ANALYSIS HW 1

CLAY SHONKWILER

1

Newton’s method for computing the square root of a positive real number
a uses

1 a
Tpt1 = §(xn +—).
n

Show that with some appropriate initial guess zg this sequence converges to

Ja.

Proof. Let x > y/a. Then

¢ >a divide both sides by x
x >4 or
x >§(x—|—%) since s + ¢ < 2w
Now, clearly,
(z—2)2 >0 which can be expanded to see
2 —2a + ;—z >0 then, adding 4a to both sides
2%+ 2a + Z—z > 4a or, taking a square root

5(z+2%) >Va

In other words, for z > \/a,
Va< i@+ )<
a<=(zx+-)<umz.
2 T

Hence, if we let zy > +/a, the sequence {z,} is strictly decreasing and
bounded below by +/a. Thus, this sequence converges on [y/a, +00).

Now, to see that the sequence converges to +/a, it suffices to show that
22 — a. Let € > 0. Since {z,,} is Cauchy, there exists N € N such that, for

k,l> N,

|z — ]| < Ve
1
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Let 5 > N. Then

l2fy —all =

[
[5(z; + 3%) — 2l

Therefore the sequence {x,} converges to \/a so long as zg > \/a. O

2

In a metric space, if a subsequence of a Cauchy sequence x; converges to
some point x, show that the whole sequence also converges to x.

Proof. Let {x;} be a Cauchy sequence in the metric space M that contains
a subsequence {zj, } which converges to . Let € > 0. Since {z;} is Cauchy,
there exists N1 € N such that, for all m,n > Ny,

€
d myn a°
(x :1:)<2

Also, since {z;,} converges to z, there exists No € N such that, for all
r > N,

d(xjr7$) <
Define N3 = jn, > N> and let
N = maX{Nl, N3}

DN ™

If s > N, then
d(xsax) < d(l‘s,l‘jt) + d(xij) <
where j; > N. O

3

In a normed linear space V/, an infinite series ) x; is said to converge
absolutely if the series of real numbers ) ||z;|| converges.

a) If V is complete, show that a series that converges absolutely also
converges.

Proof. Let > x; be an absolutely convergent series in V. Then we know

that the sequence of partial sums Zle ||zi|| is Cauchy. Let € > 0. Then,
there exists N € N such that, for all m >n > N,

m q
Dzl = Y gl = llznsall + lzntal| + - + [[em]] <€
p=1 p=1
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Therefore, if we let S; = Zi:l x¢, the sequence of partial sums of )" z;,
[1Sm = Snll = [|znt1+@nt2+. ..+ 2ml| < ||znpall+|zntel|+. - 4|z <e

Hence, the sequence of partial sums of ) x; is Cauchy. Since V' is com-
plete, the partial sums converge, meaning ) x; converges. [l

b) Show by an example that if V' is not complete, a series may converge
absolutely yet not converge.

Let S be the space of real sequences x = (x1,x2,...) with only a finite
number of non-zero terms, and let ||z|| := max; |z;|. Then, as demonstrated
in 5 below, this is an incomplete normed linear space. Let

1
) ﬁ?
Then the series Y  xj converges absolutely, since

S el = 3 max e | = 3

converges. However, it is clear that

Zxk:u,%,%,...)gs

since it has an infinite number of non-zero terms.
c) Conversely, if V has the property that every absolutely convergent
series also converges to some element of V', then show that V is complete.

2, = (0,0,...,0,—,0,0,...).

Proof. Let {z;} be a Cauchy sequence in V. Then, for all integers k& > 0,
there exists N € N such that, for p,q > Ng,

||zp — 24| < 27k,

Choose one such p > Nj and denote z,, by xj,. Then {xz;,} is a subsequence
of {x;} where
||xjn+1 - x]nH <27

D N@jusr — @5l

converges since Y 27" does. By hypothesis,

Z(xjn+1 - x]n)

converges, which is to say the sequence of partial sums

Then

m
Sm = Z(xji+1 = Tj) = Tjpyr — Tjo
i=1
converges. Since {x;, — xj,} converges, it is certainly true that the subse-
quence {z;,} converges. By problem 2 above, then, we can conclude that
the sequence {z;} converges. Since our choice of a Cauchy sequence was
arbitrary, we conclude that V is complete. U
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4

Let X be any metric space and B(X,R) the metric space of all bounded
real valued functions f : X — R with the metric

p(f;g) = sup |f(z) — g(x)].
reX
Show that this metric space is complete.

