GEOMETRY MIDTERM

CLAY SHONKWILER

1

Let f: M — N and g : N — W be smooth. Show that go f: M — W is
smooth.

Proof. Let p € M and let z : U - R™ y:V — R*and z : A — RF
be coordinate charts on neighborhoods of p, f(p) and g o f(p), respectively.
Then, since f: M — N is smooth, the map

yofoz™t:a(U) —y(V)

is a smooth map from an open subset of R™ to an open subset of R".
Similarly, since g : N — W is smooth, the map

zogoy ' :y(V) — z(A)

is a smooth map from an open subset of R™ to an open subset of R*¥. Now,
we know that in Euclidean space the composition of smooth maps is smooth,
SO

(zogoy o(yofort): a(U) — 2(4)
is smooth. However,
(z0g0y™")o(yofor") = zogo(yoy)ofor" = zogofor" = zo(gof)or;

since this map is smooth, we see that, by defnition, g o f is smooth. [l

2
Show that there is no smooth map f : S' — S x S! that is onto.

Proof. Let x1 and xo be stereographic projection from the north and south
poles, respectively, with corresponding open sets U; = S1\{N} and Uy =
S1\{S}. Then {(Uy,x1), (Uz,z2)} is an atlas on S'. Furthermore, charts of
the form (U; x Uj, (x;,x;)) form an atlas on S' x S'. Now, if there is some
smooth, surjective map f: S — S x S, then the maps

(xj,xp)o f o:vi_l c2i(Us) = (Uj) x x,(Uy)
must be smooth maps. Furthermore, since stereographic projection has all
of R as its image,
g:(wj,xk)ofox;1 R —>RxR=R?
must have all of R? except possibly one point (i.e. the image under (z;, z;) o

f of either the relevant pole) in its image. In fact, a suitable rotation of
1
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S1 x S! such that, if i = 1, the image of the north pole under f serves as
the “pole” of the composite stereographic projection on S! x S means that

g:R — R?
is a surjective, smooth map. This is clearly impossible, though, so we see
that, in fact, there is no smooth map f : S' — S x S! that is onto. O
3

Show that the set of all m x n matrices of rank k is an embedded sub-
manifold of R™" of dimension k(m + n — k).

Proof. First, let us consider the set M of all m x n matrices of rank < k.
Now, let A € M and consider (k+1) x (k4 1) minors of A. Specifically, each
such minor must have zero determinant, else A would have to have rank at
least k& + 1. If we label the minors by A;; where the i and j are given by the
row and column, respectively, of the top left entry in the minor, then we see
that

det Aij =0

for1 <i<m-—k,1<j<n—k. Hence, we have a system of (m—k)(n—k)
linear equations in mn unknowns, meaning there are

mn — (m —k)(n—k) =mn — (mn —kn —km —k*) =k(n+m —k)

free variables, so we can naturally associate M with RF("+"=%) where the

coordinate map is given by solutions of this system of linear equations in
terms of the free variables (that is, simply selecting k(n + m — k) entries
in A that correspond to free variables in the linear system of equations
and mapping A to the vector in Rk(m+n=k) determined by these entries).
As constructed, this is clearly a continuous map, since this is essentially
a projection of R™" onto RF("m=k). the fact that it is bijective is also
clear. The continuity of the inverse stems from the fact that we can solve
the system of linear equations defined by the determinants of the minors
purely by compositions of linear maps (corresponding to row-reduction, row
interchange, etc.), which are, of course, continuous. Since this map defines
global coordinates, we need not worry about coordinate interchange, and,
since M inherits the paracompact and Hausdorff properties from its parent
space, we see that M is a k(m + n — k)-dimensional manifold.
Define the map g : M — R given by

g(A) = max {ldet A;|}
1<i<m-k+1
1<j<n—k+1

for A € M where the A;; are k x k minors labeled in the way described
above. Then the matrices in rank k in M will be precisely those mapped to
positive reals; those matrices with rank < k will be mapped to zero. Since
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the determinant maps are continuous, ¢ is also continuous; since, for all
c € RT (the positive reals),

c 0 00 0
0 1 00 0
00 10 0
00 00 0
00 --- 00 --- 0

is mapped to ¢ by g and the zero matrix maps to 0, we see that g : M —
R* U {0} is onto. Hence, g~!(R*) is precisely the set of matrices of rank
k and, since ¢ is continuous and R is open in R, this corresponds to an
open subset of RE(M+7=k) " From all this, then, we conclude that the m x n
matrices of rank k& form a manifold of dimension k(m+n—k). The inclusion

map provides the desired embedding into R™". [l
4
(a): Given two manifolds M™ and N™, when is the product M x N
orientable?

