ALGEBRA HW 10

CLAY SHONKWILER

Let p be a prime number.

(a): Use Eisenstein’s Irreducibility Criterion to show that the polyno-

mial
flx)y=aP 4P 2. fr+1
is irreducible over Q.

Proof. We consider f(z + 1):

fe+) =@+ +(@+1)P 2+ (z+1)+1

£ ()

Now, for each 0 < n < p — 1, the coefficient on y"
k—n) n) \n+1)
k=n k=n

Hence, we see that

flz+1) :xp_1+pxp_2+~~-+])(])21)$+p7
which is monic, has all coefficients divisible by p and constant term
not divisible by p?. Hence, by Eisenstein, this polynomial is ir-
reducible. Now, suppose f(z) = g(z)h(z) for some non-constant
g,h € Q[x]. Then f(z + 1) = g(x + 1)h(x + 1); however, this is
impossible, since we just saw that f(x + 1) is irreducible over Q.
Therefore, we conclude that f(x) is irreducible as well. O

(b): Give another proof of the same assertion, by first showing that

f(x) = ®p(x).

Proof. Note that
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PP 24 441

rz—1 ) P —1
oP — Pl
P~ T —1
P~ — P2
P2 -1
z—1
z—1
0

Hence, (z — 1) f(z) = 2P — 1; in particular, this implies that if (, is
a primitive pth root of unity, then f((,) = 0. In turn, this means

that ®,(x)|f(z), since ®,(x) is the minimal polynomial of (,. On
the other hand,

deg @p(x) = ¢(p) =p — 1 = deg f(z)

and both ®,(x) and f(z) are monic, so we see that, in fact, ®,(z) =
f(x). Since ®,(x) is the minimal polynomial of (,, ®,(x) is irre-
ducible, meaning that f(z) is irreducible. O

2
Under the notation of Problem Set #2:

(a): Describe Gal(Q(¢,)/Q) in terms of n. In particular, what is this
Galois group when n = 57 67 77 87 127
Answer: We claim that (Z/nZ)* is isomorphic to Gal(Q(¢,)/Q).
In order to show this, we construct amap ¢ : (Z/nZ)* — Gal(Q(¢,)/Q)
given by

a 't Oq,

where 04(¢,) = (2. Now, if a € (Z/nZ)*, then a is relatively prime
to n, so (5 is a primitive nth root of unity. Hence, o, defines an
automorphism of Q(¢,). Now, for a,b € (Z/nZ)*,

$(ab)(Cn) = 0an(Gn) = G = ((1)" = 0a(0b(Ca)) = d(a) 0 S(0)(Gn),

so ¢ is homomorphism of groups. Furthermore, since 04((,) = (% #

¢t = 0(¢,), we see that ¢(a) # ¢(b) for a # b, so ¢ is injective.
Therefore, since

#(Z/nZ)* = ¢(n) = #Gal(Q(¢n)/Q)

and ¢ is an injective homomorphism, we see that ¢ : (Z/nZ)* —
Gal(Q(¢n)/Q) is an isomorphism.
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Using this result, we see that

Gal(Q(¢5)/Q) ~ (Z/5Z2)* ~ C4

Gal(Q()/Q) = (2/62)" = {1,5} = O,
Gal(Q(6r)/Q) = (2/72)" = Co

Gal(Q(G)/Q) = (Z/82)* = {1,3,5,7} ~ Cy x (s
Gal(Q(C12)/Q) ~ (2/12Z)* = {1,5,7,11} ~ Cy x Cs

These last two are due to the fact that 32 = 52 = 72 = 1 (mod 8)
and 52=72=112=1 (mod 12).

&

(b): For which n is this extension abelian? cyclic? of order 27 of order
37 For which n does it have a cyclic quotient of order 37

Answer: (Z/nZ)* is certainly abelian for all n, so we see that
Gal(Q(¢n)/Q) is abelian for all n. Furthermore, (Z/nZ)* is cyclic
only if n = p? for odd prime p, n = 2 or 4, or n = 2p? for some odd
prime p, so these are the cases where Gal(Q((,)/Q) is cyclic.

