COMPLEX ANALYSIS HW 11

CLAY SHONKWILER
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Let {D; : k € I} be an open cover of an open set {2 C C by open discs. For
each index k € I, let hi # 0 be a meromorphic function on Dy, and assume
that for all indices k,¢ € I, the function gy, := hy/he is holomorphic on
DN Dy. Prove that for all indices k, £ € I there exist holomorphic functions
fr on Dy, without any zero and such that f; = g ¢fe on Dy, N Dy.

Proof. First, note that, for all k,¢ € I,

h 1 1
gk‘f = —_——= — = —,
hye —Zf 9ok
k

SO ge 1 is non-vanishing. Since our choice of k, ¢ was arbitrary, we see that
Jk.¢ is non-vanishing for all k,¢ € I. Now, the intersection of two open discs
is simply connected, so, since g ¢ € H(Dy N Dy) for all k,¢ € I and DN Dy
is simply connected, there exists oy ¢ € H(Dy N Dy) such that

€™ = Gry.
Now, on D; N Dy N Dy for any j,k, ¢ € 1,
hi hy  h;
ek Tk — ok okt — (. =4 _ " _ g, = %L,
9.k Gk hehe e 90

Hence, aj i + o = g + 2ming, for n € Z. Now, we need the following
lemma:

Lemma 0.1. There ezists a family of functions {8k }rer where B, € H(Dg)
such that

Br — Be = ag e + 2mimy
on D, N Dy for all k,¢ € I and some my,p € Z.

Proof. Let {7k }rer be a partition of unity subordinate to { Dy }xes. Define
w(z)(ahg(z) + 27Tink7g) if z€ D, N Dy
VYre(z) = .
0 if z € Dy, \DkﬂDg.
Then 9y, ¢ € C*°(Dy,). Define

Gk = U

el
1
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since only finitely many -, are supported on any neighborhood of a point in
Dy, ¢x € C°(Dy).
Now, letting j =k = ¢,

ajj + ;= Qg+ 2mingj,
so aj; = 2minj ;. Also, if £ = j, then

Qjk + Qg = Qg = 2ming;
or

Qg+ Qpj = Qg+ Qjr = Qg = 2Ting g,

so note that n;; = ngx. Now, for k, £ € I,

b — do =Y _ vilon; + 2ming; — (ap; + 2ming;));
J

since
Qkj — Qpj = Qf j + Qe — 27Tinz,g = ke + 2m’(nk7@ + ng’g),

we see that

du—de =Y _ vilanet2mi(npetnee) = | D7 | (o et2mi(ngetnge) = o e+2mi(ng e+ngg).
J Jjel

Hence, we see that there exists a family {¢;};er such that

Ok — Qv = Qg + 2miMmy g

on Dy N Dy for myy € Z. Since oy € H(Dy N Dy) for all k, ¢ € I, this in
turn implies that

0 0 0
0= —_(au + 27Timk7g) = ﬂ — ﬂ

0z 0z 0z

Hence, there exists ¢ € C*°(§2) such that ¢|p, = % for all k € 1.
Now, let u € C*°(£2) such that % = ¢ on Q and let 8, = ¢, — v on Dy,
for all k € I. Then

OB _ Otk _ Ou _ 0%k _
0z 0z 0z 0z
on Dy, so B € H(Dg). Now, if k,¢ € I, then

Br — Be = (dk — u) — (¢r — u) = ¢ — ¢ = Qg + 2mimy g,
50 {Bk }ker is the desired family of functions. O

With this lemma in hand, let {8;}rer be as in the lemma and define
fr := P for all k € I. Then, since 3, € H(Dy) and exp is entire, f} €
H(Dy). Furthermore, since the exponential function is non-vanishing, fx
has no zeros. Now, for all k,¢ € I,

Bk
fk € — ap p+2mim « 2mim
]T _ 7 — Pr=Be — e kil — ok Lo BE= gr .
)4
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Hence, for all k,¢ € I,
Tk = Grefe
on Dy N Dy. O
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Let Ry and R be rectangles in C whose union R; U Rs is also a rectangle.
Suppose that f : (R; N Ry) — C is a bounded holomorphic function on
their intersection. Prove that there exist bounded holomorphic functions
f1 € H(Ry1) and fo € H(R2) such that f = f; — fo on Ry N Ra.

Proof. Let ay € C°(R;) and ag € C2°(Rg) such that a;+ag = 1 on R1NRy.
Define

B (Oégf)(z) z€ RiNRy
gl(z)_{o ZERl\RlﬁRQ

and

0 z € Ry \ RN Ry.
Then g1 € C*°(R;) and g2 € C*°(Ry). Furthermore, for z € Ry N Ry,

91(2) = 92(2) = (02f)(2) = (—a1f)(2) = (a1 + a2)(2) f(2) = f(2).

92(2): {—(Oélf)(Z) ZeRlﬂR2

Now,
o0 o9 oo
0z 0z 0z
on R N Ry, so there exists ¢ € C*°(R; U Ry) such that ¢|p, = %ng.

