ALGEBRA HW 12

CLAY SHONKWILER

10

For each p # 0, determine the radius and center of the circle with equation
pzz +9gz+ gz =q.
Answer: First, suppose g = a + bi and z = x + 7y. Then

q = pzz+gz+9z
= p(z+iy)(z —iy) + (a + bi)(x + iy) + (a — bi)(z — iy)
= p(@® +v%) + (ax — by) + (ay + bx)i + (ax — by) + (—ay — bx)i
= p(a® +4°) + 2(az — by)
= pa? + 2ax + py?® — 2by

a\? b\? a2 2
= ple+—| +ply—-)] ——5— 35
p p p p
Hence,
a\? b\ 2 a2 b2
plet+—) +ply—=) =¢+ 5+ =,
p p p p

2 2 a? | b2 2
(“Z) +(y_b) :ww:<¢qp2+a2+b2> |

or

p p p®/?

so this equation determines a circle centered at 7?“ + z’% with a radius of

/qp2 +a2 +b2

7372

&
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Prove that each fractional linear transformation is the composition of at
most two translations, a rotation, a dilation, and an inversion.
1



2 CLAY SHONKWILER

Proof. Let F(z) := ‘er's

following transformations:

where

w
c2

B bc — ad

be a fractional linear transformation. Define the

d
z4 -
c
a
zZ4+ —
cw
(cos@ +isinf)z

rz

= r(cosf +isinf).

Then 77 and T5 are translations, R a rotation, D a dilation and I an inver-

sion. Now,

(RoDoTyoloTi)(z) =

(RoDoTyol) <Z+d>
C

1
z—l—%

1 a
RoD —
e (e 2)

cw a(z+ 4
RoD =
(Ro )(cwz+dw+cwz+dw>

az—f—cw—{—“—cd
cwz + dw

(RoDoT2)<

(RoD)(

(r (az+cw+ad)>
R C
cwz + dw

.. d
(cosf + isinb)r (az + cw + %)
cwz + dw
d
w(az+cw+%)
cwz + dw

az—I—cw—l—%d
cz+d




ALGEBRA HW 12

bc—ad ad
az + 6072 + i

cz+d
az+@+%d

cz+d
az—i—bf
cz+d
az+b
cz+d

Since our choice of fractional linear transformation F' was arbitrary, we see
that any fractional linear transformation can be written as the composition
of at most two translations, a rotation, a dilation and an inversion.

16

Prove that the composition F o G of two fractional linear transformations

F and G is also a fractional linear transformation, such that if

. az+b _rz+p
F(z):= cz4d’ G(2) = sz+q
then h
mz +
F =
(FoG)(2) nz+k
with

m h\ (a b r p\ _ [ ar+bs
n k) \c d s q ) \ er+ds
Proof. With F' and G as defined above,

(FoG)(z) = F (Zig)

a(52) 4+

c (g;fg) +d

arz4+ap + bsz+bq

sz+q sz+q

crz4+cp + dsz+dgq

sz+q sz+q

(ar+bs)z+ap+bg
sz+q

(cr+ds)z+cp+dg
sz+q

(ar + bs)z + ap + bq
(er +ds)z+cp+dq’

which corresponds to the matrix

ar+bs ap+bg \ [ a b rop
cr+ds cp+dqg ) \ ¢ d s q

ap + bg
cp + dg

)

)
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17

Prove that each fractional linear transformation has an inverse function
that is also a fractional linear transformation: M forms a group with the
operation composition of functions.

Proof. Let F(z) = ij;fl be a fractional linear transformation, corresponding

b
d ) Then

a b\ ' 1 d b\
c d Cad—be\ —¢ a )’

Let G be the fractional linear transformation corresponding to this matrix.
Then, by our work in problem 16 above, (F o G)(z) = ™2l where

to the matrix < CCL

nz+k
m h\ _ (a b a b _1_ 10
n k) \c d c d ~\0 1)
Hence,
1-240
FoG)) =577 =
Similarly, (G o F)(z) = z,s0 G = F~L. O
24

For each ¢ € D(0, 1) define a fractional linear transformation L. by

Z—C

L.(z) = .
(2) 1—-cz

Prove that such a fractional linear transformation maps the unit disc onto
the unit disc, and the unit circle onto the unit circle S* := {z € C : |z| = 1}.

