ALGEBRA HW 9

CLAY SHONKWILER

1

Let F' =Z/pZ,let L = F(z,y) and let K = F(aP,y?). Show that L is a
finite field extension of K, but that there are infinitely many fields between
K and L. Is L = KJa] for some « € L? Is L separable over K7

Proof. Note that x satisfies the polynomial Z? — 2P € K[Z], so the minimal
polynomial of x over K must divide this polynomial. Since ZP — 2P =
(Z — )P, this polynomial is inseparable and, hence, the minimal polynomial
of x must be separable as well, meaning it must be a polynomial in Z?.
However, this in turn implies that the minimal polynomial of z must be
ZP — xP. Therefore, [K(x) : Klinsep = p. On the other hand, since the
minimal polynomial of x has a unique root and since any K-embedding of
K (x) into K must take = to one of the roots of its minimal polynomial, we
see that there is only one such embedding; hence, [K(z) : K]sp = 1, and so

[K(z) : K] = [K(2) : Klinsep = p-
Now, consider L = K(z,y) = K(z)(y) as an extension of K(x). Clearly,
y satisfies the polynomial ZP — y? € K(z)[Z], so the minimal polynomial
of y over K(x) must divide ZP — y?. By the same argument as above, this
implies that [L : K(z)]insep = p and, furthermore, since ZP — y? = (Z — y)?,
we see that [L : K(2)]|sep = 1, 80 [L : K(z)] = [L : K()]insep = p- Finally,
this means that
LK) = L K@K (@) : K] =7,
so L is finite over K.
Define
Ky = K" +y)
Ky = K(a®" +y)

K, = K@ 4 y)

Now, for any Kj;,

(2P 4 )P — (PP Py = (gPUPTD) yPy — (POPHD) Py =
1
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since we're in characteristic p, so P+l 4y satisfies the polynomial Z? —
(zPP+1) 4 yP) € K[Z]. Now, in K (or even L),

fi(Z) = 27 — (@POPH) 1 yP) = 20 — (2P 4y = (Z = (@ )P,

so this polynomial is inseperable. Since the minimal polynomial of 2! +
y over K must divide this polynomial, it must also be inseparable and,
therefore, a polynomial in ZP. The only such polynomial is ZP — (a:p(ip*l) +
yP), we see that f;(Z) is the minimal polynomial of 27! + 4 over K and,
hence,

[Kz : K}insep =D.

Since the minimal polynomial of xipﬂ + vy, fi(Z), has a unique root and
any K-embedding of K; must map x?*! to another root of its minimal
polynomial, we see that there is only on K-embedding of K; into K, so
[K; : K]sep = 1. Hence, Kj is purely inseparable over K, and so [K; : K| = p.
In particular, this means that K; # L for all ¢ € N. _
Now, suppose K; = K for some 7 # j. Then 2Pt g 2Pt Ly € K, =
Kj, so
(mip+1 +y)— (:ij+1 +y) = 2P pirtl e K, = K;.
Now, since K; D K, we can divide by a multiple of zP; in particular,
p+1 _ gptl o
e Gt e = k.
TP
Now, since 1,207 ¢ K c K;, we can divide by 1 — 2U=0p,

r — pU—ip+l
Hence, 27t € K; = Kj, so (2Pl +y) — 2% = y € K; = K;, and so
K; = L. However, since this is impossible, we conclude that K; # K; for
all ¢ # 7, and so there are infinitely many distinct, non-trivial intermediate
extensions K C K; C L.

By the Primitive Element Theorem, since L is finite over K, L = KJa]
if and only if there are only finitely many intermediate fields M such that
K C M C L. Since we just saw that there are infinitely many such inter-
mediate fields, we conclude that there is no such a € L such that L = Kla].
Furthermore, if L is separable over K, then the Primitive Element Theo-
rem tells us that there is such a primitive element; since there isn’t one, we
conclude that L is not separable over K. [l

2

Let ¢, = e*™/™ € C and let ®,,(x) be the minimal polynomial of (,, over
Q.
(a): Find the roots of ®,(z). Show that deg ®,(z) = ¢(n), where

o(n) =#{m e Z|1 <m <n,(m,n) =1}.
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Proof. We want to show that @, (z) = ¥, (z), where

V@)= [] @-¢.

