nes+ (Cld4 — C4d1)€1 N ey
+(02d3 — C3d2)62 N es+ (02d4 — C4d2)62 N eq+ (63d4 - C4Cl3)63 N ey

Since we know w # 0, it must be the case that a; # 0 for some i
and b; # 0 for some j. Suppose, without loss of generality, that
¢y = dg =1 (we don’t lose generality, because we can simply scale
appropriately at any time in the below calculations). Hence, given
these two descriptions of w, we could write the system

a; = cidg — cady
az = cidg — c3dy
a3 = cidy —cydy = c1 —dp
ay = cod3 — c3da
as = cady — cady = co — da
ag = ng4 — C4d3 = C3 — d3.

Then we see that

c1 = a3+ dy co = as + do c3 = ag + ds.
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Then

arag + azay = (c1de — cady)(c3 — d3) + (c1 — dy)(cads — c3da)
= c1c3dy — cocsdy — c1dads + cadids + cicods — cic3ds — codyds + c3dido
= —cac3dy — c1dads + cicads + c3dido
= cicad3 — cac3dy — crdads + c3dyids
= (Cldg — ngl)(CQ — dg)
= asas5.

Therefore, we see that the above system of equations is consistent
with having w A w = 0. Thus, if we let ¢4 = dy = 1 and let
c1, coc3, dido, d3 be solutions to the above system of equations, then,
based solely on the fact that w A w = 0, we see that

4 4
w = (Z Ci€1> N Zdjej ,
i=1 Jj=1

so w is decomposable. O

3

Consider the definition of the wedge product of two alternating multilinear
forms f € A,(V), g € Ay(V) in Spivak:

(f A g)(vh <o >Up+q) = Z Sgﬂ(O’)f(’Ua(l), cee 7Ua(p)>g(va(p+1)7 cee 7va(p+q))

where the sum is over all permutations ¢ with o(1) < --- < o(p) and
op+1)<---<alp+q).

Show that this definition indeed follows, as claimed in class, from the nat-
ural God-given wedge product in A(V*) under the isomorphisms Ay (V) ~
Ap(V)" = A (V7).

Proof. First, some notation. Call a permutation o € Sy, a shuffle if o(1) <
- <o(p)and o(p+1) <--- <o(p+q) and let H C Sy, be the set of
all shuffles. Then, for each o € Sy, there corresponds a unique shuffle
o' € H, namely that shuffle which is a re-arrangement of o(1),...,c(p) into
an ordering and o(p + 1),...,0(p + ¢q) into an ordering. For example, if
p=3,q=2and o € S5 such that

)

then ¢’ is that shuffle such that ¢'(1,2,3,4,5) = (1,3,4,2,5). This corre-
spondence of each permutation with a unique shuffle forms a partition on
Sptq; let 0Sp44 denote the equivalence class of the shuffle o.
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Now, let w € A,(V*) be associated to f by the given isomorphism, and

n € Ay(V*) associated with g. Then

w:fl/\.../\fp
and
N=gi1N...N\N¢gq

for fi,g; : V*. Then, under the isomorphism,

Flor,. o vp) = det(fi(v;))ig = > sen(o) [] £i(vog)
oES) =1
and
g(wy, ..., wg) = det(gi(w;))i; = Y sen(0) [ ] 9i(vo(s))-
0ESy i=1

Therefore, the image of w Anin A,4(V) is f A g, where

i (Up+j)

(F A1, ... Vprg) =det< fi(vj) >

= D oeSyq 5800 Tt fi(ve ) TT521 95 (vo(s)

=2 vcn ZTGaSp+q sgn(7) [ 17—, filvr@ay) H?‘:1 95 (vr(5))

- EO’GH Sgn(a)f(va(l)v R 7'Uc7(p))g(va(p+1)a o

just as Spivak says.

4

Consider the differential form on R3:
w = zdy N\ dx + zydx A\ dz

and the map f : R? — R3 given by f(xz,y) = (22, z, zy).

Show that d(f*(w)) = f*(dw) by explicitly computing both sides.

Proof. First, let us compute f*(w):

ff(w) = f*(zdy A dx + zydz A dy)
= f*(zdy N\ dx) + f*(xydz A dy)
= xy(f*(dy) A f*(dx)) + 23(f*(dz) A f*(dz))
= zy(dz A (2zdz)) + 23((22dz) A (ydr + xdy))
= 222%y(dz A dz) + 22ty (dx A dz) + 22°(dx A dy)
= 225 (dz A dy)

Hence,
d(f*(w)) = (10z*dx) A dz A dy = 0.

