GEOMETRY FINAL

CLAY SHONKWILER

1

(a): If M is non-orientable and p € M, is M — {p} orientable?
Answer: No. Suppose M — {p} is orientable, and let (U, ) be
an atlas that gives an orientation on M — {p}. Now, let (V,y) be
a coordinate chart on M (in some atlas) containing the point p. If
(U, z) is a coordinate chart such that U NV # (), then, since x and
y are both smooth maps with smooth inverses, the composition

zoy LiyUNV)—=z(UNV)

is a smooth map. Hence, the collection {(Uy,zq), (V, )} gives an
atlas on M. Now, since M — {p} is orientable,

det [ %% ) < g
ijﬁ

for all o, 3. However, since M is non-orientable, there must exist
coordinate charts where the Jacobian is negative on the overlap;
clearly, one of each such pair must be (V,y). Hence, there exists 3

such that
det 8y. <0.
83:%

Suppose this is true for all 5 such that UgNV # (). Then, since y(q) =

(' (q),-.-,y™(q)), let § be such that §(p) = (*(p), ¥ (p), ¥*(0), ¥*(p), ...

Then g : V — (V) is a diffeomorphism, so (V,g) gives a coordinate
chart containing p and

det <8yj> = —det <8yj> >0
8mﬁ 8.%'5

for all 3 such that UgN'V # (. Hence, unless equality holds in some
case, {(Uqa,%a), (V,7)} defines an orientation on M, contradicting
the fact that M is non-orientable.
Additionally, it’s clear that equality can never hold, since y :
UsnNV — y(UsnV) is a diffeomorphism and, thus, has full rank.
1
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Therefore, the above contradiction implies that there exist 3,~ such

that
det 8yA >0 det 8y' < 0.
Oy, 9z,

Let ¢ be a path in V' from ¢1 € Ug NV to g2 € U, NV such that

c does not pass through p. Then the U, cover ¢ and c is compact,

so a finite subcollection Uy, ..., Uy covers ¢, where Uy = Ug and

Ui, = U,. Since det gt’;) > 0 and det <gy;> < 0, there must exist
1

Tk
l€{l,...,k} such that

det(ayj) >0 det( 63; ) < 0.
O Oy

Now, W =U;NU;1 NV # 0, since U; and Upyq overlap on some
segment of ¢, which is contained in V. Note that

oty )~ \ouf ) \oud,,
by the chain rule, so
0>det< a:]y. ) = det <8yj> -det( afl > > 0.
9z, Ox; Oxy

From this contradiction, then, we conclude that M — {p} is not
orientable.

&

(b): Let f: M — N be a local diffeomorphism. If one of M or N is
orientable, is the other orientable?

Answer: If N is orientable, then so is M. If M is orientable,
then N need not be. Suppose f: M — N is a local diffeomorphism
and that N is orientable. Then, at each point p € M, there exists a
neighborhood U, of p such that f : U, — f(U,) is a diffeomorphism.
Let (Vp,yp) be a coordinate chart containing the point f(p) and let
V) = f(Uy) NV, Then f(p) € V) C f(Uyp), so U, = f~1(V)) is
a neighborhood of p such that f|y; : U, — V] is a diffeomorphism.
Furthermore, yp|vso flu; : U, — Yplvy (V,) C R" is a diffeomorphism,
since it is the composition of diffeomorphisms.

Now, suppose p,q € M such that U}’, N U(; # (). Then

(yplvy © flug) © (walvy o fluy) ™" = wplvy o (flug o f\[_gj) o yq\\_/qu = Yplvy 0 th—/qxl
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is a differentiable map from y,(V, N V}) to y,(V, NV). Furthermore,
since we can find such neighborhoods for each p € M,

Uu,=m
peEM

Therefore, (Up, yplv; © flu;) defines a differentiable structure on M.
Finally, note that if U} N U} # (), then

det(D((yplvy o fluy) © (alvy © flu) ™)) = det(D(yply; o yq\\_/q/l)) >0

since N is orientable. Therefore, M is orientable.

On the other hand, if M is orientable and f : M — N is a bijective
local diffeomorphism, then f~!': N — M is a local diffeomorphism
and we can apply the above result to see that N is orientable.