Answer: M x N is orientable if and only if M and N are both
orientable. To see why, suppose, first, that M and N are both
orientable. Then there exist atlases (Uy, zo) and (Va, yq) on M and
N, respectively, such that

det(D(zq 0 xgl)) >0
and
det(D(y, 0y5')) >0

for all «, 3 such that U, N Ug # 0 and V, N Vs # 0.
Now, (Ua % Vg, (za,yp)) gives an atlas on M x N. Furthermore,

(mavyﬁ) © (‘r%yé)il) = (a0 x';lvyﬁ °© y6_1)7
SO
det(D((za,yp) © (24, y5) ")) = det(D(zq o ﬂ??la?{ﬁ oy; 1))
D(zq0xt) 0 >
= det v _
< 0 D(ysoy;s ")
= det(D(zq 0 23')) det(D(yg o ys )
>0

for all overlapping coordinate charts (zq,y3) and (z~,ys), so we see
that M x N is orientable.

On the other hand, suppose M x N is orientable. Then, for each
point (p,q) € M x N, there exists a neighborhood W = U x V
and smooth maps zi,..., zm, such that z(r,s),..., zma(r, s) is an
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orientation on T(, o(M x N) for all (r,s) € W. Since T{, (M x N)
is just a copy of R™* T,.M is a copy of R™, T;N is a copy of R"
and Ry, x R, = R™", we can think of T{, ,)(M x N) as being simply
T,M x TsN. Hence, orthogonally projecting z1(r,s),. .., zZmn(r, )
onto T.M and T3;N yields smooth maps 21,...,%, and Zi,...Z,,
respectively, which give orientations on T, M and TsxN.

Now, define the maps a;(r) = 2;(r, ¢) and b;(s) = Z;(p, s). Since 2;
smooth on U x V, it is certainly also smooth on U x {¢}, so a; : U —
TM is smooth. Similarly, b; : V — TN is smooth. Furthermore,
as constructed, a1 (r),...,an(r) gives an orientation on 7, M for all
r € U and by (s),...,by(s) gives an orientation on TyN for all s € V.
Since our choice of (p,q) € M x N was arbitrary, we see that, in
fact, M and N must both be orientable if M x N is orientable.

&

(b): Is RP? x RP? or RP? x S? orientable?

Answer: No, neither is orientable. As we saw in class and proved
in the homework, RIP" is orientable if and only if n is odd. Hence,
RP? is not orientable and, therefore, the result we proved in part (a)
above demonstrates that neithr of these manifolds is orientable.

&

5

Show that T'(x,y, z) = (1 — z%y% -(1- 22):1:8% defines a vector field on
S? = {(x,y,2)|x? +3? + 2% = 1} and compute the flow of T on S2. Can you
describe it geometrically?

Proof. Let ¢1 be stereographic projection from the north pole and ¢5 be
stereographic projection from the south pole. Then, as we’ve already seen,
(Ui, ¢;) gives an atlas on S2, where Uy = S2\{N} and Us = S*\{S}. Now,
if we denote

0 0 0 0
T(f’%yaz) =(1- ZQ)ZJ% - (1 - zz)xa—y =ai(z,y, Z)% - a287y
then
-1 2+ 2_4
arody ! (muz) = o (Gl it i)

— (1= u%—i—u%—él 2 dus
ud+us+4 ud+us+4
_ dun[(ud +ud )% (uud—4)?)
(u24ud+4)3
4us (16u2+16u2)
(ui+uz+4)3




GEOMETRY MIDTERM 5

which, since the denominator is never zero, is smooth on R?. Similarly,

2 2
—1 4uq 4us 4—uj—uj
ar o ¢y (u1,u2) = a1 <u§+u§+4’ W ud+d Itudtul

— 1 _ 4—'LL% —u% 2 4u2
uZtul+4 uZtul+4
_ dup[(ud+u3 +4)*— (4-u3—ud)’]
(ui+us+4)
Jug(16u2+16u2)
(u2+ul+4)3

which is, again, smooth. Similar calculations show that as oqﬁl_1 and azo ¢, 1
are smooth, so we conclude that T" does, indeed, define a smooth vector field
on S2.

