COMPLEX ANALYSIS HW 4
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Consider a meromorphic function f : C — C with Laurent series f(z) =
Y ome o 2™ at the origin. Find a necessary and sufficient condition on the
complex coefficients (¢,,) so that f(R) C R.

Claim: If f : C — C is a meromorphic function with Laurent series
f(z) =>72 . cn2™ at the origin, then f(R) C R if and only if ¢, € R for

all n € Z.

Proof. If ¢, € R for all n, then certainly f(R) C R, so we need only prove
that the coefficients being in R is a necessary condition for f(R) C R. To
that end, suppose f(R) C R. Since f is meromorphic, there can only be
finitely many negative terms in the Laurent expansion, so there exists N € N
such that f(z) =77y ¢,2" and c_y # 0. Thus, we can re-write f as

o 1 x
f(z) = Z N oy ch_Nz”.
n=—N n=0

Let g(2) = Y0 yen—n2™ Then 2V f(2) = g(z). Now, if r € R, then
rV € R and f(r) € R; since the product of two reals is real, this implies
that g(r) € R. Since our choice of r was arbitrary, we see that g(R) C R.
To deal with this situation, let us first prove a small lemma:

Lemma 0.1. If h € H(C) such that h(R) C R, then h'(R) C R.

Proof. By definition of the derivative,
h(z+¢) = h(z)

W(z) = li
(2) lim

for any z € C. Now, if z € Rand { = k € R, then h(z+k) € Rand h(z) € R,
so h(z 4+ k) — h(z) € R. Therefore, since the derivative is well-defined,

h(z+ k) — h(z)

h'(z) = li R.
(2) k0 k <
Since our choice of z € R was arbitrary, we conclude that h'(R) C R. O

First, note that
o0
g(0) = ch,NO” =c_ny €R

n=0
1



2 CLAY SHONKWILER

Now, since g is holomorphic and g(R) C R, we can apply the above lemma
to conclude that ¢'(R) C R. Now,

oo
g(2) =) nea-nz""",
n=1
SO

o
g (0) = chn_]\/o"—1 =c-ny €R
n=1

¢’ also satisfies the hypotheses of the lemma, so ¢”(R) € R, and so
(o, ¢]
g"(0) = Zn(n — 1) n0"2=2cy Ny ER
n=2

so ca_n € R. Tterating this process, we see that at the jth stage,

g D) = n(n—1) (= (j+1)enn0"7 =j(j ~1)---2-1e;_y €R
n=j
and so ¢;_ny € R. Therefore, we conclude that ¢, € R for all n. O

2

Let ¢ be a point in the unit disk and f € H(D\{¢}). Show that for all
sufficiently small € > 0

/|Z=1 f(z)dz = /|Z<|:€ f(z)dz.

Be careful, use only results that have been established in this course! If
E ={G,...,{n} are points in D, and f € H(D\E), then show that, for
sufficiently small € > 0,

Proof. Since f is holomorphic on the unit disk except at ¢, if p = min|,|—; {|(—
z|}, then f has a Laurent expansion in D,({)\{¢} given by

[e.o]

Z en(z — Q)"

n=-—o00
Furthermore, this converges uniformly on any compact subset of D,({)\{¢}.
In fact, as |z — (| gets larger, the sum

—1

(1) g(z) = Y ealz = Q"

n=—0oo

converges more and more rapidly, so in fact g € H(C\{C}). Now, let
h(z) = f(z) = g(2).
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Then, since f € (D\{¢}) and g € H(C\{¢}), h is holomorphic on D\{(}.
Now, ¢ is a removable singularity of h, since in D,({)\{¢}

F(2) =) en(z = Q)" +9(2)
n=0
and so o
h(z) = f(z) —g(z) =) _en(z = Q)"
n=0

in this neighborhood, meaning we can analytically continue h at ¢ using
this power series. In doing so, we now have h € H(D); hence, by Cauchy-

Goursat,
/ h(z)dz =0
v

for any closed curve v € D. Since f(z) = g(z) + h(z) away from (,

Af(z)dz:/yg(z)dz—i—/yh(z)dz:[yg(z)

for any v that doesn’t pass through (. Since the sum in (1) converges
uniformly outside any small disc centered at (, it converges uniformly on

and so
L s = Y / cn<z—<>"dz=§ / e

n=—oo

Now, if n > 1, then

<z—1<>n - di Ln - 1><_zl— on—l]

80, by the result proved in problem 1 of homework 2,

/7 R CORS Y o) o A R o1 () i e S

since v is a closed curve and so y(1) = v(0). Therefore,

/Wf(z)dz:/vg(z)dz:/vZC:lch:C_l/vziCdz.

