COMPLEX ANALYSIS HW 7

CLAY SHONKWILER

195

Let f be a meromorphic function on C with period 7; thus, f(z+7) = f(2)
for every z € C. Suppose that in the strip where 0 < R(z) < 7 the function
f has only finitely many poles wi,...,w, and that they are all simple,
with residues ci, ..., ¢y, respectively. Suppose also that there exist complex
numbers p and ¢ such that

lim f(x+iy) =p,
y—-+oo

Yy——+00

uniformly with respect to x € [0, 7]. Prove that

n
_p+gq
f(z) = — —I—;ck - cot(z — wy),

n
q—szich.
k=1

Proof. Let € > 0 be small enough such that R(wy) > eforall k =1,...,n.
Let Ry be the rectangle determined by the points € £¢N and 7 + ¢ + i /V.
Then f is holomorphic on all of Ry (since none of the poles of f lie on Ry)
and Ry is homotopic in the strip 0 < R(z) < 7 + € to a circle.

Now, define h(z) = f(2)—>_p_; ¢k cot(z—wy). We claim that this function
is holomorphic on the entire strip 0 < R(z) < 7. To see why, first note that
cos(z—wg)
sin(z—wg)
Hence, cot(z — wy) is of the form ¢'/g where g(z) = sin(z — wg). Note that
the only pole of cot(z — wyg) in the strip is at wg. Thus, by the argument
principle, cot(z — wy) has a simple pole at wy and res(cot(z — wg), wg) =
ordy, (sin(z — wg)) = 1, since cos(0) = 1. Therefore, ¢ cot(z — wy) has
residue ¢, at wy, and, hence, since both f and cot(z — wy) have simple poles
at wy with residue ¢y,

cot(z — wy) = and the derivative of sin(z — wy) is cos(z — wy).

f(2) — e cot(z — wg)
is holomorphic in a neighborhood of wg. Since the wy comprise all of the
poles of f in this region, this implies that

h(z) = f(z) = ) ercot(z — wy)
k=1

1
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is holomorphic in the entire strip. Thus, by Cauchy’s Theorem,

. C
chcota k) = h(a) = /R dz.

27i NE—a

Therefore...(?)

Turning to the second equality, recall that Ry is homotopic in the strip
0 < R(z) < m+ € to a circle. Thus, for 0 < R(z) < 7 with |J(a)] < N,
n(Ry,a) = 1. Hence,

27 / f(z)dz = Ck

Let L; and Lo denote the vertical lines in Ry and let L3 and L4 denote
the horizontal lines, with L; corresponding to the line %(z) = 7 + € and
L3 corresponding to the line ¥(z) = N. We will integrate in the usual
counterclockwise direction. Now, since f is m-periodic, f behaves exactly
the same on both L; and Lo; since L and Lo are traversed in opposite
directions, we see that

f(z)dz+ [ f(z)dz=
L Lo

Now, for N sufficiently large, f is arbitrarily close to the constant functions
p and ¢ on the respective horizontal segments, L3 and L4. Hence, for large
N,

€

T+e
f()dz+ | f(z)dz — pdz+/ qdz = / pdz+/ qdz = —mp+mq.
L3 Ly Ls Ly T4e €

+

Hence, as N — oo,

ook [ ;[/LIH/L?H/M“/LJ

( p + 7q)
p

21
Thus, we see that ¢ —p =2i ) ;_; ¢. O

200

Consider open subsets U C C and V C C with 0 € U and 0 € V, and
let f: U — V be a holomorphic isomorphism with holomorphic inverse

g:V — U, with f(0) =0 = g(0).

