DIFFERENTIAL GEOMETRY HW 7

CLAY SHONKWILER

1

Show that within a local coordinate system (xi,...,zy) on M with co-
ordinate vector fields X1 = 9/0z1,...,X, = 0/0z,, if we pick n® smooth
real-valued functions I’fj at random, and define

VoW = Z[ B) o T X,

then V will satisfy the definition of an affine connection within the range of
that coordinate system.

Proof. First, we show linearity in the first vector field; let fi, fo be smooth
functions on the range of the coordinate system and let Vq, Vo, W be smooth
vector fields on the range of the coordinate system. Then

Vflvl+f2v2W = Z [(flvi + f2vé)Xi(wk) + (flvzi + fQUé)wjrfj} X
=3 [flle ) + frvjw’ T} } Xp+) [fzvéXi(wk) + f2v§wj1“fj} X
= fi Z [%X@'(w )+ viwjfij] X+ fo Z [ngi(wk) + Uéwjrfj} X
= fiVy W + oV, W.

Next, we show additivity in the second coordinate; let V, Wy, W5 be smooth
vector fields on the range of the coordinate system. Then

Vy (Wi + W) = Z [viXi(w’f +wh) + ot (w] + w%)FH Xk
=> [ < (wf +X(w2)) + ' (w1+w2)1“k} Xk
= Z [lei(wl) + viw{F%} Xy + Z {UiXi(wléc) + ”iU’ngj] Xk
= VyWi + VyWas.

Finally, we show that the Leibniz rule is satisfied; let V, W be smooth vector

fields on the range of the coordinate system and let g be a smooth function
1
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on the range of the coordinate system. Then
ula) = 3 [0+ T 3,
=> {vi (Xi<9>wk + ng‘(wk)> + Uigwjrfj] X
=Y VX9 X+ [vigXi(wk) +v'gu? FZ} X

=Y V(g Xy + gy [ Xi(wb) + o'l Th] X,
=V(gW +gVyW.
Having shown linearity in the first coordinate, additivity in the second co-

ordinate and satisfaction of the Leibniz rule, we conclude that V is an affine
connection on the range of the coordinate system. U

3

Show that an affine connection V is compatible with a Riemannian metric
on M if and only if, for any vector fields V' and W along a smooth curve
c: I — M, we have

d DV DW

— (VW) =( — W — ).

i 0 = () (V)
Proof. Suppose that, for any vector fields V and W along a smooth curve
c: 1 — M, we have

d DV DW
= (VW) = <dt,W> + <V,dt >

Let ¢: I — M be a smooth curve and let V and W be parallel vector fields
along c. Then

Lvw) - <Ztvw> N <v, DthV> = (0,W) + (V,0) =0,

so we see that (V, W) is constant along ¢, meaning that V is compatible
with the Riemannian metric on M.

On the other hand, suppose V is compatible with the Riemannian metric
on M. Let ¢: I — M be a smooth curve and let V and W be vector fields
along c. Let Uy, ..., U, be an orthonormal basis of T,q)M and let U;(t) be
the parallel transport of U; along ¢. Then, since V is compatible with the
Riemannian metric on M,

(Ui(t), U;(t)) = (Ui, Uj) = 04y,

so Uy(t), ..., Upn(t) forms an orthonormal basis of T,y M for all t € I. Hence,
at each c(t),

V= Z fi)Ui(t)
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and
W=>g;(t)U;(t)
j=1

for smooth fi,..., fn,91,---,9n- Now,

(V,\W) = <Z FOU), Y 9;(DU; (t)> =Y [i0)g;(O)(Ui(t), U;(#))
i=1 j=1 1,J

= Z fi(t)g;(t)di;
= Z fi(t)g:(t),
=1
@ QZAV’ W)= %Z fi(Dgi(t) =3 [F(Ba() + Fi(H)gi()] -
=1

On the other hand,

DV D n n D n , DU, (¢ n /
LA [223 fz(t)Ui(t)] =3 U] = 3 [0 + 50750 | = S sen
and
o= | a0 =X 2 oue =X [gon + 60 520 | = Y geve
- j=1 j=1 j=1
Hence
(Brw )+ (v 20 = (X o). S asns ) + (3 s Zg;<t>UJ<t>>
dt dt i—1 j=1 i=1 J=1

2 = 3 Ha®) + Y 0

i=1 i=1

= Z [fi()gi(t) + fi(t)gi(t)]
i=1

Equating (??) and (?7?), we see that

d DV DW
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4

Conclude that an affine connection V is compatible with a Riemannian
metric on M if and only if

U(V,W) = (VyV,W) +(V,VyW).
Proof. Suppose
UV, W) =(VuV,W) +(V,VuW).