Since this is true for any closed v € D\{(}, the above result holds for ~y
denoting the circle |z| =1 — ¢ for any 0 > 0, and so we see that

2) feds=cor [

|2|=1 l2|=1 2 — €

1
S, g
/le—CdZ i

by Cauchy’s Integral Formula, since the function 1 is holomorphic in D.

dz.

Now,
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Now, recall that c_; is defined to be %flz—dq f(z)dz for 0 < € < p.
Hence, plugging this data into (2), we see that

/|Z " f(z)dz = L f(2)dz2mi = / f(2)dz.

270 J)o—l=e o=

To prove the case where f € H(D\FE) where E = {(1,...,(n}, let

po = ‘IT|11_H{\C1—Z| - 1Cv = 21},
let
pi = min{[G; — [}
J#
and let
P= oG 1<nN{p it
Then for each i = 1,..., N, f is holomorphic on the punctured disc of radius

p centered at (; and so, for each i,

oo
E Cn; 2"

n;=—00

on D,(Gi)\{Gi}- Let

~1
(3) gi(z) = Z Cp; 2

n=—0oo

and let
N

9(z) = > i)
i=1
Then, by the same argument for the g defined above, g is holomorphic on
C\FE and so

hz) = f(z) — g(2)
is holomorphic on D\E. Now, in D,((),

o0

hz) = f(2) = g(2) = Y en (2= G)™,

so each (; is a removable singularity of h, which we can, thus, extend to a
holomorphic function on all of D. Thus, by Cauchy-Goursat,

/h(z)dz =0

for any closed curve 7 in D. Since f(z) = g(z) + h(z) away from ¢,

[yf(z)dz:/ ()dz+/h /Wg
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for any ~ that doesn’t pass through any of the ¢;. Since g = > ¢g; is a finite
sum, we can swap sum and integral to see that

(4) / f(2)dz = i / 6:(2)

Furthermore, since v does not pass through any of the (;, there is some § > 0
such that Ds((;) does not intersect y for all 4; since the sum in (3) converges
uniformly outside Ds((;), at ¢, it converges uniformly on « and so

/ Z /Cm z—()"dz = Z/ c_n’

Now, if n; > 1, then
oow - e
(z=Qm  dz [(ni—1)(z —Q)m!

80, by the result proved in problem 1 of homework 2,

[T - mmen e s o

since 7 is a closed curve and so (1) = 7(0). Therefore,

/vgi(z)dz:fyzc_lzdz—c L /Zigdz

Since this is true for any closed v € D\FE, the above result holds for -
denoting the circle |z| =1 — ¢ for any p > 0 > 0, and so we see that

(5) /Z|:1 Gi(2)dz = e 1, /|z|:1 - ! dz

Now,
1 .
/ dz = 2mi
|z|=1 % — G

by Cauchy’s Integral Formula, since the function 1 is holomorphic in D.
Now, recall that c_y, is defined to be 5= f\z—gﬂ:e f(z)dz for 0 < € < p.

Hence, plugging this data into (5), we see that

/|Z|:1 g9i(z)dz = L f(z)dz2mi = / f(z)dz.

20 J |Gl =e |o=Gil=e

Therefore, by (4),
N

/|Zlfzdz—2/ zdz—Z/ f(2)dz

C’L =€
for any € < p. O
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3

Compute the following integrals

/ e(er%)dz
|z|=1

/ dz
ol=2 1+ 2%

Answer: The Laurent series for f(z) = e**/# in C\{0} is of the form

g 2"

for

Cn = =— (z)z~ (D gz
|zl=p
for p > 0 and all n. Specifically, if we let p =1,

- /Z|1 F(2)d=.

By the uniqueness of the Laurent expansion, if we can find a series of the
above form that converges locally uniformly to f, then the coefficient on %

must be f\z|:1 f(2)dz. To that end, note that

n

w
s
n!

n=0

for any w € C and that this series converges uniformly. Hence, for any
z# 0,
o0

o0 n k o0 n
24+1/z _ (Z + 1/Z)n _ l ny 2 _ i Y\ 2k—n
D D D Dt D1 08 b= e Die 1 DD W

n=0 n=0 k=0 n=0 k=0
which converges locally uniformly on C\{0}. Hence, this is the Laurent
expansion of e*7/% so we need to determine the coefficient on % It’s clear

that, since the power on z is 2k — n, only odd n’s will contribute to this
coefficient; specifically, for each odd n, we will pick up a

(1) = i = ey

Therefore, the coefficient on % is

o0

Z ((2n+1)—1>!1((2n+21)+1)! B Z%n'(TllJrl)'

[e.9]

n=0 D)
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Hence, we conclude that

e}

1
z+1/zd —
/|Z:16 © Z (n+ 1)l

n=0

Turning to the second integral, note that 1+ 22 = (z—14)(z+1), so o
holomorphic on D2(0) except at +i. The result proved in problem 2 above
did not depend on the size of the disc, so that result tells us that