(200.1): For each real r > 0 such that D(0,r) C U, with boundary
C := 0D(0,r), prove that there exists a real p > 0 such that for
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2mj{ f(z) —w

Proof. Let « : [0,1] — C be the curve given by t +— re?™®. Then,
since f is injective, f o~y is a simple closed curve. Now, let p be such
that D(0,p) C UNV (we know there is such a p since 0 and, hence,
some neighborhood of 0, is contained in both U and V). Then, by
Cauchy’s Theorem, since fo- is a simple closed curve, n(fov,0) =1,
and so, for w € D(0, p),

every w € D(0, p),

1 9'(2)
21 —w

g (w) = dz.

foy #
Now, since f o~ is a differentiable curve,

JG) GO GO (6t
/fwdz‘/o )

Z—w

B dz
B éofoy f(z) —w
B dz
-
since go f = f o g = 1. Therefore, we see that, indeed,

PN dz
g(w) = 27Ti/yf(z)—w

O
(200.2): Deduce that g(w) = Y7 | cyw™ with
. _ 1 7{ dz
" onmi Jo [f(2)
Proof. Since we know that ¢'(w) = 27” J. c f , we will first find a
power series for ¢’. To that end note that
1 1 1 - w \" > w"
1 = = = Tr/ N1n+1°
Ol R C e DY <f<z>> 2

which converges uniformly so long as | f(z)| = r if |w| < r. Therefore,

1 > w" > 1 dz
=5 |, 7w " o c[z [f(Z)]"“]dz:;[%i/c[f@)]"“

=0

Jur
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Therefore, integrating both sides with respect to w, we see that

(0 =3 ot L] e

n=0

which is to say that g(w) = ZOO

n—1 Cnw" where

1 dz
T i /c R

(the constant term disappears because g(0) = 0).

(200.3): With h(z) :=

z/ f(z), prove that
1 8(”_1)(hn)

“n = n! oz(n—1)

Proof. Note, first of all, that f'(0) # 0 (else f could not be invert-
ible), so f has a simple zero at 0, meaning % has a simple pole at 0.

Now, z has a simple

ordo(h) = ordy <z - 1> — ordo(2) + ordy <1> 14 (-1

f
so h(z) =

zero at 0 as well, and so

f

n+1

Y

=0,

ﬁ is holomorphic at 0. Since this is the only point at

which f(z) = 0, we see that h and, hence, h", is holomorphic on
D(0,r). Therefore, for any n > 0, we know, by Cauchy’s Theorem,

that

[(w)]"™ =

L [ e
C

211 Z—w

Hence, by a slight modification of (1),

[h(w)]" =

1

1 [ [aR)" .
-% . Zk+1 dz| w

- 2n

1 TR k
% C ZkJrl dZ w

1 2wk [h(z)]"
27”/() [Z Z[kJ(rl)] d'z]

M T T

e
Il

0

dz 1 aln=pn

2mi Jo [f(2)]"

T (n-1)! 920D

o . ]

Hence, focusing on the (n — 1)st term in this series,
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by the uniqueness of the Taylor series. Now, notice that this is
almost the nth term in the series for g; we need only divide both
sides by n to see that

1 / dz 1 9n=Dpn
C

T o Jo[FET T nl 920D
]
205
Show that there is no holomorphic function f € H(C\{1,—1}) with
1
(o) —

Determine whether the same results hold for C\D(0,1) = {z € C|1 < |2|}.

Proof. Suppose there exists f € H(C\{—1,1}) such that f'(z) = 1/(2? —1).
Then, for any closed curve v contained in C\{—1,1},

1
dz = 0.
Z/ZQ—l

Now, consider the curve v : [0,1] — C\{—1, 1} given by

t— 1+ 2™t

Then
1

d
527 —1 v z—1

Since ﬁ is holomorphic on D(1,1), we know, by Cauchy’s theorem, that

1
=1 1
z+1 . .
dz =2 = 0.
| e =iy =i 2

Therefore, we see that ﬁ does not have a primitive on all of C\{—1,1}
and, hence, there is no such f.

On the other hand, consider the region 2 = C\D(0,1). Let v be a
closed curve in ). Then, by the result proved in Problem Set 6 #6, ~ is a
closed curve in C\{0} homotopic to 7(t) = > where n = n(v,0). Since
the image of the homotopy used in that problem was entirely contained in
C\D(0,1), we can modify it slightly to see that ~ is homotopic to the curve
nr(t) = re*™™ which is contained in C\D(0,1). Let g = -'~. Now, by the
residue theorem,

(2) /g(z)dz = / g(2)dz =res(g)-1n(ny, —1) 4+ res(g)1n(ny, 1).
¥ "