1<m<n
(mvn)zl

Now, if 1 : Q({,) — Q, then ¢ must fix Q and is completely deter-
mined by ¥((,). Now, since (' = 1, it must be the case that

L=9(1) =4(C) = ¥(Ca)"

so 9(¢,) is an nth root of unity; that is, 1((,) = ¢* for some 1 <
k < n. On the other hand, suppose (k,n) # 1. Then n = kd for
some 1 < d < n, and so (¢¥)? = ¢" = 1; that is, ¢¥ is of order d < n.
Since ¢? # 1, it cannot be the case that ¥(¢,) = ¢¥. Hence, the only
possible images of ¢,, under embeddings of Q(¢,) — Q are (™ for
(m,n) = 1. Since all conjugates of ¢, must be roots ®,(x), we see
that @, (x) divides ¥, (z).

On the other hand, suppose (m,n) = 1 and we define the map

1—1
and extend as usual. Then ), is certainly a homomorphism. On

the other hand, since m € (Z/nZ)*, m has a multiplicative inverse
m’ € (Z/nZ)*, which is also relatively prime to n. Then v, :

Q(¢n) — Q(Gn) given by
1—1
Cn C;,nl
is also a homomorphism. Now, for a = a1(, +- - +an_1¢" ' +a, €
Q(Gn),
Ymr © Y (@) = Yo (Ym(a1Cn) + - + PYm(an))
= Yo (@r( + -+ a1 (P + )
= U (@1G) o Y (@01 G + e (an)
= a1 gt a0 g,
=a1Cn + + a1 4 an
= a,

SO Yy 0 Yy = id. A parallel computation shows that 1, o 1, = id,
so we see that 1, is an inverse of 1,,,. Therefore, 1, is an isomor-
phism and, thus, is an embedding Q({,) < Q. Since ¥, (¢,) = 7,
this implies that (] must be a root of ®,(z). Since our choice of
m < n such that (m,n) = 1 was arbitrary, we see that all such
m must be roots of ®,(x) and, thus, ¥,(x) must divide ®,(z).
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Since each divides the other and each is monic, we conclude that
O, (z) = ¥, (z). Clearly, the degree of ®,(x) is ¢(n). O

(b): Show that [] 4, ®4(z) = 2™ —1, and deduce that )" 4, ¢(d) = n.
d>0 d>0

Proof. Since the roots of ™ — 1 are precisely the nth roots of unity,
we see that, in QQ, we can factor ™ — 1 as

n

2" —1=]]—-¢).

J=1

Thus, simply grouping appropriately and using the fact that &4 =

H 1<m<a (x — '), which we showed in (a) above, we see that
(m,d)=1

x"—lea:—Cj H H (x—=(}) = Hq)d(:v)
j=1

dln 1<m<d
d>0 (m,d)=1 d>0

Obviously, deg(z™ — 1) = n. On the other hand, since z" — 1 =
H d|n ¢d(’fl")7

d>0

n = deg(z" — 1) = deg H Pz Zdeg Dg(z Z¢

dln
d>0 d>0 d>0

by the result proved above. ([

(c): Let K,, = Q((,). What is [K,, : Q]7
Answer: Since ®,(x) is the minimal polynomial of (,,

K = Q[z]/(®n()),

which is a degree ¢(n) extension of Q, since ®,, is irreducible of
degree ¢(n). Hence, [K,, : Q] = ¢(n).

(d): Show that K, is Galois over Q.