Vo (p+a)):

O
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On the other hand,

dw =dzNdyANdz+d(zy) ANdx Adz
=dz ANdy A dx + (ydz + xdy) Adz A dz
= —drx Ndy Ndz + y(dz Ndx N dz) + z(dy A dx A dz)
= —dx Ndy Ndz — z(dx AN dy N dz)
=(—1—x)dz Ndy Ndz.

Hence,
fdw) = (-1 —z)dx ANdy N dz)
= (=1 — 2?)(2xzdx) A dz A (xdy + ydz)
=0.
Therefore, we conclude that, indeed, d(f*(w)) = f*(dw). O

5

Let w be a k-form on N and f: M — N differentiable. Show that f*(w)
is a differentiable k-form on M.

Proof. Suppose, first of all, that w is decomposable. Then
w=gdry A... Ndxp

for some smooth g. Then

ff(w)=1(go f)dfs A...Ndfy

where the f; are the ith coordinate functions. Then f; : M — R, so f; €
Q°(M) and, hence, df; € Q' (M) for all i = 1,...,k. Hence, df; A ... A dfy
is a k-form. Furthermore, since both f and ¢ are differentiable, so is g o f,
and so

(go f)dfy A ... Ndfy

is a differentiable k-form on M.
More generally, if

m
W:Z%Uh ANPIVANY V7
i=1

then

m

Frw) = (gio fdfi, A... Ndfi,

=1

is a differentiable k-form, since each summand is by the argument given
above in the decomposable case. O
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Show that the 2 form on R? — {0} given by
xdy — ydx
2+ y?

is closed but not exact.

Proof. First, we show that w is closed. To that end, let f(z,y) = ﬁ and

g(z,y) = ﬁ and re-write
—ydx xdy

W= g +$2+y2 = fdz + gdy.

Then
dw

d(fdz + gdy)
df Ndx +dg N dy

(Gdo+ Gdy) ndw+ (Gedo + S2dy) ndy
= %dy/\dw+ g—gdx/\dy
(% . %) dx N dy.

Now,
% _ y2—x2 _ 6.9

oy  a22+y?2 Oz

_ (9 _9f _
dw_(@x 8y)al:c/\aly—O,

)

so we see that

so w is closed.
On the other hand, suppose w is exact. Then w = dn for some n €
Q°(R? — {0}). Since the O-forms are just smooth maps into R, n = h for

some smooth h : R? — {0} — R. Then
oh oh
w=dn=dh= %dl‘jLafydy.

Then, integrating, we see that

X

for some g and

h= [ lade )

for some f. However, when we actually do the integrals, we see that

) = [ iy + ae) = tan /) + 9(a)
and

h(z,y) = /ﬁfwdm + fly) = —tan""(z/y) + f(y).
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However, this is clearly impossible, so we conclude that there is, in fact, no
such A and thus that w is not exact. O

Let G be a connected Lie group.

(a): Show that every discrete normal subgroup of G lies in the center
of G.

Proof. | Let H C G be a discrete normal subgroup. Let h € H.
Then, since multiplication and taking inverses are both continuous,
the map C}, : G — G given by

g~ ghg™!
is continuous. Since G is connected, Cj(G) is also connected. Now,
since H is normal, ghg~! € H, so C,(G) C H. Since H is discrete,
the only connected subsets are single points, so Cp(G) is a single

point. Now, clearly, if e is the identity on G, ehe™' = h, so we see
that, in fact, Cy(G) = {h}. In turn, this means that, for all g € G,

ghg™' = h,
so h € Z(G). Since our choice of h € H was arbitrary, we see that
this is true for all h € H, so H C Z(G). O

(b): Show that the quotient of G by a discrete subgroup of the center
is again a Lie group.

Proof. Let H C Z(G) be discrete. Let h € H. Then, if hg = g for
some g € G, then h = gg~! = e, so we see that the action of H on
G is free.

Now, since H is discrete, there exists a neighborhood U of the
identity e such that U N H = {e}. Let V' C U be a neighborhood
of e such that VV~! C U. Such a neighborhood certainly exists
because multiplication and taking inverses is continuous in GG. Now,

let h e H. If
NV #£0,

then hv = ¥ for some v,% € V. Since VV ! C U,
h=tv"'eUl.