However, if f is not surjective, then N is not necessarily orientable.
To see why, let N be any non-orientable manifold. Let (U, z) be a
coordinate chart containing some point p € N. Then

x:U—zU)CR"

is a diffeomorphism; let M = z(U). Since M = z(U) C R" is
open, M is an orientable manifold and the map z=' : M — N is
a local diffeomorphism. However, despite M being orientable, IV is
not orientable.

Furthermore, if f : M — N is not injective, then the orientabil-
ity of M does not guarantee the orientability of N. For example,
consider the standard projection 7 : S — RP?. Let M = S? and
N = RP% Then M is orientable and N is not. Let (Uy,24) be an
oriented atlas on M, let p € M and let (U, z) be a coordinate chart
in this atlas containing p. Then, since N = S?/{#1}, we know that
(Tma(Uq), Ta © ﬂa]{,i) gives an atlas on N. Hence, both U and 7 (U)
are diffeomorphic to z(U) and so 7|y : U — w(U) is a diffeomor-
phism. Since our choice of p € M was arbitrary, we see that such a
neighborhood exists for all p € M, so 7 is a local diffeomorphism.
Therefore, we conclude that f : M — N being a local diffeomor-
phism and M being orientable does not necessarily mean that N is
orientable.

&

2

Let X be a vector field on a manifold M such that X(p) # 0 for all
p € M. Show that there exists a diffeomorphism f : M — M without any
fixed points.
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3

Let f: SL(2,R) — R where f(A) = tr(A). Find the regular values of f.
What is the diffeomorphism type of f~!(q) for q regular? What does f~1(q)
look like for ¢ singular?

Answer: Let < a b

c d

are both non-zero or b and ¢ are both non-zero. Let

e {(3 Dmssef e {( ) nere)

Define the map ¢, : Uy — R? by

< Z Z > — (a,b,d).
Since b # 0, and ad—bc = 1, ¢ = “db_l, so we can define ¥ : R®—{(a,0,d)} —

SL(2,R) by
a b
(a’abad) = ( adb—l d > .

Then det(¢1(a,b,d)) = ad — 242b = ad — (ad — 1) = 1 and
a b
sromebd) =0 uly ) )= (ba)

b

wlom(i Z>=¢1<a,b,d>=(m.l“_1 fl)

b

) € SL(2,R). Then ad — bc = 1, so either a and d

and

since ad — bc = 1, we see that ¢ = adg L. Therefore, ¢ and 1 are inverses;

since we can view SL(2,R) as a subset of R* and ¢; and v are both clearly
smooth when viewed as maps between R* and R — {(a,0,d)}, we conclude
that, in fact, ¢; is a homeomorphism of U; with R? — {(a,0,d)}.

Similarly, define the map ¢o : Uy — R3 by

< ‘CL Z) — (a,b,c).

Then, since ¢ # 0 and ad — bc = 1, d = HTI’C, so we can define o :
B3 — {(0,b,¢)} — SL(2,R) by

a b
(a,b,c)r—>(c 14be >

Clearly, both ¢9 and 1 are smooth. Furthermore, by a similar argument to
that given above, ¢g 019 = id and 1 0 ¢g = id, 50 ¢3 : Uy — R3 —{(0,b,¢)}
is a homeomorphism.

Now, ¢1(U1) N2 (Uz) = R3 — ({(a,0,d)} U{(0,b,¢)}), so we need to check
that ¢1 o gZ);l is smooth on this overlap. To that end, let (a,b,c) € R3 such
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that a,b # 0. Then
_ a b 1+ be
¢1 o ¢2 1(&, ba C) = ¢1 ( c 1+be ) = ((I, ba ) .

a

Since a # 0, this is a smooth map. Similarly,
_ a b ad —1
¢2 © ¢1 1(0’7 b7 C) = ¢2 ( ad—1 > = (CL, b7 ) .
T c b

Since b # 0, this is also a smooth map. Therefore, we conclude that (U, ¢;)
gives an atlas on SL(2,R) for i = 1,2.
Now, consider the trace map. If x1 # 0, then
I xI9

-1
tro¢] (x1,22,23) =tr | zas—1
T2 3

>:.T1+ZC3,

SO

tro¢rt) Altrogr") troer’)