Now, Gal(Q(¢,)/Q) has order 2 only if ¢(n) = 2. This is the case
for n = 3,4,6 and for no other values of n, so these are the cases
where the Galois group has order 2. Now, ¢(n) cannot be odd for
any value of n > 3 (and ¢(2) = 1), so we see that there is no n
such that the extension Q((,) is odd. Finally, (Z/nZ)* has a cyclic
quotient of order 3 whenever ¢(n) is a multiple of 3, meaning that
some factor m|n has ¢(m) a multiple of 6 (remember, we cannot
have ¢(m) = 3). Since ¢ is multiplicative and ¢(p) = p — 1 for all
primes p, we see that this implies that n must be a multiple of a
prime of the form 6a + 1 for some a € N.

)
(c): Let K = Q(¢ + ¢ Y. Find [Ky : Q] [K7 : K7, and [K7 : Q.
Also find Gal(K7/K7) and Gal(K+/Q).
Answer: As we showed in PS9#2, [K,, : Q] = ¢(n); in particular,
[K7: Q] = ¢(7) = 6. Now, note that

G-GGa+EH+1=G - (F+1)+1=0,

so (7 satisfies the polynomial g(z) = 2% — (¢7 + ¢ Do + 1 € K [z].
On the other hand,

22— (A G +1=(z— ) (-G

in K7; since (7,(; le K &, this implies that g(z) is irreducible over
K7, and so g(z) is the minimal polynomial for (7 over K7 . Hence,
[K7: K] =2. In turn,

6 = [K7:Q] = [K7: KF|[K7 : Q] = 2[K7 : Q)
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SO [K;L : Q] = 3. Since the only group of order 2 is Cs, we see
that Gal(K;/K7F) = Cy = (h), where h(¢;) = (1. In turn, if
we can show that K7+ is Galois over Q, then this will imply that
Gal(K7 /Q) = Cs, since this is the only group of order 3. Note that

G+ GGG =2G + G = 1= (GF+36G +36G7 + )+ (FH2+ ¢ - (260 +2¢71) — 1
=GHGHGHGTHG TG+
= f(¢7)
=0

where f(z) is as in problem 1 above. Hence, we see that (7 + ¢, !
satisfies the polynomial 3 + 22 — 2z — 1 € Q[z]. Since [K7 : Q] = 3,
the minimal polynomial of (7 + (- ! over Q must be of degree at least
3, so we see that h(z) = 2% + 2% — 22 — 1 is the minimal polynomial
of (7 + C7_1 over Q. Now, the other roots of h(z) are (2 + C7_2 and
G+ C7_3, which are both in K;r, since

GHGE=G 2+t -2=(G+ G ) -2

and

GHG =G +3G+3G +G =3+ G ) =G+ G ) =3G+ G
Therefore, K is normal and, hence, Galois over Q, so Gal(K /Q) =

Cs.
&
(d): Find a Galois extension of Q having degree 5. Find another of
degree 7.

Answer: Consider K| = Q(¢11 + Cil) Now,
[KH : Q] == ¢(11) = 10.
Also,
h—CulCn+GH)+1=¢G-Ch+1D)+1=0,

so (11 satisfies 22 — (C11 + ¢3')x + 1 € Kj[z], which is irreducible
(and hence the minimal polynomial of (11 over Kj) since neither of
its roots, (11 and Cl_ll, is in Kﬂ Hence, [K; : K1+1] = 2, which in
turn implies that [Kfr1 : Q] = 5. Now, Gal(K71/Q) = Co x Cy = Chp;
since

Gal(K11/K;}) = C2 < Cip = Gal(K11/Q),

we see, by the Fundamental Theorem of Galois Theory, that K 1+1 is
Galois over Q with Galois group

Gal(Kﬁ/Q) = Gal(KH/Q)/Gal(KH/Kﬁ) ~ 010/02 = 05.

To find a Galois extension of degree 7, consider Ka9. Gal(K29/Q) =
Cy x C7 = Cag; hence, if we can find K such that Gal(Ka9/K) = Cy,
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then K will be a Galois extension of Q with Galois group C7. Now,
note that h((z9) = (42 induces an automorphism of Kag, which is to
say an element of the Galois group. Now,

h(Ca9) = (a3
h?(Gao) = h(G33) = (33)"? = (o9 = G
1 (Ca0) = h(h?*(C20)) = h(Cg') = (C') = Ca9'”
h*(Gao) = h(h*(Ca)) = h(Gp'®) = (G39™)"* =1

so we see that h has order 4 in Gal(K39/Q). Hence, (h) ~ Cy <1 Cos,
so we see that the fixed field K of (h) must be Galois over Q with
Galois group

Gal(K/Q) = Gal(KQQ/K)/<h> = 028/04 = 07.
However, the fixed field of (h) is simply
Q(Ca9 + h(Ca0) + B*(C20) + h*(G20)) = QG20 + (35 + Cag' + G ),

so this is a Galois extension of Q having degree 7.