Proof. Fix ¢ € D(0,1). Note that L. is defined for all z € C such that
1— ¢z # 0, that is, for all z # =L = 1. Since |¢| = || < 1,

c
1

> 1,

Cc

so L. is defined on the entire unit disc. Furthermore, by our work in problem
17 above, L. has an inverse, L_ ! given by

z+c
L7'(2) = :
e (2) 1+cz
Now, L_ ! is defined for all z € C such that 1+ &z # 0, that is, for all z # %1
Again, since |¢| < 1,
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so L ! is defined on the entire unit disc. Thus, L. is bijective on C\ {%, %1 ,
so if we can show that L. maps the unit disc to itself, this will suffice to
show that L. maps the unit disc onto itself.

Similarly, if we can show that L. maps S' into itself, this suffices to
show that L. maps S' onto itself. To that end, suppose |z| = 1. Then

1=z = 22,50 2= z"!. Hence,

Z—C

[Le(2)] =

1—c¢z

|z = ¢

|1 — ¢z

|z — ¢
|2(z~1 — )]
|z — |
|2]|z — ¢

|z — ¢

|z — |
= 1,

so we conclude that L. maps S! onto itself. [l

28

Prove that (z1,22,23,24) = (F(z1), F(22), F(23), F(24)) for all distinct
21, 22, 23, z4 € C and for each fractional linear transformation F'.

Proof. Let G be the fractional linear transformation that maps 22, 23, z4 onto
1,0, 00, respectively, and let H be the fractional linear transformation that
maps F'(z2), F(23), F(z4) onto 1,0, 0o, respectively. Then

G(Zl) — (Zla 22,23, 24)

and
H(F(z1)) = (F(21), F(22), F(23), F(24))-

Furthermore, since H and F are both fractional linear transoformations and
we showed, in problem 16 above, that the composition of fractional linear
transformations is a fractional linear transformation, H o F' is a fractional
linear transformation mapping z9, 23, z4 to 1,0, 0o, respectively. However,
this is precisely how G was defined, so we see that H o F' = (G, and so

(21, 22, 23, 24) = G(21) = (H o F)(21) = (F(21), F(22), F(23), F(24)).
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Prove that for all open sets D, € R and Dy C C and all functions
v : Dy — C with real derivative at t € Dy and f : Dy — C with a
complex derivative at z := (t) € Dy, the composite function f o~ has a
real derivative at t given by

(fon) () ={fTv(®]} -+ ()
Proof. By definition,
(For)(#) = lim L 2VE) = (Fo)(®)

s—t s—1t
Now, if y(s) —y(t) # 0 as s — ¢, then

Fory) = iy U=
o8 (o) (s) (1)
s—t Y(s) = () s—t
= f(r(®) -~ @)
since f has a complex derivative at 7(t).

On the other hand, if v(s) — v(t) = 0 as s — ¢, then
(fo)(t) = lim (fo)(s) = (fo)(t)

s—t s—1
o TG6) = FO)
s—t s—t
T et s—1
= 0.
Also,
~(t) = hmw =0,

s—t s —1t
so we see that (f o~)(t) = +/(t) = 0. Hence, since f'(y(t)) exists, we see
that

(fo)'(t) =0=f' ()Y (®).

45

Prove that if f : C — C satisfies the Cauchy-Riemann equations at z,
then the function g : C — C defined by g(w) := f(w) satisfies the Cauchy-
Riemann equations at w := Z.

Proof. Suppose z = xg + iyp and that f(z) = f(zo,y0) = ui(zo,y0) +
iv1(z0,y0) and g(w) = g(zo, —yo) = u2(z0, —yo) + tv2(xo, —yo). Then

uz (w0, —yo) + iva(wo, —yo) = g(w) = W = f(2) = w1(xo, yo) — 1v1(Z0, Yo)-
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Then ua(wo, —yo) = u1(zo,%0), s0 %2 (zo,—y0) = %2 (x0,y0) and %ﬁf =
oty (o, y0) = —%iH(w,0,90).  Similarly, va(wo,—y0) = —vi(z0,90), 50
82 (w0, —yo) = — 52 (w0, y0) and G2 (zo, o) = *%(!Eo,yo) = % (0, 90).
Hence,

ag . GUQ ,87)2 o 8u1 ,a’Ul

8:1:( w) = %(«T07 y0)+2%($07 yo)—%(wmyo) 187(370790)
and

igz(w) = (83 (z0, —Yo +1881;2($0, yo))
= ( (w0, y0) +1i 881; (ff?o,yo))

vy 8
- ai(IanO) (;;1 (J"DuyO)'

