GEOMETRY FINAL

CLAY SHONKWILER

1

If V is an n-dimensional euclidean vector space, show that x : AP — AP
is well defined by *(vi Avg A -+ Avp) = vpr1 A -+ A v, for any oriented
orthonormal basis v1, ..., v,.

2

Show that #x = (—1)?(®~P)id and that  is an isometry.

3
Show that the 2 inner products on QP(M) given by (a,8) = [, A *3
and ( = [y {a, B)dvol, are the same.
4

Show that on R™ with its usual inner product A(f) = — 3, 9*f/02? for
any function f. What is A(w) for a p-form w?

Proof. Let f be a 0-form on R™. Then

Af = dof+odf
dxdx* [+ xdxdf
of

= d*d(fdxl/\.../\d:v")ﬂ—*d*zﬁdxi

T

= dx(df Ndz' AL A da™) +*dz dx/\ CAdTEA LA da"

- 92 —~
= 0+x)» (-1) 18fd ANdzt A NN LA da”

i=1 !

= x» ()= 1afd YA Adz

= Oxi?
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Suppose a = fdz®W A ... A dz®®P) is a p-form, where 1 < o(1) < ... <
op)<n,1<o(p+1)<...<0o(n) <n. Let e =sgn(c). Then
Aa = (dd+d0d)a
= dxdx fdz" DA Ad2"P) 4 xd x dfde”D AL A da”®P)

= dxd(=1)fdaz®PTV A Adz"™) 4 xd E 5 f(.) dz®@D A da® D AL A daoP)
ma’ (2
i=p+1

p n

€ af o(1 o o(n —€ 8f o .

= dx)» (-1) Ol W Ada” TV A A d2" ™ xd D (1) oo P+ A A dao
i=1 i=p+1

- of 1 - s n 82f ) p
— ‘ 2

Check that (de, 8) = (o, 88) where §8 = (—1)"P+D+1 4 d x 3.

6

Show that a harmonic form is closed and co-closed, that an exact harmonic
form is 0, and that A commutes with *.

Proof. Suppose « is a harmonic form; that is, Aa = 0. Then
0=(Aa,) = (dda+ ddo, )
= (dda,a) + (dda, a)
= (da,da) + (da,da).

This, then, implies that o = da = 0, since (,) is positive definite.
Now, suppose Aa = 0 and o = dw for some form w. ([

7

Compute the fundamental group of:
e R” minus a point.

Answer: Since R” minus a point is homeomorphic to R"—{0}, we
may as well assume the deleted point is the origin. Let S™ be the unit
sphere centered at the origin. Define the map H : [0,1] xR"—{0} —
Sn—l by

x
r—t— + (1 —t)z.
|z
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Then for all x € R™ — {0}, H(0,z) = x and

x

kd

]
H(,2) = || =E =1,
| l

so H(1,z) € S"~'. Furthermore, if x € S"~!, then |z| = 1 and so

Hi(t, ) :t%—k(l e =tr+(1—t)z=u,
x
so H is the identity map on S" . Now, H is continuous, so we see
that S"~! is a deformation retract of R™ — {0}, so

S O R

Finally, if n = 1, then R™ — {0} is not connected, consisting of
two simply connected components. Since each component is simply
connected, its fundamental group is trivial.

&

R” minus a line.

Answer: Clearly, this only make sense when n > 2. Now, if
n = 2, then R? minus a line consists of two components, each of
which is simply connected, and so the fundamental group of each
component is trivial.

If n > 2, let X denote the zi-axis. Then R™ minus a line is
homeomorphic to R"— X, so we may as well assume the deleted line is
X. Let Y ={(0,z2,...,2,) € R""—X}. Define H : [0,1]xR"—X —
Y by

(1, yxn) = (L —=t)z1, 22, ..., Tp).
Then H is certainly continuous. Furthermore, for all (zy,...,x,) €
R™ — X,
H(0, (x1,...,20)) = (X1,...,2p)
and

H(1,(z1,...,2n)) = (0,22,...,2,) € Y.
Finally, if (0, z9,...,2,) € Y, then
H(t,(0,z2,...,2,)) = (0,22, ...,2p),

so H is a deformation retract of R” — X. Now, note that Y is
homeomorphic to R"~! — {0}, so we see that

m(R" = X) = m(R"! - {0}) = { ? Zig

by our work above.
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e R" minus a circle.
Answer: Again, this only makes sense when n > 2. If n = 2, then
R? minus a circle consists of two components. The component inside
the circle is simply connected and, hence, has trivial fundamental
group. The component outside the circle is homotopic to R? minus
a point, and thus has fundamental group isomorphic to Z.
Ifn>2
e R™ minus a line and a circle. There are two possible spaces. Show
that they are not homotopy equivalent.

8

Show that every covering is a local homeomorphism and find a local home-
omorphism that is not a covering.

Proof. Let m : X — Y be a covering. Let p € X and let ¢ = 7(p) € Y.
Then, since 7 is a covering map, there exists a neighborhood U of ¢ such

that
77_1((1) = U Va
aEA
for some indexing set A where V, NV =0 for a # 3 and 7|y, : Vo — U is
a homeomorphism for all a € A. Then, since p € 7~ 1(q), p € V,, for exactly
one «. Furthermore, since 7 is continuous, V,, is open and

mly, Vo — U

is a homeomorphism. Since our choice of the point p was arbitrary, we see
that there exists such a neighborhood for any point in X, so 7 is a local
homeomorphism.

O

9

Is f: C — C given by f(z) = e* a covering? If not, can I modify this to
make it into a covering?
Answer: Let z = x + iy € C. Then

f(z)=¢€"= et — el
Since e* > 0 for all z € R and e¥ is a point on the unit circle centered at

the origin, we see that f(z) lies on a circle of radius e* > 0; specifically,
f(2) #0,s0 f: C— C cannot be a covering.
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