D(tr) = =(1,0,1
( T‘) < a':vl Y 81'2 9 8.1'3 ( ) )’

which has rank 1, so none of these points is critical. On the other hand, if

b # 0, then

-1 x1 T2 1+ zox3
tro ¢y (21, 22,23) = tr lfaozy | =1+ ——7,
I3 T Tl

SO

D(tr) = Atropyt) dtropy') dtropyt) _ 1_1+$2x3 T3 T
8:]01 ’ axg ’ 8x3 2 ’

2 Tx m
which almost always has rank 1. The only way this matrix can have rank 0
is if zg = z3 = 0 and
1+ T3

2
Ty

=1 & x%:1+$2$3:1,

i.e. 1 = £1. Since
of the trace map are

1@”7?3 = ﬁ = +1, we see that the only critical points

+£1 0
0 =1

so the critical values of the trace map are +2.

True or false?

(a): Every one form on S = {z € R?||z| = 1} can be extended to a
one form on R2.

Answer: True. Let w € Q!(S!). Define the map g : R? — {0} —
S! by

g9(z) = m
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Then g is certainly a smooth map, and so ¢g*(w) is a 1-form on
R2—-{0}. Now, let f : R?> — R be a smooth map such that £(0,0) = 0
and f = 1 outside B(1/2), the ball of radius 1/2. Then fg*(w) is
certainly a form on R? — {0}, since f : R? — {0} — R is smooth.
Furthermore, since fg*(w) is zero in a neighborhood of the origin,
can be extended to a form 7 on R? simply by defining n = fg*(w)
away from the origin and n = 0 at the origin. Then, since f =1 on
S' and g|g1 is the identity, n = f¢*(w) = w on S', so we see that 7
is an extension of the form w to all of R?.

&

(b): Every closed one form on S! can be extended to a closed one form
on R2.
Answer: False. Let w € Q'(S1) be non-zero and closed. Suppose
there existed an extension 1 of w to all of R? such that dn = 0. Let
B(1) be the ball of radius 1 in R?. Then, by Stokes’ Theorem,

O:/ dn:/ n:/wyé(),
B(1) 8B(1) 51

as we showed on Homework 12, problem 3. From this contradiction,
we conclude that there is no extension of the non-zero closed form
w € QY(SY) to a closed form on R2.

)
5

Let M™ be compact and orientable. Show that if w is an (n — 1)-form,
then dw is zero at some point.

Proof. Since M has no boundary, we know, by Stokes’ Theorem, that

/dw:/ w:/w:O.
M oM 0

Let (Uq, o) be an atlas on M that yields an orientation. We may assume
that, for each «, x4(U,) = R" since z,(Uy) C R™ is open and, hence, diffeo-
morphic to R™. Since M is compact, there exists a finite subset Uy, ..., U
of the U,’s such that
k
M=|]JU.
i=1

Let {¢;}¥_, be a partition of unity subordinate to the U;. Then

0= /M o = 2; /U G = Eﬁ; /R Sy o) = [ gu;l)*(@dw)-

Now, suppose dw were everywhere non-zero. Suppose that dw > 0 at some
p € M and dw < 0 at some ¢ € M. Then let ¢ : [0,1] — M be a path from p
to ¢. Then dw must be zero at some point ¢(s) for s € [0, 1]. Therefore, we
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see that dw > 0 or dw < 0 on all of M. Assume, without loss of generality,
that dw > 0 on all of M. Then dw o x;I > 0 on all of R”. Therefore,
(x; D*(¢idw) > 0 at all points and, furthermore, must be strictly positive
at some point, since ¢; # 0 and is a partition of unity (and, therefore,

non-negative at every point). Thus, we see that

k
[ 36 o) >0,
=1

From this contradiction, then, we conclude that dw cannot be everywhere
non-zero, and so dw is zero at some point. O

6

Let f : M — N be smooth, M compact, and M and N orientable.
Suppose there exists an open set U C N such that f : f~}(U) — U is a
diffeomorphism. Show that IV is compact.