Now, since f satisfies the Cauchy-Riemann equations,
8u1 8’[)1
— I\ = —\Z
ox ( an()) ay ( OvyO)

and

0 0
aiyl(xo,yo) = —%(ﬂfo,yo);

plugging this into the above equations, we see that

0g ouq Ovy _ Oy Ou _ .0g

a.’E( ) O (xﬂv yO) 8$ (JZ‘O, yO) - aiy(x07 yﬂ)—i_laiy(xO) 3/0) - lay (’U)),

so g satisfies the Cauchy-Riemann equations at w. ([
67

Prove that for each power series Y > c,w” the following formula, attrib-
uted to Jacques Hadamard, gives the radius of convergence R:

1
- limsup(/Jenl)
Proof. Construct the series
o
Zsupﬂcn], lent1l, - Jw
n=0
Then
[ee] [e.e]
S e < 3 supleal; leasal, - Hu"|
n=0 n=0
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so the radius of convergence of the original series must be at least as big as
the radius of convergence of the new series. Now, by the root test, if r € R
such that r > 0, then the new series converges if

1 > lim (|sup{|cnl|, |cnt1l, - - -}Tn‘l/n)
n—oo
= lim (|sup{|enl; lensal, .. Y r ™)
n—oo

= lim (Y/sup{|enl, [ens]s---}7)
n—oo

= limsup v/|cn|r,

n—oo

which is to say if
1

limsup,, .. \/|en|

Hence, the radius of convergence of the new series R >

r <

limsup,, o, V/lenl

On the other hand, if r > then

limsup,, o, /]cnl’

) 1 n
lenlr™ =
2 T

|cn)

— 0hmsupm_>Oo | Cm|
> o
n ‘CTL
_ ZM
n=0 ‘Cn‘
o0
= 21
n=0

which diverges. Hence, we conclude that, indeed,

1

lim sup,, ., V/|cnl

M8 I M8

Y

R=

70

(70.1): Give an example of a power series with a radius of convergence
equal to 1 that converges everywhere on the unit circle S = {z €
C:lz| =1}.
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Example: Consider the series Y -, n—lgz". Then, by the ratio

test,
1 2
= 1
RleyJ%if:hmgﬁifL:L
Gyl e
Furthermore, if |z| = 1, then
oo oo
1 1
D2 =2
n=0 n=0

which converges, so we see that » 2, converges on all of S L

&

(70.2): Give an example of a power series with the radius of conver-
gence equal to 1 that diverges everywhere on the unit circle S*.
Example: Consider the series Y 2 2. Then, by the Hadamard
formula proved in problem 67 above,

1
R=———— =1.
lim sup {/|1]
Now, suppose |z| = 1. Then z = ¢ for # € R. Furthermore, for

each n, 2" = ()" = ¢ s0 Re z = cosnf. Hence, the real part of
the series is given by

o o
g Re 2" = g cos nb.
n=0 n=0

Since the terms of this sum do not converge to zero, the sum diverges,
and so the series diverges at z. Since our choice of z € S! was
arbitrary, we see that the series diverges everywhere on S'.

&

(70.3): Give an example of a power series with the radius of conver-
gence equal to 1 that converges at some points but diverges at other
points on the unit circle S*.

Example: Consider the series ) %z”. Then, by the rtio test,

1
= 1
R:1m1|ﬁ — Jim 20—
Now, if z =1,
o0 [e.9]
1, 1
Sloos
n=0 " n=0 n
which diverges, whereas if z = —1, then
o0
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which is an alternating series and hence converges. Therefore, we
see that this series converges at some points of S! and diverges at
others.

&

(70.4): Determine the cardinality of the set .S of all power series with
a radius of convergence equal to 1.

Answer: Let ¢ € C such that |¢| < 1. Form the series > 2 ;cz".
Then this series is simply equal to ¢ 7, 2"; since 7, z" has a
radius of convergence equal to 1, so does our series. Hence, we see
that the cardinality of S is at least the cardinality of the open unit
disc, which has the same cardinality as C, namely 280,

On the other hand, since a series Y ; ¢,,2" is determined simply
by the sequence (cp,ci,...), the cardinality of S can be no greater
than the cardinality of the set of all complex sequences. Since Ny -
2%0 = 9280 we conclude that

card(S) = 2%,

&

(70.5): Deduce that the following statement is false: “Given any sub-
set E of the unit circle S', there exists an element of S converging
at every point of ¥ and diverging at every point of its complement
Sl \E.”

Proof. Consider the set of all subsets of S'; that is, the power set

of S, P(S'). Since card(S' = 2% and the power set of any set has
cardinality strictly larger than the original set,

card(P(Sh)) > card(S') = 2% = card(S).
Therefore, since there are strictly more subsets of S' than there are
power series with radius of convergence equal to 1, we conclude that

there cannot be an element of S converging at every point of E' and
diverging at every point of S\ E for every subset E C S?. (]
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