3

Find the Galois group of (the splitting field of) each of the following
polynomials.

(a): 23 — 10 over Q.
Answer: The three roots of this polynomial are W, @W and
Cg v/10, so we see that the splitting field of this polynomial is

Q[¢s, V10.

Now, if ¢ is a Q-automorphism of Q[(3, ¥/10], then ¢ is completely
determined by what it does to (3 and v/10. Also,

1=¢(1) = 6(C3) = 6(¢3)°,
s0 #(C3) = (3 or (3 (since ¢(C3) # 1). Similarly,
10 = ¢(10) = ¢(¥10°) = ¢(V/10)%,

so ¢(¥/10) is a third root of 10. Hence, ¢(3/10) = /10, (33/10 or
& V/10. Since there are two possibilities for ¢(¢3) and 3 possibilities
for ¢(+/10), we see there are 6 elements of Gal(Q[(3, v/10]/Q). Now,

if
¢: GGy ¢ V10 V10
i ¢ v V10— (3V/10,
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then

(609)(V10) = 6(¢3V10) = GGV10

(0 @)(V10) = ¥(¢sV10) = (V10 = V10
so we see that Gal(Q[(3, v/10]/Q) is not abelian. Since the only non-
abelian group of order 6 is S3, we see that Gal(Q[(3, v/10]/Q) =~ S3.

&

(b): 23 — 10 over Q(v/2).

Answer: Again, note that the roots of this polynomial are /10,
¢3v/10 and C§ J/10. Since neither /10 nor (3 lie in Q(\/i), we see
that #3 — 10 is irrreducible over Q(y/2) and that the splitting field
is given by

K = Q(v2)[¢3, V10].
All of the automorphisms described in (a) above can be extended
to automorphisms of K = Q[v/2, (3, ¥/10] simply by requiring v/2 —
ﬂ, so we see that

Gal(K/Q(V?2)) ~ Ss.

(c): 2% — 10 over Q(v/-3).
Answer: Note that
<3 = _5 + 717

so (3 € Q(v=3) = Q(v3i). Hence, all three roots of z* — 10
are already in Q(y/—3)[V/10]. Since x® — 10 is still irreducible over
Q(v/—3), we see that

#Gal(Q(v=3)[V10]/Q(v-3)) = [Q(v=3)[V10] : Q(v-3)] = 3,

so the Galois group is Cs, the only group of order 3.

o2m/3 _ 1, V3

&

(d): IA — 5 over Qa Q(\/g)v Q(V _5)7 Q(Z)
Answer: Note that the roots of % — 5 are :l:{l/g, +i/5. Hence,
the splitting field over QQ of this polynomial is

Qli, v/5].

This extension is certainly normal and, hence, Galois. Now, if ¢ €

Gal(Q[i, v/5]/Q), then
~1=¢(-1) = ¢(i?) = 6()%,
so ¢(i) = £i. Also,

5 = ¢(5) :¢<<‘/54) = ¢(€/5)4,
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SO ¢ ({75) = ++/5, +iv/5. Hence, there are a total of 8 elements of
Gal(Q[i, v/5]/Q). Now, suppose
p:i—i ¢:V5—ivh
Viir —i Vb ivh
Then
(¢09)(V5) = ¢(iV/5) = i*Vb = Vb
(10 ¢)(V5) = ¥(iV5) = —i*V5 = V5,
so we see that Gal(Q[i, v/5]/Q) is not abelian; hence, it is either Dy
or (Ug. Now, if ¢ and 1 are given by:
d:i——i ¢:V5— V5
Vi —i V5 —Vb

then both ¢ and ¢ have order 2. Since there is only one element of
Qs of order 2 (namely —1), this implies that the Galois group is Dy.