/ dz / dz +/ dz
|oj=2 1+ 22 z—i|=1/2 1 + 22 otil=1/2 1+ 22

ZQ is

Now, on Dl/g(i), the function g(z) = z—ﬂ is holomorphic, so, by Cauchy’s

Integral Formula,

1 1 1 1 1 d

- = g(l) = - g(Z).dZ = — ———dz = — 722,
29 2 |z—i|=1/2 Z — 1 T J|z—i|]=1/2 (Z +1)(z — ’L) 2 |z—i|=1/2 1+ 2

__ 2me
S0 fz i|=1/2 1+z2 =72 =T

On the other hand, h(z) = - is holomorphic on D; /2(—1), so Cauchy’s
Integral Formula tells us

=) = o he) g, L de
—21 2 |z4i|=1/2 z4+1 211 |2i|=1/2 1+ Z27
_ 2w
S0 fz+z| 1/2 1+Zz = =5 = —n. Hence,
/ dz / dz +/ dz .
- = . =0
=2 1 + 27 pmil=1/2 1+ 22 Jipij=12 1+ 22
&
4

The function f(z) = m is meromorphic. Locate its poles. This
function can be represented by three different Laurent series centered on
z = 0. Find them and give their domains of convergence.

Answer: f is certainly holomorphic except at z = 2 and z = 1, which
are the poles of f. Note that

1 1 1 5 -1

(6) Go2i-1) 2-2 2-1_1

Now, 1_;72/2 is holomorphic on D5(0) and has power series given by the

geometric series:
[e.e] [e.e]

S (G) =

n=0 n=0
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On the other hand, % is holomorphic on D;(0) and has power series given
by the geometric series:
oo
>
n=0

Hence, applying these power series to (6), we see that

X Ln 0 0 N X ont+l _q
_ n o __ n _ n
f(z)__ZQn—H_'—Zz _Zz _2n+1_z on+1 Z
n=0 n=0 n=0 n=0

which is a Laurent (actually Taylor) series expansion of f in D;(0).
Now, the Laurent expansion of f in A(0,1,2), i.e. the annulus given by
1 < |z| < 2 is defined to be

where
1 ]_ Z_(n"’l)
= | fR)2 ) = = / ST
" 2mi |2|=p 21 J|2j=p (2 = 2)(2 — 1)
and 1 < p < 2. Now, since the result proved in problem 2 above did not

depend on the size of the circle, and the poles of f are at 1 and 2, we can
use that result to see that

(7)

1 / Zf(n+1) 1 / Z*(nJrl) 1 /
e = — = 4
210 Jio=p (2 = 2)(2 = 1) 2mi Jipmrya (2 —2)(2 = 1) 2w J)oqj=1ya (

if n > 0 and (since then z~(®*1) has a pole at 0)

@® 1 / z~(n+D) 1 / z~ (D)
Cp = — — = — e
218 Jisj=p (2 = 2)(2 = 1) 2mi J._qj=1ya (2 = 2)(2 = 1)

otherwise. Now, by the Cauchy Formula,

—(n+1) z

1—2 2w Ji,qmqpm 2 —1

1 ,—(n+1)
= — —dz.
210 Jio—q=1ya (2 —2)(2 — 1)

On the other hand, if n > 0, then
1

1 —(nt+1) 1 [C=TEE]
. / z ds — - ( 2)5rl 1) dx
211 |z|=1/4 (Z — 2)(2 — 1) 211 |z|=1/4 FAld

is just the nth coefficient in the power series expansion of i , which

1
z—2)(z—1)

we calculated above to be 2271 Hence, if n > 0, (7) tells us that

2
2n+1 -1 -1
Cn = on+1 -t = on+1

,—(n+1)

z—2)(z—1)
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and if n < 0, then (8) tells us that
cn = —1.

Hence,
-1

O S P
n=0

n=-—oo

for z € A(0,1,2).
Finally, if we consider the annulus A(0, 2, 00) then, on this annulus, f has
a Laurent expansion as before except with p > 2. Hence, if n > 0,

©) (n+1) (n+1) (n+1)
1 / z—\ / z—\ / z—\
Cn = —— — e —dzt— — e —dzt— — 2
21 |z|=1/4 (Z — 2)(2’ — 1) 211 |z—1|=1/4 (Z — 2)(2 — 1) 211 |z—2|=1/4 (Z — 2)(2 — 1)

and

(10) ! D s / A
Cn = — ——dz+— ——dz
21 Jj—1=1/4 (2 —2)(2 — 1) 210 Jjz—g)=1/4 (2 — 2)(2 — 1)

otherwise.
Now, we’ve already calculated all these terms except

2—(n+1) 2~ (nt1) 1 Z_z(i-;l) d
= == ———dz
(2 — 1) 27TZ |z_2|:1/4 Z — 2
1 zf(nJrl)

