1 Lecturel

Algebra of the Complex Numbers
Topology of Complex Numbers.
Basics.

Definition of continuous.

Definition 1.1 (Holomorphic). A function f : C — C is holomorphic at z € C
if limy,_q M exists. We denote it by f'(z).

f has holomorphic derivative at zg iff f(z0 +h) = f(20) + ah + hip(h) where
limy, o9 (h) = 0.

The usual rules of differentiability: linearity, leibniz, quotient, and chain all
hold.

Cauchy Riemnan Equations u, = —v, and u, = vy.

2 Lecture 2

We are discussing equivalent notions of ”holomorphic.”

1. Holomorphic: f is a C-valued function defined on £ C C such that

limp 0 w = f'(z) exists for all z € Q.

2. Cauchy-Riemann Equations: assume that u and v have continuous par-
tials, then u, = v, and u, = —v,. That is, 9z(u + iv) = 0.

3. Conformal map: f preserves angles infinitesimally. This is true if the
Jacobian of f as a map R? — R? is a constant times a rotation matrix.
This is equivalent to C-R.

A power series f(z) = 307 a,z". Then if 1/R = limsup,_, ., |a,|"/™, then
the power series converges absolutely and uniformly on any disc D, (0) with
r < R and it diverges at any z with |z| > R.

Proving basic theorems about power series.

A function with a convergent complex power series > a,(z — zo)" is called
an analytic function.

Analytic implies Holomorphic in the disc of convergence.

If ¢ is C°°, then [¢ — >, oy ajxzz%| is O(|z|N+1). This is generally not
convergent. If 0;f =0, then a;, =0 for k > 1.

. . J ok
For an analytic function, we have a;; = %(O).

Proposition 2.1. If f is analytic in D,(0), then the power series for f about
20 € Dr(0) converges in Dp_|.,|(20)-

Basic definitions for contour integration.

Theorem 2.2. If D C C is a bounded region with piecewise smooth boundary
and w is a smooth C' 1-form, then ¢, fdz = [, d(fdz) = [, 0zfdz A dz.



So the easy form of Cauchy’s TEhorem is that if f is holomorphic on €2
and D CC Q, is bounded with piecewise C! boundary and f € C*(£), then

Jyp fdz=0.

Theorem 2.3 (Goursat). Let f be holomorphic in a domain Q and T a triangle
uch that Dp, the region with bD7 =T contained in Q). Then fT z)dz = 0.

See Stein-Shakarchi for all this technical babble.
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Theorem 3.1. If f is holomorphic in a disk Dg(z0), then f has a primitive in
DR(ZO)-

Corollary 3.2. If f is holomorphic on Dg(zo) then fv fdz =0 for any closed
piecewise C curve v C Dg(zp).

Theorem 3.3. Assume that f is holomrphic on a neighborhood of Dr where
bDpg is a rectangle along with a single point zg € Dg and there exist an A > 0
and an 0 < o < 1 such that | f(Z)| < A/|z—z|® nearto zy. Then [y, f(z)dz = 0.

Derive the Cauchy integral formula

Now that we know that f has continuous derivatives, we can apply Stoke’s
Theorem.

Holomorphic implies C*°.

Theorem 3.4 (Cauchy Estimates). If f is holomorphic in the disc of radius r
centered at zy and continuous up to the boundary with |f(z)] < M for |z —z| =
r, then | £ (20)| < Mn!/r™.

Theorem 3.5. If f is holomorphic in a set containing Dg(zo) then the Taylor

(n)
series of f about zy gonverges on Dg(zo) is f(z) =Y.~ ! n(,Z“)( —20)™.

That is, holomorphic iff analytic.

4 Lecture 4

We will look at 0z f = ¢. f(z) = ﬁ fbD,‘(zo) fa)dw hen f is holomorphic on

w—=z

D,.(20) and continuous up to the boundary. Sometimes we will assume that f
is holomorphic on D,.(zp), that is, on some open set containing this.

Definition 4.1 (Entire). A function holomorphic at every point of C is called
entire.

Theorem 4.1 (Liouville’s Theorem). A bounded entire function is constant.
Proof f'(z) = ﬁf‘wl R {;wzd)l;’ |f(w)] < M for all w € C. Then |f'(2)]

d M|d
flw\ _r |f|$)|z|‘§“|. As |w — z| > |w| — |z|, we have < iﬁw\:Rﬁ

. Taking R — oo, f/(2) = 0.
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Corollary 4.2 (Fundamental Theorem of Algebra). Let p(z) be a polynomial
> im0 ajzd with a, #0 and n > 0. Then there exists zg € C where p(zo) = 0.