Proof. Suppose N is not compact. Note that, since f : f~(U) — U is a
diffeomorphism, M and N are manifolds of the same dimension; call this
dimension n. Now, let w be an n-form on M such that supp(w) C W C
f71(U) where (W, z) is a coordinate chart contained in f~*(U) and [,, w # 0
(for example, take some volume form on W and multiply it by a smooth,
non-negative function g : M — R such that supp(¢g) C W and g = 1 on
some open set contained in W). Note that W, the closure of W, is compact
and contained in f~1(U), so f(W) is compact and contained in U. Hence,
W and f(W) are compact n-manifolds with boundary. Then, since f ]I}/l :
f(W) — W is smooth, n = (f\;—vl)*(w) is an n-form on U. Furthermore, n
is zero on the boundary of f(W), since f|;T/1 takes the boundary of f(W) to
the boundary of W.

Now, extend 7 to a form 7’ on all of N by letting 7/ = 0 outside of f(W).
Since all n-forms are closed, ['] € H"(N). Now, since N is not compact,
H™(N) =0, so [7'] =0 in H"(N). Now, since f is smooth, f induces a
homomorphism f* : H*(N) — H"(M). Now consider f*(n'). On W,

FV) = (1) (@) = w.
Now, since f~1(f(W)) = W (because f : f~1(U) — U is a diffeomorphism)
and since 1’ = 0 outside of f(W), we see that f*(1) = (0o f)dz'A.. . Ada™ =
0 outside of W. However, this means that f*(n') = w both inside and outside
of W, so f*(1') = w. Since M is compact, H"(M) = R and

p

gives the isomorphism between H™(M) and R. Now, recall that [ uw # 0,
S0 w is a non-zero element of H"(M). Thus, f* : H*(N) — H"(M) is a
vector space homomorphism mapping zero (i.e. [])to a non-zero element
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(i.e. [w]). This is clearly impossible, so, from this contradiction, we conclude
that, in fact, N is compact. O

7

Define what one means by the product of two Lie algebras. Show that
the Lie algebra of SO(4) is the direct product of 2 Lie algebras each one of
which is (R3, x) with its cross product.

Answer: Let g and h be two Lie algebras. Define the operation [,] :

gxbh—gxhby
[(X1,Y2), (X2, Y2)] = ([ X1, Xo], [Y1, Y2)).
Then we see that, for (X,Y) € g x b,
[(X7Y)7 (X7Y)] = ([X7 X]? [Yv Y]) = (070)
since g and b are Lie algebras. Furthermore, if (X7,Y7), (X2, Y2), (X3,Y3) €
g xb,

[[(X1,Y1), (X2, Y2)], (X3, Y3)] + [[(X2, Y2), (X3, Y3)], (X1, Y1)] + [[(X3, Y3), (X1, Y1)], (X2, Y2)]
([X1, Xo], [Y1, Ya]), (X3, Y3)] + [([X2, X3], [Y2, ¥3]), (X1, Y1)] + [([X3, X1], [Y3, V1)), (X2, ¥2)]
[[X1, Xa], Xs], [Y1, Y2, Y3]) + ([[X2, Xs], Xu], [[Y2, V3], Y1) + ([ X3, X1] Xo], [[Y3, YA, Y2])
[[Xl,Xz]»Xs] + [[ X2, X3], X1] + [ X3, X1], Xo], [[Y1, Yo, Y3] + [[Ya2, Y3], V1] + [[¥3, Y1), Ya])

= (07 0)7
since the Jacobi identity holds in g and . Therefore, we see that g x h with
bracket defined as above is a Lie algebra.

Now, let G and H be Lie groups with corresponding Lie algebras g and .
Then G><H is also a Lie group v with identity (eq, eH) Let (X1,Y1), (X2,Y2) €

T( (G X H) Then (Xl,Yl) (Xl,Yl) and (XQ,}/Q) (XQ,YQ), SO

[
(
(

6@,6}])

[(X1,Y1), (X2, Y2)] = (Xl,Yl),(X2aY2)](€Ga€H)

—_—

X1, Y1)(Xa, Ya) (e exr) — (X, Yo) (X1, Vi)
Xl,Yl)(Xg,Y)(eg,eH) (Xl,Yl)(XQ,Yg)(eg,eH)

[

( €q,en)
(

(X1X2( ¢)s 1Ya(en)) — (XaXi(eq), YaYi(enr
(

(

(em))
X1 X ( a) — Xo X ( (ea), YIE(QH) Y2Y1(€H))

(X1, Xa](eq), [Y1Ya] (enr))
= ([X17X2]7[Y17Y2])7

so we see that g x b as defined above is the Lie algebra for G x H.