Over Q(v/5),
zt — 5= (22 — V5)(2? + V5).

Hence, the minimal polynomial of v/5 over Q(v/5) is 22 —/5, so if ¢ is
an element of the Galois group of the splitting field, ¢(v/5 ) +/5.
On the other hand, the minimal polynomial of i is still 22 4 1, so
¢(i) = +i. This 1eaves only 4 possibilities for ¢, so we see that
the Galois group of the splitting field Q(v/5)[i, v/5] = Q[i, v/5] over
Q(v/5) has only four elements. Now, if

d:i—i V5——V5
Vi —i V5 V5,

then it’s clear that both ¢ and v are of order 2; the only group of
order 4 with at least 2 elements of order 2 is C5 x (5, so we see that

Gal(Q[i, V5]/Q(V5)) = Cy x Cs.

Since [Q(v/=5) : Q] = 2 and [Q(4, v/5) : Q] = 8 and Q(/=5) C
Q(i, v/5), we see that [Q(i, v/5) : Q(v/=5)] = 4. This extension is
certainly Galois, so the order of the Galois group is 4. Now, if ¢ is
in the Galois group, then

~1=¢(-1) = ¢(i?) = ¢(i)%,

so ¢(i) = +i. However, if ¢(i) = —i, then ¢(iv5) = ¢(i)o(V/5) =
—i¢p(y/5); since v/—5 = i/5 must be fixed by ¢, this implies that
#(v/5) = —/5. Similarly, if ¢(i) = 4, then ¢(/5) = v/5. Now,

5=0(5) = (V5 = p(V5)?,
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so ¢(v/5) = £v/5, £iv/5. If ¢(i) = 4, then
V5 = phi(V5) = $(V5") = $(V/5)?,

so ¢(v/5) = £v/5. A similar argument shows that if ¢(i) = —i, then
#(v/5) = +iv/5. Hence, we see that there are a total of 4 elements
of the Galois group. Since each of the elements described here has
order 2, we see that the Galois group is isomorphic to Cy x Cs.
Finally, over Q(i), Q(i, v/5) = Q(i)(v/5). The elements of the
Galois group will be the same as over QQ, except ¢ must be fixed.
Hence, there are four elements of the Galois group, namely those

mapping v/5 to +v/5, +iv/5. If qb(\4/5) = iv/5, then
$*(V5) = ¢(iV/5) = *V5 = —V/5,
so ¢ # id, meaning that ¢ must have order greater than two. Since

the order of the group is 4, we see that ¢ has order 4 and that,
therefore, the Galois group is (¢) = Ci.

)
(e): z* —t over R(t), C(¢).
Answer: Note that the roots of z* — t are £+v/t, +iv/t. Hence,
the splitting field over R(¢) of this polynomial is

R(t)[i, V1.

This extension is certainly normal and, hence, Galois. Now, if ¢ €

Gal(R()[i, v/5]/R(t)), then
—1=¢(-1) = ¢(i*) = ¢(i)*,
so ¢(i) = £i. Also,
t=o(t) =0 (Vi) =6 (V).
SO ¢ (%) = ++/t, +iv/t. Hence, there are a total of 8 elements of
Gal(R(t)[i, vt]/R(t)). Now, suppose
Griri ¢Vt iVt
i —i Y Vi iVt
Then
(o) (VH) = p(iVt) = Vi = -Vt
(Yo d)(Vt) = 9(iVt) = —i*Vi = V1,

so we see that Gal(R(t)[4, v/5]/R(t)) is not abelian; hence, it is either
Dy or Qg. Now, if ¢ and v are given by:

¢:i— —i gf):%r—)%
Vi —i Vi =Vt
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then both ¢ and ¢ have order 2. Since there is only one element of
Qs of order 2 (namely —1), this implies that the Galois group is Dy.

Over C(t), the roots of x* —t are still =+v/¢, +iv/t; now, of course,
i € C(t), so the splitting field of this polynomial is given by

C(t)[V1).
This extension is clearly normal and, hence, Galois, and the Galois
group consists of the four possible maps v/t — £v/t, £iv/t. Now, if
¢(V/t) = iV/t, then
¢*(Vt) = ¢(iVt) = i*Vi = — V1,
so ¢? # id and so ¢ has order 4. Hence, the Galois group is given
by (¢) = Ci.
)

4

Show that for every finite group G, there are field extensions Q C K C L
such that L is a finite Galois extension of K with Gal(L/K) = G.