Proof. Assume not, then ﬁ is entire. |p(z)| > |anz”|—22’:_01 la; 27| = an|z|"(1—
Z?;Ol %Iﬂ% Thus, there exists R such that |p(z)| > % for |z| > R.
Thus, 1/p(z) is bounded, and so constant by Liouville. Thus, p was constant,
which is acontradiction. O

To get the fact that p has n roots, let z; be a root of p. Then p =
> PP (z1) /4! (z — 21)7. We can write this as (z — 21) Z?:_Ol pUt(z)) /(5 +
1)!(z — z1)7. Repeating, we get this fact.

Suppose that f, is a sequence of C' functions. Then we need to know that
f! is uniformly convergent to know that lim f,, is C!.

Theorem 4.3. If f, is a sequence of holomorphic functions on Q C C which
18 locally uniformly convergent to f, then f is holomorphic.

L @) gy

Lemma 4.4. If ¢ is a continuous function on bD,(zg) then F'(w) = 5 lw—zo|=r w02

is holomrophic in C\ bD,(z).
We now prove the theorem

Proof. If K CC 2 then f,, — F uniformly on K. ||fn, — f| £ x) — 0.
If z € Q, then there exists » > 0 such that D,(z) cC Q. For ¢ €

D,(z), we can write f,(¢) = %m‘fm—z\:r f"é}“i)gw for all n. Thus f(¢) =
Lf f(w)dw
27 J|lw—z|=r w—(

This same argument on the derivatives proves more. O

Theorem 4.5 (Bonel’s Lemma). Given a sequence of numbers {a;}, there exists
a C™ function ¢ such that ¢l1(0) = aj for all j.

However, for holomorphic functions, we have bounds given by the Cauchy
Inequalities.

Lemma 4.6. If f is holomorphic and does not vanish in some neighborhood of
20, then there exists k such that for j < k we have fUl(z9) = 0 and f*1(z) # 0.

Theorem 4.7. If f is holomorphic in Q, then Z; = {z € Q|f(z) = 0} is
discrete.

Proof. Let z, C Z; have a limit point in §, call it z*. Then f(z*) =0... O

Corollary 4.8. If f,g are holomorphic in Q a connected domain and f(z,) =
9(zn) on a sequence of dinstinct points with a limit in Q, then f = g.

Lemma 4.9. If f is a holomorphic function on connected Q0 such that f(z) =0
for z € U CQ an opn set, then f = 0.

Stated Morera’s Theorem
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Let f,, be holomorphic in Q and f,, — f locally uniformly. Then fT z)dz =
lim,, o fT fn(2)dz = 0 when T is a triangle which is contained in . Thus,
Morera’s Theorem implies f holomorphic.

A complex measure dyp is a measure fof the form duy + idus for duq, dus
real measures. Define |dp;| = d,u;r +duy, d,u;r L du;, and it is of dinite total
variation inf [ |du| < co.

Theorem 5.1. Let du be a complex measure of finite total variation and com-
pact support on C. ftc fd,u = fK fdu for all f € C°(C) and K is some compact

subset of C. We define f(z) = [/} ) s defined for z € C\ K.

w—z

Then f is holomorphzc in C\ K.

Proof. This is a local statement, so choose a point z € C\ K and r > 0 such
that D,(0) C C\ K.

If T is a triangle containd in D,(z), then [ f(z)dz = [ (ffK s w)> dz =

fofKM|dz| < M < oo.

lw—z]|

So we can interchange the order of integration. Thus, [[, ( T wdfz) du(z)

for z € Dr(zp), we have z — w_lz() is holomorphic, so this integral is zero. Thus,

Morera’s Theorem shows that f(z) is analytic in C\ K. O

If dp is p(w)dw for some ¢ € C°(7) along a curve v, then [ dy = fv Yeodw
and. |dp| = |gldss,

So f,y % is holomorphic in C \ ~.