Proof. Since Q is characteristic 0, it suffices to show that K, is
normal over Q. However, this is clear, because the roots of ®,(z)
are simply powers of (,, so ®,(z) splits in K,; that is, K, is the
splitting field of ®,,(x) (and, in fact, of 2™ —1), so K, is normal over
Q. O
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3
Let K be a field, and let z1,...,z, be transcendentals over K. For
1=1,...,n, let s; be the ith symmetric polynomial in z1,...,x,.
(a): Show that K(z1,...,z,) is the splitting field over K (sq,...,sy)
of the polynomial Z" — 512" 4 552772 — ... 4 (=1)"s,,.
Proof. Consider the product
n
i=1

Then, when we multiply out this product, the coefficient on z* will
be (—1)Fsy, so

n

H(Z —x) = 2" — 512" f 502" — o (—1) sy,

i=1
Hence, we see that the roots of this polynomial are precisely the
xi, s0 K(x1,...,2,) is the splitting field over K(s1,...,s,) of this
polynomial. U

(b): Show that the extension K(s1,...,sy) C K(z1,...,z,) is Galois.

Proof. Since the minimal polynomial of 2; must divide Z"—s; Z" "1+
592" 2 — ... 4 (—=1)"s,, which has all distinct roots, so the minimal
polynomial of z; is seperable. Since this is true for all 7 =1,...,n,
we see that the extension K (s1,...,s,) C K(z1,...,%,) is separable.
On the other hand, since we saw in (a) that K(xy,...,z,) is the
splitting field of the polynomial Z"—s1 2" 1455 2" 2 —. . .4 (—1)"s,,
this extension is also normal and, therefore, Galois. O

(c): Show that the Galois group is the symmetric group S,.

Proof. First, note that any permutation ¢ € S,, corresponds to an
automorphism ¢, of K(x1,...,7,) where ¢ (7;) = 2,(;) and ¢g|x =
idg, since the z; are algebraically independent. Hence, if we can
show that for each o € Sy, ¢5|k(s;,...,s,) 15 the identity map, then
this will imply that there is a copy of S, contained in G. However,
this is clear, because, since s; is symmetric for all ¢,

Po(si) = si
foralli=1,...,n and all 0 € S,,. Thus, S, C G. Note that this
implies that #G > #5S,, = n!.

On the other hand, consider the notation L = K (si,...,S,). Then
[L(x1) : L] < n, since the minimal polynomial of z; must divide
f(2)=2" 512" 482" 2 (= 1)"sp, = (Z—x1) [ [ (Z—2).
In turn, [L(x1,22) : L(x1)] < n — 1, since the minimal polynomial

of xg over L(x1) divides é(_i)i7

which has degree n — 1. Iterating in
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this fashion, we see that [L(z1,...,2%) : L(z1,...,25-1)] <n—k+1
and, in turn, that

[L(z1,...,2n) : L) = [L(z1,...,2n) : L(x1,...,&p—1] - [L(z1) : L] < 2:3--- (n—1)-n =nl

Since L(z1,...,x,) = K(z1,...,2,) and since this is a Galois ex-
tension of L, we know that

#G = [K(z1,...,25)] < nl!

Since we’ve shown that n! < #G < n!, we conclude that, in fact,
#G = n!. Since #S5, = n! and S,, C G, this in turn implies that
G~S,. O

4

Let L be a normal field extension of K, and let K be the maximal purely
inseparable extension of K contained in L. View L as contained in a fixed
algebraic closure K of K.

(a): Let B € L, and let fq,...,0, € K be the distinct images of /3
under the K-embeddings L — K. Let f(z) = [[(x — ;). Show that

f(z) € Kolz].

Proof. Since L is normal over K, every K-embedding L — K is an
automorphism of L, so it must be that case that all of the §; are in L.
Hence, f(z) € L]z]. Now, as in Problem 3(a) above, the coefficients
of f(x) are just the elementary symmetric polynomials s1, ..., s, in
B, ..., 0n. Furthermore, again as in 3(a), any K-automorphism of
L simply permutes the §;, so the s; are fixed by any such automor-
phism. Thus, since s; € L for each i« = 1,...,n and every s; is
fixed by every K-automorphism of L, we see that each s; is purely
inseparable over K and, therefore, must be contained in the max-
imal purely inseparable extension of K contained in L. Therefore,
we conclude that f(z) € Koylz]. O

(b): In part (a), show that f(z) is the minimal polynomial of 3 over
Ko.