Since UND = {e}, we see that h = e. Hence, for g € G, let W = gV
be a neighborhood of g. Then hW NW # () only if h = e. Therefore,
the action of H on G is free and properly discontinuous, so G/H is
a manifold.

Note that G/H is also certainly a group, since H is normal in G.
To see that multiplication and taking inverses are smooth on G/H,
let 7 : G — G/H be the standard projection. Let §,¢' € G/H and
let g € 771(g), ¢ € 7 1(¢'). Let (U,z) be a coordinate chart at g
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and let (V,y) be a coordinate chart at ¢’g. Then (7(U),z o 7|;') is
a coordinate chart at g and (7(V),yo|;;) is a coordinate chart at
¢'g = g'g. Then, since multiplication is continuous on G,

yoLyox ' :a(U)—yV)

is a smooth map in R". Hence,

1 1

—1 — —1\—
= (yorrly)o(wlvoLyom|;t)o(wor;)

is smooth as well. Now, for @ € 7(U), if a € 771(a) N U, then

yoLgoz™" = yo(nly or|y)oLyo(r|; om|y)ox™

Ly = 3 = n(g/a) = 7ly o Ly o 7l (a),
so we see that, in fact,
(yo 7T|‘;1) o Lgf, o(xo 7T|&1)_1

is smooth, and so we conclude that left multiplication on G/H is
smooth on G/H. A similar argument demonstrates that right mul-
tiplication is smooth on G/H.

Furthermore, if we let g,g, U,z be as above and let (W, z) be a
coordinate chart on ¢!, then, if we denote the map ¢ — ¢~ on G
by F and the map g+ g ' on G/H by f, then

zoFox™ !

is a smooth map from z(U) to z(W). Furthermore, since g~! €
G, f=nlwo Fonr|;' and so

1 1

zoFoz ! =zo(n|y onlw)oFol(n|;' only)oa™
=(zo 7["‘;/1) o(mlwoFo 71']51) o(xo W‘El)_l
=(zo 7r|‘7[,1) ofo(xo 7T|(}1)*1
is smooth and, thus, f is smooth on G/H.

Therefore, since G/H is a manifold and a group and multiplication
and taking inverses are smooth on G/H, we see that G/H is a Lie
group. ([l

(c): Let H be a closed Lie subgroup of G. Show that if H is normal
in G, then G/H is again a Lie group.
Proof. Define a right action of H on G by

h-g=gh'.
Then, if h- g = gh~! = g, for some g € G, then h = e, so this action
is free.
Now, let K C G be compact. Consider S ={h € HIhKNK # 0}.

Let h € S. Then hk = k' for some k,k € K. Hence, h = 'k~ €
KK~' Hence, he HNKK™',s0 S C HN KK~'. On the other
hand, if h € HN KK, then h = K'k~! for some k, k' € K. Hence,

hk =k, soh € S and thus HNKK~! C S. Thus, since containment
goes both ways, we see that S = HN KK~ L.
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Since multiplication and taking inverses are smooth in G and the
smooth image of a compact set is compact, K K ! is compact since
K is. Since H is closed and the intersection of a closed set with a
compact set is compact, we see that S = H N KK~! is compact.
Therefore, we see that the action of H on G is both free and proper,
so G/H is a manifold and 7 : G — G/H is a submersion. Further-
more, since H C G is normal, G/H is a group.

Now, let §,¢’ € G/H and g € 771(g), ¢ € 71(g). Let (U,z) be
a coordinate chart on g and (V,y) a coordinate chart on ¢’. Then

Lg

GxG G

L7
G/H xG/H *—G/H
is a commutative diagram; i.e.,
Lgo(mxm)=moLy.

Since 7 x m, m and L4 are all smooth, this implies that Lg is smooth.
A similar argument shows that right multiplication is smooth on
G/H.

Now, let g,g,U,x. If F : G — G is the inverse map on G and
f:G/H — G/H is the inverse map on G/H, then

G G
|
G/H —1~G/H

is a commutative diagram; i.e.,
fom=molPF.

Since m and F' are smooth, this implies that f is smooth.
Therefore, since G/H is both a group and a manifold and multi-

plication and taking inverses are smooth on G/H, we see that G/H

is a Lie group. O
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