Since 1 and —1 lie in the same connected component of C\7, as 0, we see
that n(n,, —1) = n(n,,1) = n(n,,0) = n. Since the residue of g at a point



6 CLAY SHONKWILER

a is just equal to ﬁ f% g where 7,(t) = a + pe*™ for some small p, we see
that

1 dz 1

2mi J, 22 -1 2mi ),  z+1 -1-1 2

res(g)-1

by Cauchy’s Theorem. Similarly,
1

1 dz 1 i 1
1“eS(g)1:./:,/ gy =~ =2,
2mi J,, 22 =1 2mi [, z—1 1+1 2
again by Cauchy’s Theorem. Therefore, putting all the pieces of (2) together,
we see that

-1 1
/g(z)dz =res(g)—1n(ny, —1) +res(g)in(n., 1) = 5" + 3" = 0.
.

Since our choice of v was arbitrary, we see that f7 g(z)dz = 0 for any closed
curve v in . This, in turn means that g has a primitive on 2, so there is
indeed an f € H(C\D(0,1)) such that

f'(z) =

22 -1

206

This exercise provides a quantitative version of the statement that if
f(0) # 0 then f is injective in a neighborhood of 0. Specifically, consider a
function f € H[D(0,1)] with a MacLaurin series

e}

flz) = chz”
n=0
o

leq| > Zn|cn|
n=2

Prove that f is injective on the open unit disc D(0,1).
Proof. Suppose w € D(0,1) such that f’(w) = 0. Then

such that

o0
0= f'(w)= Z ne,w™ L
n=1

hence, ¢; = — 3°°° . ne,w" L. However
y €1 n=2 n )

o oo o0
- chnw”_l < Z Inc,w™ | < Zn[cn| < |ea],
n=2 n=2 n

=2
so this is impossible. Hence, we see that f’(z) # 0 for all z € D(0,1). Hence,
for each w € D(0, 1), there exists a neighborhood U,, and a function g,, such
that f|y,, is injective and gy, 0 f|y,, = 1. Now, whenever U, U, # 0, this in
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turn implies that g, |meUw, = Q' \meUw,, so we can analytically continue gg
to a well-defined function g on all of D(0, 1). Now, at any point z € D(0, 1),

go f(z) =gz0 flu.(2) =1,

so f has a global inverse on all of D(0,1). Therefore, it must be the case
that f is injective on all of D(0,1). O

211
Verify that the method of residues applies to the calculation of

/OO exp(—2?)dz = /.

—o0
For instance, integrate z — exp(7iz?)-tan(wz) along the parallelogram with

vertices at £(r +ir) and 1 £ (r +ir).

Proof. First off, let f(z) = cos(wz). Then f/(z) = —7wsin(7z), so

f' —msin(mz)
T eostnn) —m tan(nz).

Now, fT/ has a simple pole wherever f has a zero; in this region, the only
such point is z = 1/2. Hence, by the argument principle, we know that

res(f'/f,1/2) = ordy j5(cos(mz)) =1
since —msin(71/2) = —m # 0. Hence,

-1 —1
res(tan(nz),1/2) = —ves(f'/f,1/2) = —.
7r ™
In turn, this implies that

, -1
1?68(6”“22 tan(mz),1/2) = —,
T

. : a2 ; 2
since the power series for €'7*" is has the first few terms 1+ 472 — 7;—,,22 - ..

Thus, if R denotes the indicated region,

A 1
/ ™ tanmady = ——.
R

s
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Now, let L1 denote the horizontal piece of R given by t — t-+1ir for ¢ between
r and 7 + 1 and let Lo denote the piece given by t +— 1 — ¢ — ir. Then

. L T+l .
/ —I—/ '™ tan(mz)dz :/ eim(t+ir)? tan(m(t + ir))dt + / gim(1=t=ir)? tan(m(1 — z —ir))dt
L1 Lo r+1 T
r+1 5 o
=— / e =2 ban (w4 ir) )dit
r
r+1 5 o
+ / eTrzem(f2t+t —r )6271'7‘7271'7"1‘/ tan(w(—t _ zr))dt
r
r+1 5 o
=— / e =2 ban (w4 ir) )dit
r
r+1 o 5 o
_ / ewzem(f2t+t —r )6271'7‘7271'7"1‘/ tan(w(t + ZT’))dt
r
r+1 5 9
:/ errz(72t+2t —2r )627rr747rrt tan(Tr(t + ZY’))dt
r

Now, note that e™(~2t+2*=2r*) 4nd tan(n(t 4 ir)) are bounded and 277 —
drt — —00 as 1 — 00, 50 2™ 4t _, () as r gets large. This, then, implies
that the above integral goes to zero as r gets large.