Now, let V. W be vector fields on M, let ¢ : I — M be a smooth curve and
let U = %. Then

DWWy = UV, Wy = (VW) + (V. VW)

dt
= (Vacsat Vi W) + (V. ViaesasW)

DV DW
(= w vV, ).
G =)

Therefore, by problem 3 above, V is compatible with the Riemannian metric
on M.

On the other hand, suppose V is compatible with the Riemannian metric
on M. Let U, V,W be vector fields on M, let p € M and let c: I — M be a

smooth curve such that ¢(0) = p and ¢(0) = U(p). Then ViV (p) = %(p)

and VyW(p) = %(p). Hence, using our result from problem 3,

d DV DW
UV, W), = £<Va Whp = <dt’ W> +<‘/7 dt> = (VyV, W>p+<V, VUVV)p.
p p

Since our choice of p € M was arbitrary, we see that
UV, W) =(VygV,W) +(V,VyW)
on all of M. 0

5

Looking back over this proof, show that if U,V and W are three vector
fields on M which do not necessarily commute with one another, then

2(VyV, W) =U (V. W)+V (W, U)W (U, V)—(U, [V, W)=V, [W, U)W, [U,V]) .
Proof. Let U, V and W be vector fields on M. By problem 4 above,

UV, W) = (V,V,W) + (V, VW)
V(W,U) = (VyW,U) + (W, VyU)
W(U,V) = (VwU,V) + (U, Vi V).
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Hence,

UV, W)+ VW, U) =W({U,V) = (V,V,W)+(V,VgW))+ (VyW,U) + (W, VyU))
—(VwU,V) +(U,VwV))
= (W,VyV +VyU) + (U, [V,W]) = (V,[W,U])
(W.2VyV —[UV]) + (U, [V, W]) = (V,[W,U])
2VyV, W) = (W, [U,V]) + (U, [V, W]) = (V, [W,U],)

since [U,V] = VyV — VyU. Therefore, solving for 2(VyV, W), we see that
2(VyV, W) =U(V.W)+V (W, U)-W (U, V)—(U, [V, W)V, [W, U)W, [U,V]) .

0

6
Define a map F : 3 x S3 — SO(4) by

F(z,y)(z) = 22y,

where = and y are unit quaternions, z is any quaternion, and quaternion
multiplication is used on the right hand side. Show that F' is a double
covering.

Proof. In fact, we can show more than this. We can show that F' is a Lie
group homomorphism which is surjective with kernel {£(1,1)}, meaning
that it induces a diffeomorphism S3 x S3/{(z,y) = (—z, —y)}. To that end,
note that, if (¢,7), (p,s) € S® x S3, then

= [v — xzv(yw) Y]
= v 20wty
= v zvy o [v— zow™!
= F(z,y) o F(z,w),

F((2,y)(z,w)) = F(zz,yw)

so F' is a group homomorphism.



6 CLAY SHONKWILER

Now, If 2,y € S3 such that * = a+bi+cj+dk and y = e+ fi+ gj + hk,
then y~! = 7, so:

= (a+bi+cj+dk)(e— fi—gj— hk)

= (ae+0bf +cg+dh)+i(be —af —ch+dg)
+j(ce —ag — df + bh) + k(de — ah — bg + cf)

= (a+bi+cj+dk)i(e— fi—gj— hk)

= (a+bi+cj+dk)(f+ei+hj— gk)

= (af —be—ch+dg)+i(ae +bf —cg — dh)
+j(ah + cf + de + bg) + k(df — ag + bh — ce)

= (a+bi+cj+dk)jle— fi—gj— hk)

= (a+bi+cj+dk)(g—hi+ej+ fk)

= (ag+bh—ce—df)+i(bf —ah+cf — de)

+j(ae+cg —dh —bf) + k(af + dg + be + ch)

(a+bi+cj+ dk)k(e — fi — gj — hk)

(a+bi+cj+dk)(h+gi— fj+ek)

= (ah—bg+cf —de) +i(ag + bh + ce + df)

+j(ch —af —be + dg) + k(ae + dh — bf — cg).

Hence, F(z,y) is given by the matrix

ae+bf +cg+ dh
be —af —ch+dg
ce —ag — df + bh
de —ah — bg + cf

af —be —ch+dg
ae +bf —cg—dh
ah + cf + de + bg
df —ag + bh — ce

ag + bh — ce — df
bf —ah+cf —de
ae +cg—dh—bf
af + dg + be + ch

ah —bg+ cf — de
ag + bh + ce + df
ch —af —be+dg
ae +dh —bf — cg

We can extend this to a map from S3 x S3 to R'6. The coordinate functions
of this map are clearly continuous (in fact, smooth); since restricting the
range doesn’t affect continuity, we see that F' is continuous.

