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Let {Dl : k ∈ I} be an open cover of an open set Ω ⊆ C by open discs. For
each index k ∈ I, let hk 6≡ 0 be a meromorphic function on Dk, and assume
that for all indices k, ` ∈ I, the function gk,` := hk/h` is holomorphic on
Dk∩D`. Prove that for all indices k, ` ∈ I there exist holomorphic functions
fk on Dk without any zero and such that fk = gk,`f` on Dk ∩D`.

Proof. First, note that, for all k, ` ∈ I,

gk,` =
hk

h`
=

1
h`
hk

=
1
g`,k

,

so g`,k is non-vanishing. Since our choice of k, ` was arbitrary, we see that
gk,` is non-vanishing for all k, ` ∈ I. Now, the intersection of two open discs
is simply connected, so, since gk,` ∈ H(Dk ∩D`) for all k, ` ∈ I and Dk ∩D`

is simply connected, there exists αk,` ∈ H(Dk ∩D`) such that

eαk,` = gk,`.

Now, on Dj ∩Dk ∩D` for any j, k, ` ∈ I,

eαj,k+αk,` = eαj,keαk,` = gj,kgk,` =
hj

hk

hk

h`
=
hj

h`
= gj,` = eαj,` .

Hence, αj,k + αk,` = αj,` + 2πinj,` for n ∈ Z. Now, we need the following
lemma:

Lemma 0.1. There exists a family of functions {βk}k∈I where βk ∈ H(Dk)
such that

βk − β` = αk,` + 2πimk,`

on Dk ∩D` for all k, ` ∈ I and some mk,` ∈ Z.

Proof. Let {γk}k∈I be a partition of unity subordinate to {Dk}k∈I . Define

ψk,`(z) =

{
γ`(z)(αk,`(z) + 2πink,`) if z ∈ Dk ∩D`

0 if z ∈ Dk \Dk ∩D`.

Then ψk,` ∈ C∞(Dk). Define

φk =
∑
`∈I

ψk,`;
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since only finitely many γ` are supported on any neighborhood of a point in
Dk, φk ∈ C∞(Dk).

Now, letting j = k = `,

αj,j + αj,j = αj,j + 2πinj,j ,

so αj,j = 2πinj,j . Also, if ` = j, then

αj,k + αk,j = αj,j = 2πinj,j

or
αj,k + αk,j = αk,j + αj,k = αk,k = 2πink,k,

so note that nj,j = nk,k. Now, for k, ` ∈ I,

φk − φ` =
∑

j

γj(αk,j + 2πink,j − (α`,j + 2πin`,j));

since

αk,j − α`,j = αk,j + αj,` − 2πin`,` = αk,` + 2πi(nk,` + n`,`),

we see that

φk−φ` =
∑

j

γj(αk,`+2πi(nk,`+n`,`)) =

∑
j∈I

γj

 (αk,`+2πi(nk,`+n`,`) = αk,`+2πi(nk,`+n`,`).

Hence, we see that there exists a family {φj}j∈I such that

φk − φ` = αk,` + 2πimk,`

on Dk ∩ D` for mk,` ∈ Z. Since αk,` ∈ H(Dk ∩ D`) for all k, ` ∈ I, this in
turn implies that

0 =
∂

∂z̄
(αk,` + 2πimk,`) =

∂φk

∂z̄
− ∂φ`

∂z̄
.

Hence, there exists φ ∈ C∞(Ω) such that φ|Dk
= ∂φk

∂z̄ for all k ∈ I.
Now, let u ∈ C∞(Ω) such that ∂u

∂z̄ = φ on Ω and let βk = φk − u on Dk

for all k ∈ I. Then
∂βk

∂z̄
=
∂φk

∂z̄
− ∂u

∂z̄
=
∂φk

∂z̄
− φ = 0

on Dk, so βk ∈ H(Dk). Now, if k, ` ∈ I, then

βk − β` = (φk − u)− (φ` − u) = φk − φ` = αk,` + 2πimk,`,

so {βk}k∈I is the desired family of functions. �

With this lemma in hand, let {βk}k∈I be as in the lemma and define
fk := eβk for all k ∈ I. Then, since βk ∈ H(Dk) and exp is entire, fk ∈
H(Dk). Furthermore, since the exponential function is non-vanishing, fk

has no zeros. Now, for all k, ` ∈ I,
fk

f`
=
eβk

eβ`
= eβk−β` = eαk,`+2πimk,` = eαk,`e2πimk,` = gk,`.
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Hence, for all k, ` ∈ I,
fk = gk,`f`

on Dk ∩D`. �
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Let R1 and R2 be rectangles in C whose union R1∪R2 is also a rectangle.
Suppose that f : (R1 ∩ R2) → C is a bounded holomorphic function on
their intersection. Prove that there exist bounded holomorphic functions
f1 ∈ H(R1) and f2 ∈ H(R2) such that f = f1 − f2 on R1 ∩R2.