If g € C°(C), then f(z,2) = 5= [[ 2w, D)dwAdd w)d“”\dw becomes =1 [ dla= ttf_lf dsdt
where z = a + ib.
The key is that % is an integrable singularity in the plane.
f has the same number of continuous derivatives as ¢.
Look at 05 f = ¢.
f(a+h,b)—f(a,b) _ 1 ff ¢(at+h—t,b—s)—¢p(a—t,b—s) det, so then limy, % ff Oz (p(a—t,b—s))dsdt

h(s+it) s+it ’
89 b—s)dsd
and so 940K f( =1[/= ”¢(ab_:lt s)dsdt
8 ¢(a—t,b—s)dsdt __ Oz p(w+z)doAdw __ Opp(w+z)doAdw __
So then 82f - ff s+it - 2m ff w - 2711 ff w -
. d d
—lime_g 5= ff\w|>e d (W) = —lime_o 50 §|w|=6 W in the clock-

. . . . . .. 2 0 20 40
wise direction, taking the counterclockwise, we obtain lim_.o 5= [; Blatee’ Jeie” df

2m1 Jo eet?
o(2).

Thus d-= 2% = §,.

271'1 “w

Theorem 5.2. If¢ € CX(C), then the equation Oz = ¢ has a solution f € C*(C)
given by f = 5= [[ ¢d“’/\dw.



Theorem 5.3 (Cauchy-Pompiece Formula). If ¢ is a C' function on D,(2),

then
1 dw - pdw N dw
#(2,2) = i / ® // Osfdw A 4
™ bD,(20) W — D;-(20) w—z

Let f = u+iv, then u, = vy, Uy = —Vs, Vyy + Uz = 0, and Uy, + uyy = 0.
Thus, Au = ugy + uyy = 0 so u and v will be harmonic functions.

Now let u such that Au = 0.

Define dv = vydx + vydy and d*u = —uydr + u,dy, and so dv = d*u.
d(adx + bdy) = (by — ay)dx A dy, and so we need d*u to be d—closed7 then
d(d*u) = (Uge + uyy)dx A dy, and so Au = 0 if and only if d(d*u) =

I can define v(z,y) f (o, yo) d*u. However, we might have to integrate over

rdy—ydx
z24y?

a noncontractible curve, for instance D;(0) for . This integral will be
2.

If w is harmonic in Q C C simply connected and Au = 0, then there exists
a function v defined on €2 such that dv = d*u, which is equivalent to u + v is
holomorphic.

If we have two such solutions, then d(v; — v3) = 0, and so v is determined
up to a constant.

v is called the conjugate harmonic function.
127 (R?—|2z*)u(Re*® ,Re”")do

If w is harmonic on Dg(0) and continuous to bD g (0), then u(z, z) =
for z € D,(0).

27 JO |Ret? —z|?

1 (Re” 42 N Re +z\  R?—|z]?
Re®® — 7z = Rei® —z)  |Ret® — 2|2
A = 40,05 = 4050, is why we care about this representation of the kernel.
Looking at [ u(e?)P(e?, 2)df, we see

1. P(e?,2)>0
2. [7TP(e?,2)df = 1

3. V&6 > 0, € > 0, there exists 5. such that f\eie—ei¢\>6
T > Tse-

P(e¥ re'?)dd < e if

lim,—, g u(re®, re=") = ¢(Re'®, Re=?). Then u(z, z) = [ ¢P(e'?,2)do.

u(re’®, re='?) — ¢(e'?)| = |int(¢(e") — (e i9))P(e!?, rei?) )do| < f|¢ (e”) -
()| P(e', re’®)df. Since ¢ is continuous on the boundary, there exists § such
that |p(e??) — ¢(e?)| < € if |e® — e'?| < §, because it is a continuous function
on a compact set, and thus uniformly continuous.

SO fin_oro) <5 19 =P P(, 7e)A0+ [ iy ioy- () —ip(e)| P(e, rei®)dh <
€+ f|ei97ei¢\ 2M P(e? re'?)df. Now, there exists 5 such that if r > rs ., then
the second term is less than e, and so |u(rei®) — ¢(e'?)| < 2e.

This is in fact uniform in the boundary point.

So u(z,z) = 217r Ozﬂ u(z+re, z+re~")df. This is the mean value property
of harmonic functions.
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Theorem 6.1. Let F(z,s) be defined in 2 x [0,1] with Q C C such that F is
continuous (md F s holomorphic mn z.
Then f(z fo (z,8)ds is holomorphic in Q.

Proof. By Morera’s Tehorem, it suffices to show that [ f(z)dz = 0 for all
triangles T C €2 such that bDpr = T where Dy C 2. Since F' is continuous in
Q x [0, 1], its continuous on T x [0, 1]. Since this is a compact subset of Q x [0, 1],
|F(z, 5)\ <M onT x[0,1].