Proof. Since the identity map is certainly a K-automorphism of L,
B = f; for some i. Hence, f(3) = 0, so the minimal polynomial
of # over Ky must divide f(x) € Ky[x]. Now, note that if ¢ is
a K-automorphism of L, then |k, defines a K-embedding of Ky
into L C K since K| is purely inseparable, there is only one K-
embedding Ky — K, so we see that |, = id. Therefore, ¢ is
also a Kp-automorphism of L. Therefore, every K-conjugate of (8
is also a Ky-conjugate of 3, i.e. all the 3; are images of # under
Ko-embeddings L — Ky = K. Hence, since every conjugate of 3
must be a factor of its minimal polynomial over K, we see that the
minimal polynomial of 3 must be divisible by f(x). Therefore, since
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the minimal polynomial and f mutually divide eachother and both
are monic, we conclude that f(z) is the minimal polynomial of 3
over Kjy. U

(c): Conclude that L is separable over Kj.

Proof. Since our choice of [ in part (a) was arbitrary, we see that
the minimal polynomial over Ky of every element of L is separable,
which implies that L is separable over K. O

)
Let K =F,(t) and let L = K [ 2%], where p is an odd prime number.

(a): Find the maximal separable extension K’ of K in L, and the
maximal purely inseparable extension Ky of K in L.
Answer: As we've seen, the minimal polynomial of %/t over K
is 22P —t. Let o = %/t. Now, in L, we can factor this as

x2p—t:(xp—\/{5> (xp+\/i):(a:p—ap)(xp—i—ap):(x—a)p(x—i—a)p;

since p # 2, a # —a, so we see that there are two distinct roots of
the minimal polynomial of o over K. Hence, there are two distinct
embeddings L — K, and so [L : K]s, = 2. Thus, if we can find
an intermediate separable extension of degree 2, this must be the
maximal separable extension K’ of K in L. Our choice, is clear,
however: since v/t = o € L, consider K [\/ﬂ V/t has separable
minimal polynomial

(x—\/i) <x+\/i):x2—teK[x],

so K=K [\/ﬂ is the maximal separable extension of K in L.

On the other hand, since [L : K] = [L : Klsep[L : Klinsep and
[L: K] =2p, [L: K|sp =2, we know that [L : Klijnsep = p. Now,
¥/t has minimal polynomial 2P — t = (CL‘ — {'ﬁ)p over K, so we see
that Kg = K [(’/ﬂ is purely inseparable. Since it is an extension
of degree p, we conclude that it is the maximal purely inseparable
extension of K in L.

&

(b): Show ezplicitly in this example that L is the compositum of K’
and Ky, by expressing X/t as a combination of elements from K’
and Kj.

Proof. Certainly, it suffices to show that we can express X/t as a
combination of elements from K’ and Ky. Now, vt € K’ and

-1
(%)% € Ky, since p is odd and thus p — 1 is divisible by 2. In
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turn, this implies that ﬁ € Ko. Now,

Vi NN _ [T

W= (wm)T W N

Hence, we see that, indeed, %/t is the combination of elements of K’

and Ky, so L is the compositum of K’ and Kj. O
(c): What if instead p = 27
Answer: If p = 2, then a ¥/t = — %¥/t, and so the minimal

polynomial for c,
2 —t=(r—a)f(z+aP)= (v —a)?

has only a single root. Since every K-embedding of L into K must
map « to a root of this polynomial, this implies that there is only a
single such K-embedding, so L is purely inseperable over K. Hence,
K' = K, Ky = L and it’s trivially true that L is the compositum of
K’ and K.

)
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