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1 Schnell - Deligne’s Theorem on Abelian Vari-
eties, Part I

Theorem 1.1 (Deligne). On an abelian variety, all Hodge classes are absolutely
Hodge.

The proof breaks up into two parts:

1. reduce to the case of CM abelian varieties
2. Deal with CM case.

We'll deal with step 1 today.
Recall, in the case of weight 1:

Definition 1.2 (CM field). A CM field is a number field E of the form E =
F[t]/(t?— f) where f € F and F is totally real and under all embeddings F C R,
f is megative.

Definition 1.3 (CM abelian variety). An abelian variety is CM if there exists
a CM field E C End(A) ® Q such that dimg H'(A,Q) =1

This implies that [E : Q] = dimc H*(A, Q) = 2dim A.
There is a nice criterion MT(A) = MT(H'(A,Q)) (MT means Mumford-
Tate group)

Proposition 1.4. If A is simple, then A is CM if and only if MT(A) is abelian.

Proposition 1.5. Given any abelian variety A and a Hodge class o on A,
there exists a family A = B of abelian varieties with B irreducible and quasi-
projective such that there exists 0 € B with Ag = A and the Hodge locus of « is
B, and there is t € B where A; is CM.

Proof. Choose a polarization Q and let G = Aut(H'(A4,Q),Q) and M =
MT(A) the smallest Q-subgroup whose R-points contain the image of ¢ : St —
G(R).

Abelian varieties of the same kind, along with a choice of basis for H!(A,Z),
are parameterized by the period domain D = G(R)/K.



Note: points of D are classes of gH in terms of ¢. ¢y = gpg~'.

Main idea: family comes from the Mumford-Tate domain: D, = M(R)/M(R)N
K cD.

This should have the properties that for all Hodge structures H' € Dy,

1. MT(H'Y C M
2. any Hodge tensor for A is a Hodge tensor for H’
3. ¢ = gpg~* for g € M(R).

Finding CM points corresponds to finding points with abelian MT. ¢(S') C
M(R) contained in some maximal R-toruc Tp, and we can show that for §, € mpg
generic, Tj is the stabilizer of &;.

Nearby, there exists £ € mp close to &y, then if T is the stabilizedr of £, it is
a Q-torus. There exists g € M(R) such that £ = g&og~ !, and gpg—! has image
in T. Then MT(H,4,-1) C T is abelian.

Problem: family over quasi-proj base, not Dy. Solution: Fix an N >> 0
and use a level N structure.

Define M, o n to be the moduli space of abelian varieties of dimension g
with polarization @ and level N structure (a basis of the N-torsion points) and
let Ag o n — Mg~ the universal family. OUr replacement for Dy is to let
B C My~ be the Hodge locus of the Hodge tensors for H'(A,C) defining
MT(A).

B is algebraic by CDK, and finite etale over I'\ Dy. In this case, things are
ok. U

Proof that (for A simple), MT(A) abelian implies A is CM.

We start with the fac tthat £ = End(A) ® Q is a division algebra, since A is
simple. It is also the sety of Q-endomorphisms that commute with MT(A4) = M.
So we know that M is abelian, and thus it acts on H'(A4,Q), and we can write
H'(A,C) =@, H'(A,C), for characters, and thus £ ® C = &;EndH'(4,C),.

And so dimg £ > dim H'(A, Q) = 2dim A is bounded above by 2dim A. So
2dim A = dim QF and thus E is a commutative field, so dimg H'(4,Q) = 1.

Now, use teh Rosati involution ¢ — ¢' on E, and Q(¢h1, ha) = Q(hy, ¢tha),
and F the fixed field. We claim that [E : F] = 2 and F is totally real.

We have that F' = Q(¢), with ¢ = ¢ and take the minimal polynomial.
Then );, the roots, are the eigenvalues of the action of ¢ on H'(4,Q), and if
we set A = );, and ¢ acts on H'(A,C) preserving H*° @ H%!, there exists
h € HYY with ¢(h) = Ah, ¢(h) = Ah. Look at Q(éh,h) = Q(h,dh), this is
AQ(h,h) = AQ(h,h) and so A = X, so A € R.
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Let A is a CM abelian variety, that is, an abelian variety such that MT(H!(A))
is abelian.