Proof. By contradiction. Suppose B(X,R) is not complete. That is to say,
there exists a Cauchy sequence {f,} in B(X,R) such that {f,} does not
converge to an element of B(X,R). {f,} does, however, converge to an
element of the completion of B(X,R), so this limit f must be unbounded.

Let M, denote a bound for each f,,. Let 1 > ¢ > 0. Then, there exists
N € N such that, if j,k > N,

€ > |fj = fill = sup | fj(2) = fu(2)].
reX
Then, clearly, for m > N, |fi ()| < My + 1 for all z € X. Now, let
M = maX{Ml,MQ, ceoy My_1, My + 1}.

M is a bound on all of the f,,. However, since f is unbounded, there exists
x € X such that |f(z)| > M + 1. Therefore,

[fo = fll = sup | fa(z) — f(z)| > 1> €
rxeX

for all n € N. As such, the sequence {f,} does not converge to f. This
contradiction implies that, in fact, B(X,R) is complete. O
5

Consider the linear space S of real sequences x = (z1,x2,...) with only a
finite number of non-zero terms. Let ||z|| := max; |z;]|.
a) Show that this is a norm on this space.

Proof. To see that this is a norm on the space, let € S. Then

||| = max |z;] > 0
J

because |z;| > 0 for all j. Also, 0 = ||z;|| = max; |z;| implies that |z;| =0
for all j, which is to say that x = 0.

Also, if ¢ € R,

lea|| = max|ex;| = max clz;| = cmax|a;| = el ]
J J J

Finally, if z,y € S,

la+pll = mass -+ < mma(r -+l ) = mass s -+ mass by | = [+l

so this is, in fact, a norm on the space. O
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b) Is this space complete with this norm? Justify your response.
No, this space is not complete with this norm. To justify this statement,
let

11 1
=(1,-,=z,...,—,0,0,...).
'/I/‘n (72’3) 7n7 ) ) )
Let ¢ > 0. Then let N > 1. For all m >n > N,
|Zm — Znl| :y|(10,0,.1..,0,n#+1,#2,...,%,0,0,. |
:m<ﬁ<6.
So {x,} is a Cauchy sequence. However,
. 11

since this limit has no zero terms.

6

Consider the space ¢; of real sequences © = (x1,x2,...) that converge
absolutely. Show that
|l ==

defines a norm on this space and that with this norm the space is complete.

Proof. First, we argue that this is really a norm. To see that, let z,y € ¢

and ¢ € R. Now,
]| =) |zl >0

since each term |z;| > 0. Also, 0 = ||z|| = ) |z;| only if |z;| = 0 for all j,
meaning x = 0.

Also,
leal| = lle(@r, @2, .. )| = [|(cer,cxa, . )| = D lewj| = [el Y |l = |ell|]l-

Finally,

e+ yll = > |z +yil < D (agl+lyil) = Dl + D lysl =l + llyll.

Now, let > xj, be an absolutely convergent series in ¢1. Then there exists
L € R such that

ST 9 SITIED ) ST TR
k ko j ik

where switching the order of summation is allowable since the series is ab-
solutely convergent. This, in turn, implies that, for all j, >, Ty, converges
to some limit x;. Hence,

Zxk = (Zxkl,zku,...) = (.%'1,.2132,...) = .

Now, from (*) above, we know, in turn, that the series ) z; converges
absolutely, so x € ¢;. Thus, we can conclude that ¢; is a complete space
under this norm. (|
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7

Show that a closed subset of a complete metric space is complete.

Proof. Let S be a complete metric space and let C' C S be a closed subset
of S. Let {zx} be a Cauchy sequence in C. Then, since S is complete,
there exists x € S such that xx — z. Now, since C' is closed and, therefore,
contains all of its limit points, we know that, in fact, x € C'. Since our choice
{z} was arbitrary, we see that every Cauchy sequence in C has a limit in
C, meaning C is complete. O

8

Let a = 29 < 21 < ... < x, = b be a partition of the real interval
a < x < b A step function is a function that is constant on each of the
subintervals.

a) If the interval a < x < b is bounded, show that the step functions are
dense in the space of continuous functions using the uniform norm.