Proof. Let α1 ∈ C∞c (R1) and α2 ∈ C∞c (R2) such that α1+α2 = 1 on R1∩R2.
Define

g1(z) =

{
(α2f)(z) z ∈ R1 ∩R2

0 z ∈ R1 \ R1 ∩R2

and

g2(z) =

{
−(α1f)(z) z ∈ R1 ∩R2

0 z ∈ R2 \ R1 ∩R2.

Then g1 ∈ C∞(R1) and g2 ∈ C∞(R2). Furthermore, for z ∈ R1 ∩R2,

g1(z)− g2(z) = (α2f)(z)− (−α1f)(z) = (α1 + α2)(z)f(z) = f(z).

Now,

0 =
∂f

∂z̄
=
∂g1
∂z̄

− ∂g2
∂z̄

on R1 ∩R2, so there exists φ ∈ C∞(R1 ∪R2) such that φ|Ri = ∂gi

∂z̄ .
Now, let u ∈ C∞(R1 ∪R2) such that ∂u

∂z̄ = φ and let fi = gi − u. Then

∂fi

∂z̄
=
∂gi

∂z̄
− ∂u

∂z̄
=
∂gi

∂z̄
− φ = 0

on Ri, so fi ∈ H(Ri). Furthermore, for z ∈ R1 ∩R2,

f1(z)− f2(z) = (g1 − u)(z)− (g2 − u)(z) = g1(z)− g2(z) = f(z).

Hence, f = f1 − f2 on R1 ∩R2. �

284

Consider a simply connected open set Ω ⊆ C and a meromorphic function
f on Ω with the set of poles of f denoted by E. Assume that the residue of
f at each point of E is an integer. Prove that there exists a meromorphic
function g on Ω that is holomorphic on Ω \ E and such that the function

g′

g
− f ∈ H(Ω \ E)

has a primitive in H(Ω \ E). Deduce that if all the poles of f are simple,
then there exists a meromorphic function h on Ω such that on Ω \ E

h′

h
= f.
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Proof. By Weierstrass’ Theorem, there exists g ∈ H(Ω \ E) such that g(z) 6=
0 for all z ∈ Ω \ E and

orda(g) = resa(f)
for all a ∈ E. Then if γ is a closed loop in Ω \ E,∫

γ

[
g′(z)
g(z)

− f(z)
]
dz =

∫
γ

g′(z)
g(z)

dz −
∫

γ
f(z)dz

=
∑
a∈E

orda(g)n(γ, a)−
∑
a∈E

resa(f)n(γ, a)

=
∑
a∈E

(orda(g)− resa(f))n(γ, a)

= 0,

where the first term in the second line is by the Argument Principle and
the second term is by the Residue Theorem. Since our choice of closed loop
γ was arbitrary, we see that

∫
γ

g′

g − f = 0 for all closed loops γ in Ω \ E,

meaning that g′

g − f has a primitive in H(Ω \ E).
Now, suppose all poles of f are simple. Then, with g defined as above,

resa

(
g′

g

)
= orda(g) = resa(f)

for all a ∈ E. Hence, since g′

g has only simple poles, the principal parts of
g′

g and f are identical at all a ∈ E; since for all other points in Ω, both g′

g

and f are holomorphic, this implies that
g′

g
− f

has 0 principal part on all of Ω, so h1 = g′

g − f ∈ H(Ω). Since Ω is simply
connected, h1 has a primitive H ∈ H(Ω). Now, define

h2(z) = e−H(z)

for all z ∈ Ω. Then h2 ∈ H(Ω). Furthermore,

h′2(z)
h2(z)

=
−H ′(z)e−H(z)

e−H(z)
= −H ′(z) = −h1(z).

Hence,

(1) 0 =
g′

g
− f −

(
g′

g
− f

)
=
g′

g
− f −h1 =

g′

g
− f +

h′2
h2

=
(
g′

g
+
h′2
h2

)
− f.

Define h = gh2. Then
h′

h
=

(gh2)′

gh2
=
g′h2 + gh′2

gh2
=
g′

g
+
h′2
h2
,

so, by (1), h′

h − f = 0. Furthermore, since g is meromorphic on Ω and
h2 ∈ H(Ω), h is meromorphic on Ω, so h is exactly the desired function. �
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(285.1): Prove that for each sequence of complex numbers (w`)∞`=0,
the product

∞∏
`=1

(1 + |w`|) := lim
L→∞

L∏
`=1

(1 + |w`|) = P

converges to a limit P if but only if the series
∞∑

`=1

|w`| := lim
L→∞

L∑
`=1

|w`| = S

converges to a limit S.