Now, let u € C*°(R; U R2) such that % = ¢ and let f; = g; — u. Then
0z 0z 0z 0z
on R;, so f; € H(R;). Furthermore, for z € R; N Ra,
fi(2) = f2(z) = (g1 — u)(2) = (92 — w)(2) = g1(2) — g2(2) = f(2).
Hence, f = f1 — fo on R N Ro. O

284

Consider a simply connected open set {2 C C and a meromorphic function
f on Q with the set of poles of f denoted by F. Assume that the residue of
f at each point of F is an integer. Prove that there exists a meromorphic
function g on Q that is holomorphic on © \ F and such that the function

/

%—feH@\E)

has a primitive in H(2 \ E). Deduce that if all the poles of f are simple,
then there exists a meromorphic function i on € such that on Q \ E
h/

wo
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Proof. By Weierstrass’ Theorem, there exists g € H(2 \ E) such that g(z) #
0 forall z € Q \ E and

ordg(g) = res,(f)
for all a € E. Then if « is a closed loop in 2 \ E,

16 s[4
=) orda(g)n(y,a) = > resq(f)n(y, a)

acE aclE
= D _(orda(g) —resa(f))n(v,a)

where the first term in the second line is by the Argument Principle and
the second term is by the Residue Theorem. Since our choice of closed loop
~v was arbitrary, we see that fv % — f =0 for all closed loops 7 in 2 \ E,
meaning that % — f has a primitive in H(Q \ E).

Now, suppose all poles of f are simple. Then, with g defined as above,

(Z) — ord, (g) = resa(f)

for all @ € E. Hence, since % has only simple poles, the principal parts of

¢ and f are identical at all a € E; since for all other points in €2, both £

and f are holomorphic, this implies that
/

g

Ly

g
has 0 principal part on all of 2, so h; = %, — f € H(Q). Since Q is simply
connected, h; has a primitive H € H(€2). Now, define

ho(z) = e H(?)
for all z € Q. Then he € H(Q2). Furthermore,

' (s —H'(2)e H()
hy(x) _ —H' (&™),

hg(z) e*H(z)
Hence,
/ / / / / / /
(1) O_Q—f—(g—f> —9 = el (g+hQ>—f.
g g g g ha g ha

Define h = gho. Then
W (gha)' _g'hatghy g P

h gho gha g hy

so, by (1), % — f = 0. Furthermore, since g is meromorphic on {2 and
he € H(R2), h is meromorphic on €, so h is exactly the desired function. O
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(285.1): Prove that for each sequence of complex numbers (wg)p2,
the product

[e'e) L
E(l + |wel) := Lh—{gogl:[l(l + |we|) = P

converges to a limit P if but only if the series

L

o0

Z lwe| == lim Z lwe| =S
L—o0

(=1

(=1

converges to a limit S.

Proof. Suppose [[,2;(1 + |w¢|]) = P. Then, if € > 0, there exists
N € N such that, if L > N,

L
€ > H 1+”wg‘
/=1
= 1—1—2]11)5\4—2 Z |wel|wg| + - - +ZH\W|+H\W| - P
=1 k=(+1 k=1 0+#k
L L—-1 L
=D fwel = [P=(1+D > Jwelfwk] + - +ZH|we\+Hrwe|
=1 (=1 k=(+1 k=1 ¢#£k
Hence,
Jim Zyw\—p— 1+Z Z we|wp| + - - +ZH\W\+H\W|
=1 k=(+1 k=1 0+#k
converges.

On the other hand, suppose Y = |we| = S. Now, if z € R such
that = > 0, then

oox
Tegw R

Hence, for each ¢ € {1,2,...,}, 1 + |w| < el since |wy| > 0.
Therefore, for all N € N,

N N N
[T+ o) < ] w:exp(zw).
=1 =1

Hence, H£:1(1 + |wg|) < e for all N. Therefore, the sequence
of partial products is bounded; since it is a monotone increasing
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function, it must converge to some limit P. Therefore, we conclude
that

(1 + |wy]) = P.

8

(=1

O

(285.2): Prove that if the product [];2,(1 + |wy|) converges, then the
product [];2, (1 4 wy) also converges.

Proof.

Lemma 0.2. Suppose Py = [T, (1+|w|) and Py =TT, (1+wp).
Then
|Py — 1| < Py — 1.
Proof. We prove this by induction. If N =1, then
[Py — 1] = [(1+we) — 1] = [we| < we| +1= Py.
Now, suppose |P| — 1| < P, + 1. Then
[Py — 1] = [P + wiq1) = 1] = [(Pr — 1)(1 + wr1) + Wi
<Py = U1+ wpep | + [wpe1]
< (Pe = 1) (1 + [wpga]) + [wpa]
= Pk(l + \wk+1|) -1
- Pk+1 — 1.
Hence, by induction, |Py, — 1| < Py — 1 for all N € N O
Suppose [[;2;(1 + |we|) converges and let Py and Py denote the
partial products as in Lemma 0.2. Then, since [[(14|wg|) converges,
the sequence (Py) must be bounded. By the lemma, the sequence

(|Py]) is bounded as well; let B be a bound on the sequence (Py,).
Now, since [[;2, (1 + |w¢|) converges, we know, by (285.1) above,

that
o0
D fwel =S
=1

for some S. Hence, if 0 < € < 1/2, then there exists Ny such that
>oen, lwel < 55 Now, if N > Ny and M > N, then

M M
Py —-Py=ry ] (l—f—wg)—P]’V:P]’V( 11 (1+w5)—1>.
{=N+1 {=N+1

Define a new sequence (vg) by vy = 0 for £ < N and vy = wy for

£ > N. Then,
M M M
PPl = 1Pyl | T (14w — 1| = [Pyl T[(1 +v0) — 1] < P4 (H(H\m—l)
(=N+1 =1 =1
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by Lemma 0.2. Hence,
|Phy — Pi| < |Pyl(e/?P —1) < 2B

€ J—
25 = ¢
since €® — 1 < 2§ for all § < 1/2. Hence, since our choice of € > 0
was arbitrary, we see that the sequence of partial products (Py) is
Cauchy, and so has a limit. Therefore, we conclude that

) N
1+wp) = lim 1+w
g( ¢) N_’ooe:rll( 0)
exists. U
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