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a) Let ¢, be a sequence of real numbers that converge to ¢. Show that
their “average”, L[c; +...cp), also converges to c.

Give an example of a sequence which does not converge but whose mean
does converge.

Proof. Let € > 0. ¢, is convergent, so there exists a bound M > 0 on the
sequence. Since ¢, — ¢, there exists N1 € N such that, if n > Ny,

€
HC”_CH < 57

which is to say
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On the other hand, if n > N and ¢ < 0,
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In either case, we see that the arithmetic mean converges to c. O

Example: Let ¢, = (—1)"*1. Clearly, the sequence {c,} does not con-
verge. However,
ca+...¢n [0 n is even
n B { 1/n nis odd
1
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Hence, the arithmetic mean converges to 0, though the sequence itself does
not converge at all.

b) Let f(t) be a continuous function for 0 < ¢ < co. If limy_,o f(t) = ¢,
show that

T
1 — prg
Jm ; f®)dt =c
Proof.
17 1o~ IN\NT F(G-1F)
) f(”dt:TnlLI&Zf(U—l)n)n:JEBOZ”n'
Jj=1 j=1
Hence,

where we achieve this second equality by noting that the numerator con-
verges to ¢ and then applying the result proved in (a) above. O

2
Let f € C!([a,b]) have the properties
i).f(a) <0, f(b) >0 ii).f'(z) > 0.

Use a contracting mapping argument to find a sequence of points x; that
converge to the solution of f(z) = 0.

Argument:By the Intermediate Value Theorem, we know there exists
c € [a,b] such that f(c) = 0. Let M = max,c,y f'(x). Choose a such that

Let

Then, for z,y € [a,b], z > vy,

SO

l9(z)—9(W)| = lz—af(z)—(y—afW)] = [(z—y)—a(f(z)— f(y)] < z—y|

Hence, g is a contraction, meaning it has exactly one fixed point. Clearly,
this fixed point occurs when f(z) = 0. Hence, we can form a sequence
converging to the point ¢ where f(c) = 0 by letting z¢p = b and defining the
sequence recursively as follows:

Tny1 = g(Tn).
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For x = (x1,...,2,) € R" and 1 < p < oo, let ||z||, := [3 |=;[P]}/P. Also,
define ||z||cc = max; |z;|. Show that

Jin [zl = [[2]]oc-
Proof. Let x = (x1,...,z,) € R™ and let € > 0. Define

logn

M > .
log (s + 1)

Then, if m > M,

1

el = llloo] = | (X ™)™ — S |5
< | (S (maxi fai)™) ™ — mas | |
= |(n (maxi|ai)™)"/™ — max; ||
= |n'/™ max; ;| — max; |z;||
= |(nll/m — 1) max; |||
= (nl/]\";— 1) max; ||
< (nYM — 1) max; |z
= €.

So we conclude that ||z||, — ||z||e as p — occ. O

4

Let f(x) and K(z,y) be continuous functions for z,y € [0,1]. Consider
the following linear integral equation for the function u(z):

1
(1) u() = f(x) + A /0 K (2 y)u(y)dy

a) Show that for all A € R sufficiently near zero, this equation has a
unique solution.

Proof. We use the uniform norm throughout the following, as C(]0,1]) is
complete under the uniform norm. Since f is continuous on [0,1], it is
bounded by M, such that || f|| < M. Also, there exists M’ such that

1
I /0 K(z,y)dy|| < M.

Let |A| < min{1, ﬁ} Then

DAk
k=1
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converges. Which is to say the sequence of partial sums is Cauchy. Hence,
there exists N € N such that, if m >n > N,

m n
€ 7 J m m—1 n
SYATE >Z|)\| —Zm = A" AT
=1 7j=1
Define u; recursively, where ug = 0 and

uj1(x /K:cyu] )dy

for all j > 1. Clearly, each u; is continuous, since it is a sum of continuous
functions. Furthermore, for all j > 1,

lujir =l = llf (e +Ak (e sy — (f(@) + A fy K@ y)usa(y)dy) |
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:WW£MMDKKMy~-L fw@))@ww
gummﬁwa@Mwm(n@L z.y)dy) ...} dy) dy|

; 1
= AP M| fy K(z,y)dyl|
< | APMM'.
Hence, for m >n > N,
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=e.

IA

Therefore, the sequence {u;} is Cauchy, so it converges to some continuous
u. Furthermore,

u(z) = limpy—eo un(x)
= limy, 00 (f +A fo (z y)un(y)dy)
= f(z ) + )‘hmnﬂoo fo (@, y)un(y)dy
= f(@)+ A Jy K (@, y)u(y)dy.
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To see that u is a unique solution of this equation, suppose there existed u’
that was also a solution. Then

=l =1 (fl +Afo 2. y)uly)dy) — () + A f3 Ko,y)u' )y |
= DIy 5 o) () <>>dy\|
= Iy K,y (f )+ A Jy K yu)dy) = (f(2)+ A Jy K@,y y)dy) ) |
= AP fol v) (Jo K.y (uly) — o' (9) dy) dy]
=P [y & myuu—uwdy

= APllu — || fy K

< [APM[Ju — .
Since |A\|?M’ < 1, this implies that ||[u—u/|| = 0. In other words, the solution
u 18 unique. O

5

Let K(z,y : z) be continuous for all z,y € [a,b] C R and, for all real 21, 29
satisfy the Lipschitz condition

‘K(.Z‘,y : 22) —K($,y : zl)’ < M|Z2 _Z1|a

where the constant M is independent of z,y, z1, z2. Generalize (1) by show-
ing that the nonlinear integral equation

b
u(w) = f(e) + ) [ Ko,y s ulw)dy
has a unique solution for all || < W—a)'

Proof. Let |\ < m and define

b
g(u()) = f(z) + A / K (2 y: uly))dy.
Then, for all u,u" € C([a,b]),

lgu) = gl = 1f () + X [3 K (@, ysuly)dy — (f(2) + A [7 K (e ()dy) |

= N[ 2 (K (g5 u(y)) — K (2,530 (1)) dy|
< XM (b —a)\lu—U’H

where |A|M(b—a) < 1. Therefore, g is a contraction, meaning it has exactly
one fixed point v. To say that v is a fixed point is to say that

b
@) = £(@)+ A [ Ko yiola))dy
a
Thus, v is the unique solution of the nonlinear equation. O
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