I I( dz-fofc zsdzdS—fOOdS—O O

Look at I'(z) = [;° e **~'dt. Then define I, f1/ e~'t*=1dt. Then
the theorem apphes to show that T',,(2) is an entlre functlon

Claim: T',(t) is locally uniformly convergent in Re(z) > 0 to I'(z). [t*] =
tRe() 1f n > m, then T, (2) = [ et dt + [ ettt

‘Fn(z) ‘ < fl/m 7ttReZ ldt + f:l efttRezfldt S fol/m tﬁfldt +
I e—ttM—ldt <i (a) +2e~mmM.

So then given € > 0, there exists mg with m,n > myg implying that |T',,(2) —
I'n(2)] <eond < Rez< M. B

Novv7 if f is holomorphic on D, (zp), then Cauchy’sformula implies that

= foﬂ 2o +ret?)do.

\f(zo)| = 3 | o7 I o+ re )] < 5 37| (o 4 ret)do.

Frequently we need that f(zg + re'?) = gr(ﬁ)ei‘bh Suppose that |f(z)| as-
sumes a local maximum at zg. Then |f(z + re®)| < |f(20)| = M if r < p.

M < i 027r Md@. This can only happen if g,.(6) = M for r < p. Then
f(zo +71e?) = Me™ for r < p.

Theorem 6.2 (Maximum Modulus Principle). If f is holomorphic in Q a con-
nected open set and |f(z)| has an interior local maximum, then f is constant on
Q. If D cC Q, then |f(z)| assumes its mazimum on bD and if it assumes this
value in D, then f is constant.

6.1 Harmonic Functions

A C? function u defined on @ C C is harmonic if Au = 0. If Y is har-

. 2 ; Z
monic on D,(0), then for z € D,(0), u(z) = & Oﬂu(rew)‘:ewl ‘Z‘zdﬂ A
consequence of Au = 0 is the mean value property for harmonic functions,
A(z) = 277 OQW u(zo + re'?)do.

There exists v such that u + iv is holomorphic and therefor (u + iv)(z9) =
1 2

5= Jo ulzo0+ re??) +iv(zg + re?)df. Taking real parts, we get the result.

Theorem 6.3 (Maximum Principle). If u is harmonic in  a connected open
set, then u has no interior local mazimums or minimums unless u is constant.



Proof. Suppose that u(z,y) has a local maximum. u(z,y) < u(xo,yo) on a
small disc around (zg,yo) in . MVP implies that u(z,y) = u(zo,yo) in this
disc. The set where u(z,y) = max(, ,)eq u(x,y) is both open and closed. Either
u(z,y) < maxqu or it is constant.

The same argument for minimum. O

Uniqueness of the solution to Dirichlet Problem:

Dirichlet Problem: Let €2 C C be a connected bounded set with piecewise
C'-boundary. Let ¢ € C°(bQ2). Find a harmonic function v € C?(2) N C°()
such that u|pq = ¢.

Let Z3 = {u € C*() N C'(Q)|ulps = ¢}. Define D(u) = [, |Vul?
Then the solution to Dirichlet’s problem is the function ug such that D(ug) =
min, ez, D(u).

[ VugVep =0 for all p € C°(Q). Thus, — [ Augyp =0 = Aug = 0.

Problems: Why should minimum exist? And there exists ¢ such that all the
Dirichlet integrals are infinite.

Uniqueness for the Dirichlet Problem: Let u be harmonic on 2 and contin-
uous on ) with ulpn = 0. Then v = 0. The maximum principle forces it.

Theorem 6.4 (Schwarz Reflection Principle). Let f be holomorphic on D (0).
Assume that f is continuous down to the real axis and that the imaginary part

f(z) Im(z)>0

i) ze Do) e

of f along the real line is zero. Then letting F(z) = {
an analytic continuation of f to D,.(0).

Proof. F is certainly continuous in D,.(0) and 372 a;(z — 20)7 = 3272 a;(2 —
Zo). So now we take [, F(z)dz =0 for all T C D,.(0). Thus, Morera implies
that F' is holo. 0

But we actually get a stronger statement if we look at what the hypotheses
really are.

1. Re(f) is continuous up to D,.(0) N R.
2. Im(f) is cont and vanishes along D,.(0) N R.

The first is unnecessary.
In fact, the theorem remains true without 1, and there is a reflection prinicple
for harmonic functions:

Theorem 6.5. :et v bne a real valued harmonic function on D} (0) with lim,, o+ u(x,y) =

u(z,y) y>0

then V is harmonic in D,(0), in
7“(937 72—/) y < 0

0. Then define V(z,y) = {
particular, it is smooth.

Let ¢(, y) be this function. then define V (z,y) = o o

s Jo @re®)P(e”, (x,y))do.