= — —dz,
21 J|,—2)=1/4 (z—2)(z—1)

Hence, if n > 0,

2ntl—1 -1 1
— —(n+1) _ —
Cn = Tonti — 1427 )_2n+1+2n+1_0‘
If n <0, then
en = —1+2"0FD),
Hence, plugging into (9) and (10), we see that
-1 > 1 + 1
— n—1
R SR s IRED S
n=-—00 n=1

outside the circle of radius 2.
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5

Let f € H(D,(0)¢), that is f is holomorphic outside of the disk of radius r.
The function F(z) = f(2) is then holomorphic in a punctured disk, centered
at zero. We say that:

(a): f has a pole at infinity, if F' has a pole at zero.

(b): f has an essential singularity at infinity, if F' has an essential
singularity at zero.

(c): f is analytic at infinity, if F’ has a removable singularity at zero.

Prove that a nonconstant, entire function either has a pole or an essential
singularity at infinity. Give examples of entire functions with each of these
types of singularities. Give an example of a function with a removable
singularity at infinity.

Proof. Suppose f is a non-constant entire function. Clearly, f cannot be
bounded, else, by Liouville’s Theorem, f would be constant. Furthermore,
since f is entire, it is continuous on all of C and so is bounded on any compact
subset of C. Since any closed disc centered at the origin is compact, we see
that, for |z| < N, |f(z)] is bounded, so |f(z)| is unbounded as |z| — oo.
This leaves two possibilities: either |f(z)| — oo as |z| — oo, or |f(z)| has no
limit as |z] — oo.

In the former case, this implies that F'(z) = f(1) is such that |F(z)| — oo
as z — 0, meaning that F' has a pole at zero and so f has a pole at infinity.
In the latter case, we see that Fi(z) = f(1) is unbounded as z — 0 and
yet |F(2)| / oo as z — 0, meaning that F is not meromorphic at 0. Since
having an essential singularity is equivalent to not being meromorphic, this
in turn means that F' has an essential singularity at 0, so f has an essential

singularity at infinity. O
Examples: First, consider f(z) = 22. Then f is its own power series
and thus is certainly entire. Now, for |z| > 1, |22 > |z, so |f(2)] = |2?| =

|z|? > |z|. Hence, |f(z)| — oo as |z| — oo, which is equivalent to saying
that |F(z)| — oo as z — 0 for F(z) = f(1), so F has a pole at 0 and so f
has a pole at infinity.

Now, consider f(z) = e*. Note first that f is an entire function. Then, if
r € R such that > 0, then ¢ > r, so |f(r)| = |¢"| = " — 400 as r — +00.
Hence, f is certainly unbounded. However,

e = e —0
67"

as r — 400, so we see that |f(z)| cannot have a limit at infinity. Hence, f
does not have a pole at infinity and so, by the above argument, must have
an essential singularity at infinity.

Finally, consider f(z) = zsin (1). Since sin z is entire, sin (1) € H(C\{0})

and so, since z is entire, f € H(C\{0}). Now, consider F(z) = f (1) = ==

z z
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which is holomorphic on C\{0}. Now, for z # 0,

sin z .
=sinz — 0

2F(z) =z

as z — 0 (since sin0 = 0), so, by Riemann’s Removable Singularities The-
orem, F' has a removable singularity at 0, meaning that f has a removable
singularity at infinity.

&

6

Show that if f € H(Dy\{0}) has a nontrivial pole at 0, then e/ has
an essential singularity at 0. A pole is nontrivial if it is not a removable
singularity, i.e. some coefficient of a negative degree term in the Laurent
expansion is non-zero.

Proof. Suppose f has a nontrivial pole at 0. Then f has a Laurent series

o

f(z) = Z cn 2"

n=—N

where N > 0, c_x # 0 and this series converges in some punctured disc D*
about the origin. Now, ¢g(z) = e* has a uniformly convergent power series

n
Z z
eZ
n!
n=0
Hence, for any z € D*,

o) i (f(2)"

|
n:
n=0

where this series converges uniformly for all z # 0. Hence,

) i (Z?’;_;\; Cjzj)n

n=0

in D*. If € > 0, then for any z € D* such that |z| > ¢, both sums converge
uniformly, so we can swap the sums:

Since our choice of € was arbitrary, we see that this is a Laurent series for
ef. If we restrict our attention to the term given by j = —N, note that
n(—N) — —oo0 as n — 00, so we see that there are terms in this Laurent
expansion of arbitrarily negative orders. By the uniqueness of the Laurent
expansion, this is the Laurent expansion of e/ centered at 0, so we see that
e/ has infinitely many negative terms in its Laurent expansion, which is
precisely what it means for ef to have an essential singularity at 0. (|
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