Therefore, the only contribution to the integral [, ein?? tan(mz)dz must
come from the diagonal pieces. Now, we can parametrize the diagonal piece
D, passing through the origin by ¢ — ¢ + ¢t and the other diagonal Dy by
t+—1+t+4t. Then

T

/ +/ e tan(mz)dz = / eim(t+it)? tan(m(t +dt))dt + / eriltttit)? tan(m(1 4t +dt))dt
D1 JDs

r —-Tr
r

_ _/ pim(t+it)? tan(w(t+it))dt+/ €i7r(1+2t+2it+(t+it)2)tan(ﬂ_(t+Z,t))dt

-r -r

_/ (_1 _ eiﬂ-(2t+2it)> omi(t+it)? tan(r(t + it))dt

-T

= / (—1 - ei”(2t+2it)> e~ 2’ tan(m(t + it))dt.

-7
Now,

1 eim(t+it) _ o—im(t+it)

<_1 _ eiw(2t+2it)> tan(r(t +it)) = (—1 — eiﬂ'(2t+2it))

i eim(t+it) 4 e—im(t+it)

1 _ pim(2t+2it) eim(t+it) _ g—im(t+it)
(_ —€ ) e—im(t+it) (e2mi(t+it) 4 1)
_eiw(t—i-it) + @—iﬂ(t+it)

SOl = N

e—im(t+it)

[_€2i7r(t+it) i 1] '

S| =S|
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1 (" s 2 1 (" 2
/ +/ _ _./ e271'z(t+zt)6727rt dt + / e 27" gt
Dy Do [ v

We would like to conclude that, as » — oo, the right hand side goes to

Hence,

ﬁ fi;/:; e~ dz and, hence, that

- 2 1 2 1 (VT
— =res(e"™ tan(nz),1/2) = / '™ tan(mwz)dz = ——= e " dx,
T 27t Jp ™) sz
meaning that that [ e dr = /7. O

217-218

Let Ry be the square with vertices at (N + 1/2)(£1 £ 4). Prove that
there exists a real constant C' > 0 such that | cot(nz)| < C for every positive
integer N and every z € Ry.

Proof. On the horizontal sides of Ry, z =z £ i(N + 1/2), and so

| cot(rz)] = cos(mz)

sin(7z)
ei7rz + e—iT(Z

,Le'iﬂz _ e*iﬂ'z

eim(@Hi(N+1/2)) | o—im(ai(N+1/2))
oim (T Ei(N+1/2)) _ p—im(z£i(N+1/2))

el o FT(N+1/2) _i_e*iﬂ'xeiﬂ'(N‘i’l/Q)
eimr o Fm(N+1/2) _ p—imzotm(N+1/2)

|ei7rx‘ |€:F7r(N+1/2)| + |e—i7rx| |ej:7r(N+1/2)|

< |eimeeFr(N+1/2) _ g—imzetn(N+1/2)|
’ejFW(NJrl/?)’ + |€ii(N+1/2)’
|eimeeFr(N+1/2) _ g—imzctn(N+1/2)|
- ‘eq:w(N—&-l/Q)‘ + ‘6i7r(N+1/2)’

||eimzeFr(N+1/2)| — |e—imzetn(N+1/2))|
(FT(N+1/2) | pm(N+1/2)

|eFr(N+1/2) — oEn(N+1/2)|

eT(N+1/2) 4 o=m(N+1/2)

em(N+1/2) _ o—m(N+1/2)"
Now, if n > m > 0, then

e +e™ eM4e™ 2T — Qe

en 4 e eMm — e—m — entm _ gm—n _ gn—m L e n—m’
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Since m < n, m — n is negative; as is —n — m; hence, we see that the
numerator of the right hand side is negative while the denominator is posi-
tive. Thus, Eifg:z is a decreasing function for z > 0. Hence, applying this
knowledge to the cotangent inequality above, we see that

m(N+1/2) —m(N+1/2) 3m/2 —3r/2
]cot(wz)\<€ +e e +e

= on(NT1/2) _ o-n(N+1/2) = g3n/2 _ p—3m/2 Cr.