Now, turning to the case of SO(4), we showed in Homework 8 Problem 5
that there exists a Lie group homomorphism F : §% x §3 — SO(4), which
in turn induced a diffeomorphism G : (S x S3)/((z,y) — (—z, —y)). Now,
since {(1,1),(—1,—1)} is a discrete normal subgroup, (5% x S3)/((z,y)
(—z,—y)) is also a Lie group. Furthermore, since the group operation on
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this group is induced by the group operation on S° x S and F respects this
group operation, we see that G is, in fact, a Lie group isomorphism.

Since the coordinate chart on (S x $3)/((z,y) — (—x,—y)) is simply
given by (7(U),zon|;;') where 7 is the standard projection and (U, z) is an
atlas on S3 x S3, we see that these two Lie groups have the same tangent
plane at the identity and, thus, the same Lie algebras. If s3 is the Lie
algebra of S3, then our work above indicates that this Lie algebra is, in
fact, s x s3, which, given the above Lie group isomorphism, is also the
Lie algebra of SO(4), which we might call so(4). Now, as we showed on
Homework 8 Problem 2, 5% is isomorphic to (R3, x), 3-space with its cross
product. Therefore, we conclude that

s0(4) ~ (R?, x) x (R?, x).

&
8
Show that every 2 form on R has one of the following forms:
e1 Neg,e1 Neg+e3Neqg,e1 Nea+e3 Neg+es N eg
with respect to some basis ey, .. ., eg (not necessarily the same basis for each

form). Furthermore show that these 3 cases are mutually exclusive.

9

Compute the DeRham cohomology groups of the Klein bottle.

Answer: Let K denote the Klein bottle. Then, since K is connected,
HY(K) = R. Also, since K is non-orientable, H?(R) = 0. Now, consider the
two open subsets of K, U and V, indicated in the below picture:

Then both U and V' are both cylinders and, as such, each is homotopic to
S1. Furthermore, U NV consists of two extremely short cylinders and so is
homotopy equivalent to the disjoint union of two copies of S'. Now, form
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the Mayer-Vietoris sequence:

0 HO(K)

H(U)o HY(V) —= HY(UNV)

H>(K)<— HY (UNV)<— HY U)o HY(V) HY(K)

Note that HY(K) = R, H'(U) = H(V) = H°(S') = R and H'(U) =
HY(V) = H'(S') = R. Furthermore, since U NV has two components, an
element of HY(U N'V) is a constant function on each component (but can
be different constants on each component) and since no zero form is exact,
we see that HO(U N'V) = R @ R. Finally, the closed 1-forms on the disjoint
union of two copies of S' consists of any two closed 1-forms on S! so, since
H(SY) =R, we see that H{(UNV) = HY(UUV) = R®R. Let us indicate
these calculations on the sequence:

0 HO(K)
2

HO(U) @ HY(V)—=HO U N V)
U U
R R R R®&R

HX(K)<~—HY(U NV)<~—HYU) ® H(V)
H i 2
0 R@®R R &R

Therefore, we see that H°(K) — H°(U) @ H°(V) is injective, so its image
is 1-dimensional and, hence, the kernel of HO(U) @ H*(V) — HY (U NV) is
1-dimensional, meaning its image is also 1-dimensional. In turn, this implies
that the kernel of HY(U N'V) — H'(K) is 1-dimensional; since H*(U NV)
is 2-dimensional, the image of this map is also 1-dimensional, and so the
kernel of H(K) — HY(U) @ H*(V) is 1-dimensional.

On the other hand, since H'(U)® H* (V) — H(UNV) must be surjective
and both spaces are 2-dimensional, the kernel of this map must be trivial,
and so the image of H(K) — HY(U) @ H!(V) is trivial. Therefore, since
HY(K) — HY(U) @ H'(V) has trivial image and 1-dimensional kernel, we
see that H'(K) is 1-dimensional and, thus, must be isomorphic to R as a
vector space. Therefore, we see that the complete cohomology of K is

: R i=0,1
HZ(K):{ 0 i=2

H(K)
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