Proof. Let G be a finite group and let n = #G. Let L = Q(z1,...,2y)
and let Ko = Q(s1,...,sy) where s; is the ith symmetric polynomial in the
xj. Then, by PS9#3, L is Galois over Ky and Gal(L/Ky) = S,. Now, by
Cayley’s Theorem, G can be embedded into Sy; let ¢ : G — S, be this
embedding and let H = ¢(G). Let K = L. Then

Gal(L/K) = Gal(L/L™) = H = ¢(G) ~ G,

so L and K are the desired extensions of Q. O

5

(a): Find a Galois extension of Q with Galois group Cg x Ci5.
Answer: Note, first, that Gal(K7/Q) = Cs. Now, let K =
Q(¢31 + C3_11) Now, Gal(K31/Q) = Cy x C15 = Csg. Furthermore,

G1)? -G +GH+1=G - (G +1)+1=0,

so (31 satisfies 22 — ((31 + Cgll)x + 1 € K[z|. Since the roots of this
polynomial are (37 and C:;ll, neither of which is in K, we see that
this polynomial is irreducible and, hence, the minimal polynomial of
(31 over K, so [K3; : K] = 2. Hence, Gal(K3;/K) = Cy = (h) where
h(¢s1) = Cgll. Since K = Ké’lw and Cy <1Cyp, we see that K is Galois
over Q with

Gal(K/@) = Gal(Kgl/K)/<h> ~ Cgo/Cg = 015.

Hence, since K7 N K = Q, the compositum K7K is be Galois over
Q with Galois group Cg x Cis.

&
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(b): Do the same over the field Fs5(t).
Answer: Note that

45 = (22)° =22 = 4096 =1 (mod 5),

so 4 is a 6th root of unity in F5(t). Hence, by Kummer’s Theorem,
K =TF5(t) [Vt +1] is a cyclic extension of F5(t) with Galois group
Cé.

Now, suppose there exists h(t) € F5(t) such that h(t)> — h(t) =
t. Then h(t)> = t + h(t). h(t) cannot be a constant polynomial.
Furthermore, if a is the leading coefficient of h(t), then the leading
coefficient in h(t)®> must be a®. However,

=1
2°=32=2 (mod 5)
35=243=3 (mod 5)
45 =210=1024 =4 (mod 5),
so we see that, since a # 0, a® # 0 in F5(¢). Hence,
deg h(t)® = 5(deg h(t)) > 5(deg(t + h(t))) > deg(t + h(t))

which is impossible, since h(t)? = t + h(t). Therefore, we conclude
that there is no such h(t). Therefore, we have the Artin-Schreier
extension L1 = F5(t)[z]/(2® — x —t), which is Galois over F5(t) with
Galois group Cs. On the other hand, since 3% = 81 = 1 (mod 5), 3
is a 3rd root of unity in F5(¢), so, by Kummer, since ¢ has no 3rd
root in F5(t), Ly = F5(t) [V/t] is a cyclic extension with Galois group
Cs.

Now, since L1 N Ly = F5(t), the compositum L = L1 Lo is Galois
over F5(t) with Galois group

Cg X 05 ~ 015.

Finally, since K N L = F5(¢), their compositum KL is Galois with
Galois group
06 X 015.
[ )
(c): Let L = C(x,y), M = C(2%,xy,y?) C L, and K = C(z%,y%) C M.
Find [L : M], [M : K], [L : K]. Is L Galois over M? Is M Galois
over K7 Is L Galois over K7 For those extensions that are Galois,
find the Galois group.
Answer: Note that xiy = % and xQ—lyg € K, so M = K[xy].
Similarly, % € M and % = 55 also % = yy—z and
1 Ty

—ry = — =y,
X X
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so L = Mlxz]. Now, 22 — 22 = 0, so z satisfies t? — 2> € M[t]. Since
x, —x are the two roots of 2 — 2% in L and x, —x ¢ M, we see that
x has minimal polynomial t* — 22 over M, so [L : M] = 2.