Now, for the sake of convenience in writing, we can interpret the vector
T(z,y,z) in the tangent space of (x,y, z) as, simply, the vector

(1= 2%y, —(1 - 2%)z,0)

in R3 translated to be based at the point (x,%, z). Now, consider some point
(70,0, 20) € S? and suppose c(t) = (c1(t),ca(t), c3(t)) is an integral curve
through this point. Then ¢(0) = (xo, yo, 20) and

(1 (1), h(t), c5(t)) = ¢ (t) = T o e(t) = (1 = c())e2(t), —(1 — E3(t))es (1), 0).

Immediately, we see that c4(t) is constant and, since ¢3(0) = zp, we conclude
that c3(t) = 2o for all t. Hence, we can simplify the above equation to yield
the following system:

a(t) = (1—2z5)ea(t)
(t) =—(1-2z5)a(t).

Differentiating both sides yields

ci(t) = (1-2§)c(t) =—(1—25)%ci(t)
g(t) =—(1—25)ci(t) = —(1 — 23)ca(t).

The fact that ¢} + (1 — 23)%c; = 0 implies that
c1(t) = ag sin((1 — 28)t) + ag cos((1 — 28)t)

/
. t
for some aq,as € R. Furthermore, since ca(t) = Cl_(zé, we see that
0

1
ca(t) = g cos((1 — 22)t) — agsin((1 — 22)t).
Plugging in the initial conditions, we see that
xo = c1(0) = ag
and
Yo = c2(0) = oy
so, putting it all together, we see that

c(t) = (yo Sin((l—Z%)t)—f—l‘o cos((l—zg)t)7 70 cos((l—zg)t)—xo sin((l—z:g)t)7 20)-
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Since our choice of (xg, Yo, z0) was arbitrary, we see that, for any (z,y, z) €
52, the flow through the point is given by

bi(z,y, 2) = (ysin((1—22)t) 4z cos((1—23)t), y cos((1—22)t)—x sin((1—2°)t), 2).

Geometrically, the flow lines are simply the lines of latitude on the sphere.
O

6
Show that CP! is diffeomorphic to S2.

Proof. We prove this result by constructing an explicit diffeomorphism.
From the first homework, we know that (U;, x;) gives an atlas on CP!, where

U; = {[z1, 2] € CPY|2; # 0}
and
z1([z,w]) = w/z,
za([z,w]) = z/w.
Clearly, both z; and z are maps from CP' onto C, since, for any ¢ € C,
z1(l,c) =c¢ xa(c, 1) =c.

Furthermore, we know that (V;, ;) gives an atlas on S? where Vi = S2\{N},
Vo = S?\{S} and y; and g5 are stereographic projection from the north and
south poles, respectively. Furthermore, both y; and ys are also onto R?,
which we view as C. Now, let us define our diffeomorphism f : CP! — S2.
For z # 0, let
F(lzw]) =yt o m(lz,w]) = yi ' (w/2)

and, for z = 0, let f([z,w]) = N = y5*(0) = y; "oxa([z,w]) (note that in CP*
there is only one point [0, w], since, for all wy,wy € C, %(O,wl) = (0,w2)).

Now, since y1 and x1 are coordinate charts, y; Land z; are differentiable,
S0, by problem 1 above, their composition f is differentiable away from the
possible bad point [0,w]. Furthermore, y; and xl_l are also differentiable,
SO :cfl oy is differentiable away from the north pole of S?. Therefore, we
see that f is differentiable with differentiable inverse at all points except
possibly [0,w]. Now, as z — 0, w/z — oo and so f([z,w]) — N; since we
defined f([0,w]) = N, we see that f is, in fact, continuous at [0, w] with
continuous inverse.