On the other hand, on the vertical sides of Ry, z = £(N + 1/2) + iy, so for
these z,

eI (E(N+1/2)+iy) | o—im(£(N+1/2)+iy)
cim(E(N+1/2)+iy) _ g—in(£(N+1/2)+iy)

| cot(mz)| =

eTim(N+1/2) ,—my + eFim(N+1/2) oy
eLim(N+1/2) o—my _ oFim(N+1/2)cmy

iie:tiﬂNe—Try 4 :FZ'GZFiWNewy

+ijetimNe—my _ :':ie:!:iﬂNeﬂy
e:tiWNe—ﬂ'y _ eiiﬂ'Neﬂ'y

eTimN o—my + eFimN oy

e” ™ —e™
S
= |tan(imy)|
=1

Hence, if C' = max{1,C1}, we see that |cot(wz)| < C for all z € Ry. O

(218.2): Prove that

Zf(n) =— Z res|m cot(mz) f(z), p|.

nez pEPf

Proof. By the residue theorem, with Ry as above,
3)
N

L, mweot(nz) f(z)dz = Z res(mcot(mz) f(2), k)+ Z res(m cot(mz) f(2),p)

211
Ry k=—N peP;

so long as Ry is large enough to contain all of the poles of f. Since

_ 1 mcos(mz)
COt(ﬂ-Z) T 7 sin(mz)

see that cot(mz) has a simple pole at n for each n € Z and that
res(m cot(mz),n) = ordy(sin(nz)) = 1. Therefore,

res(mcot(mz) f(z),n) = f(n)

and the derivative of sin(7z) is 7cos(mz), we
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for each such n. Therefore,

N N

(4) > res(mweot(m2)f(2).k) = Y f(k).

k=—N k=—N
Now,

/R meot(nz) f(z)dz TM(AN +4)

Nm

1
< 77/ | cot(mz)||f(2)]|dz] < ﬂ'C'M/ Toaldz] <
Ry Ry 7]

which goes to 0 for IV sufficiently large. Hence, applying this fact
and (4) to (3), we see that,

N
lim Z f(k)+ Z res(m cot(mz) f(2),p) =0,

N—o0
k=—N pPEPy

SO

Zf(n) =— Z res[m cot(mz) f(2), p].

nez pEPs
Now, we apply this fact to the sum » 7, # Note first that

o o0

11 1
IEEED
n=1 n=-—oo
since (—n)? = n%. Now, we’ve already seen that cot(7z) has a simple
pole at zero (and, in fact, all integers), so the Laurent expansion of
cot(mz) is =t +co + c1z + ... for some ¢;, i = —1,...,. Now, since
cot(mz) = Z?If((;rj; , using the power series for sin and cos, we know

that

* (—1)" > —1)" n c_

n=0
Hence, c_1 = %, co =0, cp = 5 — ¢ = 5. Therefore,
meot(mz) w(E-ZF+..) 1 a2
t = = 7z = - 4.
mweot(mz) f(z) 2 o> g e +
so res(mcot(mz) f(2),0) = _TTFQ Hence,
Sz
n? 3’
n=-—00

meaning that
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To compute ) >° | -, we continue what we started in (5) above.

Certainly co = 0 since ¢g = 0. Now,

— N c_qm° N 4 N i N
A 3T = — + —— + 37
41 31 51 18 T120 T T
SO
R 3
C3 = —F — — — —— = ——
24 18 120 45
Hence,
1 _ e 2 + 2 4
meot(mz)  T\mz T 3 B T) 1w 77
24 - z4 25 323 4527
SO (n2) .
meot(mz ™
TR o) =2
()
Hence,
TS ST
nt 2 nt 245 90’
n=1 n=—oo
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