On the other hand, (2y)? —22y? = 22y? — 22y = 0, so xy satisfies
the polynomial t2 — z2y? € K][t]. Since zy, —zy ¢ K and these are
the two roots of t2 — z%y2, we see that this polynomial is irreducible
and, hence, the minimal polynomial of xy over K. Thus, [M : K| =2
as well. In turn,

[L:K]=[L:M[M:K|=2-2=4.

Now, since any degree two extension is normal and, since we're
in characteristic zero, all these extensions are separable, we immedi-
ately see that L is Galois over M and M is Galois over K, each with
Galois group Cy. Now, considering L over K, since L = K|z, y], any
automorphism of L is completely determined by where it sends x and
y; there are four possibilities, given by the possible combinations of:

T tx

y— +ty.
Each of these four possibilities yields a distinct automorphism of L
fixing K, since 22 = (—x)? and y? = (—y)?, so #Gal(L/K) > 4.
On the other hand, #Gal(L/K) < [L : K] = 4, so we conclude
that #Gal(L/K) = [L : K], meaning L is Galois over K. Note

that each element of the Galois group is of order 2, meaning that
Gal(L/K) ~ 02 X CQ.

&

6

Let K and L be finite extensions of a field k, and let KL be their com-
positum (inside some fixed algebraic closure).

(a): Find a surjective k-algebra homomorphism 7 : K ®; L — KL.
Answer: Define ¢ : K x L — KL by

(a,b) — ab.
Now, if a1,a0 € K, b1,by € L and rq,ry € k, then
d((ria1,b1) + (reag, b)) = ¢((r1a1 + reag, by)) = (ria; + reaz)by
=ry1(a1by) + ro(aghy)
=r1¢((a1,b1)) + r26((az, b))
and
d((ar,m1b1) + (a1,m2b2)) = d((ar,r1by + 1r2b2)) = a1 (r1b1 + r2b2)
=r1(a1by) + r2(aibe)
=r1¢((a1,01)) + ra¢((ar, b2)),
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so ¢ is k-bilinear. Therefore, by the universal property of the tensor
product, ¢ induces a unique k-algebra homomorphism 7 : K Qp L —
KL where
m(a ®b) = ¢(a,b).
Now, L = k[ay,. .., ay] for some o, ..., q, € K. Hence,
KL = Klay,...,ap],

soif vy € KL,
v = fylar,...,ap)
for some f, € K[z1,...,z,]. In turn, this means that
mi Mn
v=fylon, ... an) = Z e Z Qjyoriy O o
i1=0  in=0
for some mq,...,m, € Nand a;,..;, € K for all 0 < i; < m; and all
ji=1,...,n. Now, aj,..;, ®(a}' - air) € K@i L forall 0 < i; < m;
and all j =1,...,n and 7(a;..i;, @ (af' -+ alr)) = aj,.q, " -+ - ol
Therefore, since 7 is linear,
mn mi1 mMn,
Y iy, © (o "'%")) = > w(ai i, ® (o] - al))
in=0 i1=0 =0
mi Mn
i1=0  in=0
= ")/_

Since our choice of v was arbitrary, we conclude that 7 is a surjective
k-algebra homomorphism.

&

(b): Suppose that K is Galois over k. Show that 7 is an isomorphism

if and only if KN L = k.

Proof. Note, first, that dim; K ®j L = (dimy K) - (dimg L) = [K :
E|[L : k]. Now, since K is Galois over k,

dimg(KL)=[KL: k| =K : k][L : k]

if and only if K N L = k. If 7 is an isomorphism, then certainly we
must have that

[K : K|[L: k] =dimp K ® L = dimg(KL),
so KNL=kE.

On the other hand, if K N L = k, then

dimg(KL) = [K : k][L : k] = dimy K ® L;

since 7 is a surjective k-algebra homomorphism between vector spaces

of the same dimension, m must also be injective and, therefore, an
isomorphism. O
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(c): Does (b) still hold if K is no longer assumed Galois over k7

Answer: No. Let k. = Q, K = Q(\S/i) and L = Q(Cg,\?’/i).
Then, as we've seen in class, [K : k] =[L: k| =3, KNL =k and
[KL : k] = 6. However, since

dimy K @y L=[K :k|[L: k] =3-3=09%6=dimy(KL),

we see that 7 : K ®; L — KL cannot be an isomorphism.
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