Now, if t € H?P(A*, Q) N FPH%(A) and o € Aut(C/Q) then we want to
show that t7 € FPH7% (A7) lives in H?P(A%™7, Q).

Let E/Q be a CM field of degree 2e such that E is totally imaginary and
there exists p € Gal(E/Q) with p? = id, ¢ o p = ¢ for all ¢ € hom(E,C).

Now, take F' to be the totally real fixed field, and & such that E = F(¢),
and 2 € F and /—1¢;(¢) > 0 for i = 1,...,e with hom(E, C) generated by
®=1{01,...,0c,01,...,0c}. We call (E,®) the CM type of E.

Now, consider A/C an abelian variety with £ — End(4) ® Q = &. Then
V = H'(A,Q) is an E-vector space of even dimension d and dim A = ed = D.

Now, V is self-dual, and so E acts on V'V and we have natrual quotient map
AVY = /\% V'V, and the dual is an inclusion defined over FE.

E is a Q-vector space of dimension 2e and it acts on EQqC = @gehom(r,c)Co
adn similarly for V', adn we have

(AEV)e = NEVsSx ama(@i NE Vs,) 2 (N V)e

NeV AV

The HS on V may be viewed as ¢ : U — GL(V) taking zz to the C-linear
endomorphism of multiplciation by 2! =% on V1 and 2°~! on V%! and this must
commute with v(E).

Therefore, V,, = (Vp, N VIO @& (Vy, N VO = Vd)li’O @ Vq?i’l, and are of
dimension a; and b; with a; + b; = d;.

So the Hodge type of A& Vg, = A& V(;i’o @ A% Vd?i’l is (a, b;).

Conclusion: If dim(V(;i’O) = d/2 for each i = 1,...,2e, then /\% V C /\éV
consists of Hodge classes (the Weil classes).

If Ag is an abelian variety of dimension d/2 and A = Ag®qFE = AgX...x Ay
2¢ times, this is then C%¥? @ C**/A ® Op. Let V. = H'(A,Q), this is just
H'(Ap,Q) ®g E, and so taking E to act on the factor of E, we get Vj, =
Vo ® Cy, = Vic.

This gives us that A% V,, = A*Vic = HY(Ay, C) = HY/24/2(Ay).

Moreover, Aut(C) changes neither the product structure on A, the endomor-
phisms (which are defined by cycles in A x A) nor the class of [p] on Ag. Thus,
/\% V in this cases consists of absolute Hodge clases.

Now, think of V" as a fixed Q-vector space of dimension D with nondegenerate
alternating form @ : V x V — Q.

Let ¢ be any weight 1 Hodge structure on V polarized by @ and £ —
End(V, ¢) an isomorphism (in such a way that @ gives Vd)li’o and V(;Z_’l. We
impose the condition that dim V(;Z_’O = d/2 for all 4.

Then there exists a unique E-Hermitian form ¢ : V x V — FE with Q =
trp/o(&-9) and ¢ stabilizes 1) and commutes with i(E). Hence, My C Autgp VN
Sp(V,Q) = Resp/oUp(V,9) and X = My(R)T, ¢ C hP is a MT domain which



precisely classifies the abelian varieties (or HS’s) satisfying the above conditions
which are precisely that the HS for which /\jfJ V c A“V consists of Hodge
classes.

Now, A — I'\X a torsion free congruence subgroup is by the Baily-Borel
theorem a quasi-projective algebraic variety parameterizing such A.

Applying Principle B again leads to

Theorem 2.1. Weil classes on ”Veil algebraic varieties” are absolute Hodge

The rest of Deligne’s proof: Let M be cut out by Hg/, and M be cut out by
AH,', (the Hodge and absolute Hodge tensors) then

Theorem 2.2 (Principle A). If a tensor t € TF*HY(A, Q) is fired by M, then
it is absolute Hodge.

For CM abelian varieties, Deligne shows that M O M is an equality by
producing enough absolute Hodge classes to push M inside M. He does this by
looking at endomorphisms of the CM field, A, — A and Weil Hodge classes.

This is dense on Hc}i Ag,.