Proof. Suppose
∏∞

`=1(1 + |w`|) = P . Then, if ε > 0, there exists
N ∈ N such that, if L ≥ N ,

ε >

∣∣∣∣∣
L∏

`=1

(1 + |w`|)− P

∣∣∣∣∣
=

∣∣∣∣∣∣
1 +

L∑
`=1

|w`|+
L−1∑
`=1

L∑
k=`+1

|w`||wk|+ · · ·+
L∑

k=1

∏
` 6=k

|w`|+
L∏

`=1

|w`|

− P

∣∣∣∣∣∣
=

∣∣∣∣∣∣
L∑

`=1

|w`| −

P −

1 +
L−1∑
`=1

L∑
k=`+1

|w`||wk|+ · · ·+
L∑

k=1

∏
` 6=k

|w`|+
L∏

`=1

|w`|

∣∣∣∣∣∣ ,
Hence,

lim
L→∞

L∑
`=1

|w`| = P −

1 +
L−1∑
`=1

L∑
k=`+1

|w`||wk|+ · · ·+
L∑

k=1

∏
` 6=k

|w`|+
L∏

`=1

|w`|


converges.

On the other hand, suppose
∑∞

`=1 |w`| = S. Now, if x ∈ R such
that x ≥ 0, then

ex =
∞∑

n=0

xn

n
≥ 1 + x.

Hence, for each ` ∈ {1, 2, . . . , }, 1 + |w`| ≤ e|w`| since |w`| ≥ 0.
Therefore, for all N ∈ N,

N∏
`=1

(1 + |w`|) ≤
N∏

`=1

e|w`| = exp

(
N∑

`=1

|w`|

)
.

Hence,
∏N

`=1(1 + |w`|) ≤ eS for all N . Therefore, the sequence
of partial products is bounded; since it is a monotone increasing
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function, it must converge to some limit P . Therefore, we conclude
that

∞∏
`=1

(1 + |w`|) = P.

�

(285.2): Prove that if the product
∏∞

`=1(1 + |w`|) converges, then the
product

∏∞
`=1(1 + w`) also converges.

Proof.

Lemma 0.2. Suppose PN =
∏N

`=1(1+|w`|) and P ′N =
∏N

`=1(1+w`).
Then

|P ′N − 1| ≤ PN − 1.

Proof. We prove this by induction. If N = 1, then

|P ′N − 1| = |(1 + w`)− 1| = |w`| ≤ |w`|+ 1 = PN .

Now, suppose |P ′k − 1| ≤ Pk + 1. Then

|P ′k+1 − 1| = |P ′k(1 + wk+1)− 1| = |(P ′k − 1)(1 + wk+1) + wk+1|
≤ |P ′k − 1||1 + wk+1|+ |wk+1|
≤ (Pk − 1)(1 + |wk+1|) + |wk+1|
= Pk(1 + |wk+1|)− 1
= Pk+1 − 1.

Hence, by induction, |P ′N − 1| ≤ PN − 1 for all N ∈ N �

Suppose
∏∞

`=1(1 + |w`|) converges and let PN and P ′N denote the
partial products as in Lemma 0.2. Then, since

∏
(1+|w`|) converges,

the sequence (PN ) must be bounded. By the lemma, the sequence
(|P ′N |) is bounded as well; let B be a bound on the sequence (P ′N ).

Now, since
∏∞

`=1(1 + |w`|) converges, we know, by (285.1) above,
that

∞∑
`=1

|w`| = S

for some S. Hence, if 0 < ε < 1/2, then there exists N0 such that∑∞
`=N0

|w`| < ε
2B . Now, if N > N0 and M ≥ N , then

P ′M − P ′N = P ′N

M∏
`=N+1

(1 + w`)− P ′N = P ′N

(
M∏

`=N+1

(1 + w`)− 1

)
.

Define a new sequence (v`) by v` = 0 for ` < N and v` = w` for
` ≥ N . Then,

|P ′M−P ′N | = |P ′N |

∣∣∣∣∣
M∏

`=N+1

(1 + w`)− 1

∣∣∣∣∣ = |P ′N |

∣∣∣∣∣
M∏
`=1

(1 + v`)− 1

∣∣∣∣∣ ≤ |P ′N |

(
M∏
`=1

(1 + |v`|)− 1

)
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by Lemma 0.2. Hence,

|P ′M − P ′N | ≤ |P ′N |(eε/2B − 1) < 2B
ε

2B
= ε

since eδ − 1 < 2δ for all δ < 1/2. Hence, since our choice of ε > 0
was arbitrary, we see that the sequence of partial products (P ′N ) is
Cauchy, and so has a limit. Therefore, we conclude that

∞∏
`=1

(1 + w`) = lim
N→∞

N∏
`=1

(1 + w`)

exists. �
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