Now, if (z,y) as above (in terms of a,b,...) and (z,y) € ker F, then,
looking at the diagonal entries of F'(z,y) and recalling that zz = yy = 1,
we see that

ae+bf +cg+dh =1
ae+bf —cg—dh =1
ae+cg—dh—bf =1
ae+dh —bf —cg =1
A+ +E+d? =1
62+f2—|-92+h2 = 1.

Thus, it must be the case that ae=1land b=c=d=f=g=h =0, so
we see that

(z,y) = £(1,1);
that is, ker F' = {£(1,1)}. Hence,
SO(4) = (8% x §%) fker F = (5% x %) /{(2,9) ~ —(,)}.
Clearly, this implies that F' is a double covering. O
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7

Show that the orbits of the vector fields U, V and W are great circles on
53, and that in each case the collection of orbits forms a Hopf fibration of
S3 by parallel great circles. Draw such a fibration.

Proof. First, suppose that a + bi € S3; then U(a + bi) = (a + bi)i = —b +
ai. Hence, for any x € S® in the zox;-plane, U(x) is also in the wozi-
plane. Specifically, the orbit of U through 1 lies in the xgxi-plane. Since
the intersection of the zgzi-plane with S2 is a great circle, we see that the
orbit of U through 1 is a great circle. Similarly, V(a 4+ bj) = —b + aj and
W(a + bk) = —b + ak, so the orbits of V and W through 1 are also great
circles.

Now, for any € S3, L,(1) = -1 = x. Since U, V and W are left-
invariant, (Lz). maps the orbits of U, V and W through 1 to the orbits of
U, V and W, respectively, through z. Since L, is an isometry (this is an
easy computation, which I've done, but which is a huge pain to type up,
so I don’t reproduce the calculation here) and isometries take geodesics to
geodesics, we see that the orbits of U, V and W through x are also great
circles. Since our choice of € S3 was arbitrary, we see that all the orbits
of U, V and W are great circles on S3.

Now, suppose z1i + x9j + x3k € S3. Then

U(xli + z97 + JI3/€) = (xﬂ + 225 + .Tgk)i = —x1 + x3j — T2k,

so the orbit of U passing through z1¢ + x2j + x3k moves out of the purely
imaginary quaternions, meaning the orbit does not lie in the purely imagi-
nary quaternions. A similar argument shows that none of the orbits of V or
W lie entirely in the purely imaginary quaternions. On the other hand, the
purely imaginary quaternions form a surface on S3, while the orbits of U, V
and W are great circles on S3, so each orbit intersects the purely imaginary
quaternions in a single point. Since

{0 + @1+ 2] + w3k € S : 29 = 0} = 2,

we can define the map fy : S% — S? where fy(x) is the unique purely
imaginary quaternion lying on the orbit of U passing through x. A similar
definition gives maps fy : 3 — S% and fiy : S — S2. If p € S?, we can
represent p by a purely imaginary unit quaternion x1¢ + x9j + xgk. Now,
f;l(xli + x9j + x3k) is the orbit of Y on S3 passing through 1i+ 225 + 23k
for Y = U, V,W. Since these orbits are great circles, we see that the fibers
of fy : 83 — S% are 8! for Y = U, V,W. In other words, fy, fv, fw are S!
fibrations of S?; that is, Hopf fibrations.
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Here’s a crude picture of a Hopf fibration:

8

a): Justify the use of “symmetry” above.
y Yy Yy

Proof. We've already seen that VyV = W. Now,

0 0 0 0
VVW = VV <_$38x0 + mgaiml - ‘Tlaim + x()ax?)>

0 0 0 0
VwU = VW — 1= +29o— +T37— —To—
oty &%2 8.7}3

(b): Show that

VyU=-W, VyV=-U VyW=-V.
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Proof.
0 0 0
VvU =Vy <—CC1 o7 +x087561 +1I3a ; — x281‘3)
0 0 0 0
T U )
N 381‘0 28$1 181‘2 0 63:3
— W,

0 0 0 0
VwV =Vw <—$2$—x3+$0 —+ 21 )
0

) oy o O3
0 0 0
= —W(:I:g)a—xo — W(wg)a—xl + T/V(a:o)a—x2 + W(:cl)—3
N lf)xo Oal‘l 38.732 28$3
=-U
and
15) 0 0 0
VoW = Vy <—$38 + 2921 " omy + $Oax3>
0 0 0 0
= _U(x?’)GTm + [](962)8%1 - U(ffl)aTU2 + U(fl»‘o)%
K N I
- 8.%'0 3 6.%1 o0 6.%'2 8.TU3
=-V.
O
2

Let X and Y be differentiable vector fields on a Riemannian manifold M.
Let p € M and let ¢ : I — M be an integral curve of X through p; i.e.
c(tg) = p and % = X(c(t)). Prove that the Riemannian connection of M is

d ,_
(VxY)(p) = at (Pc,tﬁ,t(Y(C(T)))) . )
=to
where Pyt @ Topo) M — ToyM is the parallel transport along ¢, from o
to t (this shows how the connection can be reobtained from the concept of
parallelism).