Proof. Let f be continuous on [a, b] and, for each n € N, define z,,, = x0+%
and, for @, < x < xp,,,, fu(x) = f(zn,;). Then {f,} is a sequence of
step functions. Now, since [a,b] is compact, we know that f is uniformly
continuous on [a, b]. This means that, for € > 0 there exists 6 > 0 such that,
for z,y € [a,b], if |z — y| < 8, then |f(z) — f(y)| < €. Define N = . Then,
forn > N,

Tngyy — Ty <0

for all k. Hence, for = € [a, ], if [y, Zp,,,] is the sub-interval containing x

[fu(z) = f(@)] = |f(an;) — fz)] <€
since
[T, — x| < 6.
Therefore,

= fll = mase [fu(x) ~ fla)| < e

80 fn — f. Our choice of the continuous function f was arbitrary, so we
can conclude that the step functions are dense in the space of continuous
functions under the uniform norm. O

b) Is this still true if the interval is unbounded?

No, this is not necessarily true if the interval is unbounded. For example,
consider the function f(z) = 22 on the interval [0,4+00). Suppose there
exists a sequence of step functions f, that converge to f.

Let

0=mpy < Ty, <...
be the partition of [0, +00) associated with f,,. Let € > 0. Then there exists
N € N such that, for £k > N,
5> =1l = max |fi(x) = f(@)]

€[0,+00)



ANALYSIS HW 1 7

Let I, = xy, ., — x,. Then, since f, is constant on each subinterval,
2 17
lrxg, + 2 = Lk, + §|
= |f(zk, + ’“l) [z, + 37)\ " .
= |(f(xn, + %) = falon +5)) + (f (s, +l ) = fil@n, iy )l
< |f(@k, + lf) — fular, + ) + 1 f(@x, + %) = frler, + 5F)]
<5+3
=€
Hence,
12
€ — -
Tp, < 2
Iy

meaning the lengths of the subintervals must get arbitrarily small as x,
increases. Therefore, there is no sequence of step functions that converge to
f, meaning the step functions are not necessarily dense in the continuous
functions on an unbounded interval.

¢) Is this still true for a bounded open interval a < z < b?

No, this is not necessarily true on an open interval. For example, consider
the function f(z) = i on the open interval (0,1). Suppose there exists a
sequence of step functions f, that converge to f. Then, if the subintervals of
the partition associated with each f,, are not to get arbitrarily small, that is
to say that f is uniformly continuous on (0,1). Since it is not, we conclude
that the step functions are not necessarily dense in the continuous functions
on an open interval.

9

If a < 2 < bisabounded interval, show that the piecewise linear functions
are dense in the space of continuous functions using the uniform norm.

Proof. Let f be a continuous function on [a,b]. Then let { f,,} be a sequence
of piecewise linear functions on [a, b] where the partition associated with fy
is
a=2Tp < T, <...<Tg, =Db

such that .

Th; = Thy + %
and

Jr(any) = flary).

Let € > 0. Then, since [a,b] is compact, f is uniformly continuous and so
are each of the f,,. Hence, there exists 6; > 0 such that, if |z — y| < d;

1£(2) = FW)II < 5

and, for any fg, d2 > 0 such that, if |z — y| < da,

[17e(@) = frw)ll < 5.
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Let § = min{dy,d>} and let N = %. Then, for [ > N,

[fi = fIl = maxzepap [ filz) — f(2)]
= maX,e[q) |(fi(z) = fi(zi,)) + (f(z1,) — f(2))]
< maxgepgp [ filx) = filz,)| + 1 f(21,) = f(z)]
<5t3
=€
where [z, ;] is the subinterval of the partition associated with f; con-
taining the value of = at which |f;(x) — f(x)| is maximized. In other words,
the sequence {f,} converges to f.
Since our choice of f was arbitrary, we conclude that the piecewise linear
functions are dense in the continuous functions over [a, b|. O
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