For z near 0, z2([z,w]) = z/w, so

yrofoxyt (z/w) = yaoy; toxromy (z/w) = yaoyy tox([z/w, 1]) = yooy; (w/2),
which will be close to the origin, since w/z has very large norm, meaning
Yy ! maps it near the north pole, points near which are mapped near the
origin by yo. In fact, we see that ys o f o 25 '(2/w) approaches the identity

map as z approaches 0 and, since
y20 foxy (0) =y20 f([0,1]) = y2(N) =0
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we see that it is the identity map at the origin. Now, again using our result
in problem 1, we know that ys o y; Lozio Ty !is differentiable (as is its
inverse) and the identity map is certainly differentiable, so we conclude that
f is, in fact differentiable at [0, w]. Since the inverse map will also give the
identity at N, we see that f has differentiable inverse at [0, w] as well.
Therefore, we conclude that, in fact, f is a diffeomorphism and that,
therefore, CP! and S? are diffeomorphic.
O

7

Show that {M € SO(3)|M = M', M # Id} is a submanifold of SO(3). Is
this true if I include M = Id? Can you identify the surface?

Proof. Let N = {M € SO(3)|[M = M! M # Id}. Note, first off, that
all elements of N are orthogonally diagonalizable since they are symmetric.
Hence, for all B € N,

B=rprDpP!

for orthogonal P and diagonal D. The non-zero elements of D are simply
the eigenvalues of B; since B is orthogonal these eigenvalues must have norm
1, since B is symmetric they must be real and since 1 = det B, which is just
the product of the eigenvalues, we see that each non-zero element of D must
be +1, with an even number of —1’s. If all eigenvalues of B are 1, then
D = Id and so

B=PDP ! =PIdP~' = PP ! = Id,

which is not in V; hence, we conclude that B must have —1 as an eigenvalue
with positive, even multiplicity. Namely, B has eigenvalues 1 and —1, with
1 of multiplicity 1 and -1 of multiplicity 2.

Now, define the map f: SO(3) — N by

1 0 0
f:A—Al 0 -1 0 |A°L
0 0 -1

Note, first, that this map is well-defined as, if

ail a2 a3
A=\ a1 ax a3 |,

azr asz2 as3

then
a% - a%g - a%g aijja; — aja22 — a13a23 a11a31 — 412432 — A13433
f(A) = 11021 — 12022 — 13023 a%l - a%g - a%g 421031 — (22032 — 423033
a11a31 — 1232 — 413033 (21431 — (22032 — 423433 a%l - a%g - a%g

which is symmetric. Furthermore, note that this map is continuous when
viewed as a map in RY and thus, since SO(3) inherits the subspace topology,
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is continuous on SO(3). Furthermore, f is surjective, since for any B € N,
B can be orthogonally diagonalized as

B=PDP™!
1 0 0
with D = 0 -1 0 as we saw above. Furthermore, for A,C €
0 0 -1

SO(3), if f(A) = f(C) = B, then, since the columns of A and C are simply
the eigenvectors corresponding to the appropriate eigenvalues of B, it must
be the case that A = C', so f is injective. Finally, since eigenvectors vary
continuously, the inverse of f is also continuous. Thus, f is a bijective
continuous map with continuous inverse, which is to say a homeomorphism.
Since N C SO(3) and N is homeomorphic to SO(3) by way of f, we see that
N must be an open set of SO(3) and, therefore, a submanifold of SO(3).
Note that we cannot expand f or f~! in any way to include Id, since
every vector is an eigenvector of the identity. In fact, note that the only
eigenvalue of Id is 1, whereas all elements of N have -1 as an eigenvalue;
since the eigenvalues of a matrix vary continuously with the matrix, we see
that Id is in fact disconnected from N. As such, we see that N U{Id} is not
a manifold, as any proposed atlas would have to cover Id with some open
set U and the image of U under a coordinate chart would be either a single
point or the union of an open set with an isolated point, neither of which is
an open set in euclidean space. O
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