Proof. Let X1,..., X, be an orthonormal basis for 7T),M; then we can write
Y(p) = y'X;. Let P;(t) = Pet,+(X;). Then, for all t € I,

Y(c(t) = y' Bi(t).
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Then, for all t € I,

P (Y (c(t) = Py o (y' Pi(t) = y' X

cto,t c,to,t
Hence,
d B d . dy’
3 — [P (Y (e(T = - (U'X = | K
( ) dt[ c,to,t( (C( )))] it dt (y )t:to dt t=to
On the other hand,
DY dy'  _p idw;
X dt [dt Ty dt] .
SO
dyk dy*
(VxY)(p) = 2L w(to) = — | Xk
dt t=to dt t=to

This is equal to the right hand side of (??), so we conclude that

(Vx¥)p) = & (Poik (¥ (e(T)))

6

Let M be a Riemannian manifold and let p be a point of M. Consider
a constant curve f : I — M given by f(t) = p, for all t € I. Let V be a
vector field along f (that is, V' is a differentiable mapping of I into T),M).
Show that % = %/, that is to say, the covariant derivative coincides with
the usual derivative of V' : I — T,,M.

Proof. Recall that, in local coordinates (z1,...,x,),
DV dv® g idri] O
2 |k <z
dt [dt iy dt]&xk’

using the Einstein summation convention, where V = 3 vF B%k' However,

since f(t) = p for all t € I, the z; are constant along all of f; that is, they are
the chosen coordinate vectors in 7, M. Hence, d;ti = 0 for all 4. Therefore,

DV dvf 9  dV

At dt Oz dt’
by definition. O
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8
Consider the upper half-plane
R% = {(z,y) € R*y > 0}

with the metric given by ¢g11 = go2 = 37127 g12 = 0 (metric of Lobatchevski’s
non-euclidean geometry).
(a): Show that the Christoffel symbols of the Riemannian connection

.l 12 ol 2 _ 1 11 12 _ 1
are: I')y =Ty =19, =0, I']; = u g =1%; = —y

Proof. Recall that

1 0 0 0
T =5 |59+ 5 9k — 5 0| 9"
K 2 A [&rig]k * 8.%'jgk 8$kgj:| g

where (™) is the inverse of the matrix (ggm,). Now,
1
= 0
(gkm):<262 1)7
2
y
o)
k i O y> 0
my\ __ y —
(9"") =y 0 y% <0 y2>
Hence,
1 1] 2
1“11—5 0+0-0)y"+(0+0-—5)0| =0
r? 1-(O+O—O)O—|—<O—|—O—_2>y2 ==
1 1 2 2
2 1T —2 2|
F12:§ O+F_O 0+(0+0-0)y“| =0
17 -2 -2 =2
1 2 _
17 -2 -2 =2 1
2 _ _

(b): Let vg = (0,1) be a tangent vector at point (1,0) of R?* (v is
a unit vector on the y-axis with origin at (0,1)). Let v(¢) be the
parallel transport vy along the curve x = ¢,y = 1. Show that v(t)
makes an angle ¢ with the direction of the y-axis, measured in the
clockwise sense.
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Proof. Since v(t) = (v'(t),v%(t)) is a parallel vector field, it satisfies
the equations
dv e AT
0= — Ty il
a2 it
Z7-7
for k = 1,2. Using the values for Ffj computed in part (a) above,
these equations reduce to
{ ?75 +Thb =0
P+T%a =0
Hence, solutions of this system of linear first-order ODEs are of the
form a = cosf(t), b = sinf(t). Along the given curve, y = 1, so

'y =—1and % =1, so
d do
0= ditl —b= —sin9(t)£ —sin6(t)
db de
0= L Ta= cos@(t)a + cos6(t)
meaning that % = —1. Hence, 6(t) = C — t for some constant C.

Now, since v(0) = vg = (0,1), so 0 = cos(C' —0) = cosC, so C = 7.
Therefore, t = § — (t); since  measures the angle v(t) makes with
the direction of the z-axis measured counter-clockwise, this means
that ¢t measures the angle v(t) makes with the direction of the y-axis
measured in the clockwise sense. (]
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