Look at [ W. Now we note that P(e??,z) = P(e™%, ), and so
(') = —g(e™%), so V(z,0) = 0.

And so V' is harmonic on D, (0), and V|, p+ ) = vl,pz (o)- By uniqueness of
the solution to the dirichlet problem, we have that V = v for all of D;"(0).

Let —U be the conjugate function to V. Then dU = —d*V. So then du =
—d*v on DF(0) and d(U — u) = 0 on D;(0).

We can normalize such that U = u on D, (0) and then U+:V is holomorphic.
And so we have Schwarz without the condition on the real part.

Theorem 6.6 (Runge). Suppose that f is holomorphic in Dr(0). Then for all
r < R and € > 0 there exists a polynomial p(z) such that || f — pllL=(p,(0)) < €.

This version of Runge’s Theorem is an immediate corollary of Taylor’s The-
orem.

7 Lecture 7

Look at dzu = ¢ for any ¢ € C™(R?). If ¢ € C°(R?) then u = 51 [ 2)derdw

The method is called the oil spot method. Choose a sequence of functions
¥; € C(R?) such that t;(z) is one for |z| < j +1/2 and zero for |z| > j + 2.

Let u; be the solution above to dsu; = ¥1¢. Let o solve Osto = Y20¢.

Then 0z (tiz —u1) = 0 on Dji;/5(0). So now I can choose a holomorphic
polynomial p;(z) such that |ag — u; — p1||p~ < 1/22. Let ug = @z — p;. Then
ug solves the equation as well. Define higher versions similarly.

It is obvious that lim, . un(2) = u(z) exists for all z € C. But it is really
uniform. > 7 [upt1 — up| < 00.

So now wu(z) is a continuous function. Fix an R and choose ng > R. Then
Un (2) = Ung (2) + Uny (2) = up(z). Take the first difference and call that h,(2).
Then h,(z) — h(z).

Oz, = ¢m for |z| < R and n > ng. So for n > ng, h,(z) is holomorphic in
|z] < R.

So h,(z) is a uniformly convergent sequence of holomorphic functions of
m in |z| < R with limit h(z). In |z| < R — 1, hy, — h in the C* topology.
1020% (hy, — h)|| L= — 0 as n — oo for all j, k.

Hence, u,, — u locally uniformly in the C*° topology, and therefore d;u = ¢
as well on all of C.

This is related to H'(C, &) = 0.

That was a consequence of the most trivial version of the Runge Theorem.

Theorem 7.1 (Runge). Let K C C be a compact subset and suppose that f
is holomorphic on U an open set containing K. For any € > 0, there exists a

function F. of the form F.(z) = Z;’V:O Sieo e + p(2) where {z;} € K¢,

z2=zj)

| f —Fe|lo>~ < € and if K€ is connected, then F. can be taken to be a polynomial.



Proof. Cover C with a grid of side § where § < %d(K, U°). Take {Q;} to eb
the list of squares that intersect K Then QJ CcC U for all j, by the choice of §.
Choose a point z € K and consider Zjv 1 beJ fw) “dw = f(z) for z ¢ UbQ;.

w—

f(z) = Zj\il o f%_ i)(i) dw for all z € K. ~; N K is empty for all j.
inf; dist(vy;, K) =d > 0.

Bacause [ |w—z| >d, |f(z) — Z?:1 ﬁ(igw_’z))mﬂ <eforz e K.

So then w — f(w)/(w—z) is uniformly equicontinuous as a family of funtions
parameterized by z and uniformly bounded. Thus, we can find a single partition
of U, such that this gives a uniformly accurate approximation to the integrals
for all z € K.

{w;} C K° and so these are functions on the desired set.

f::;_j“ f(f_)iw — f(w-f)fu“;f:le_wf) = f;j’jj“ % - %dw Suppose that K C
Dpr(0) and w; € Dr4(0)°. Then 1/(w; — 2z) = w% lle/wj = w% > (z/w;)™. Let
z € K then |z/w;| < R/(R+¢).

Thus, ‘wjl_z - Zz”/w?“‘ < n and so ’ﬁ - z”/w?“)é‘ <.

For each wj; in the unbounded component of K¢, there is a C'! curve £;(t)
such that £;(0) = wj, ¢;(1) = @; € Dr11(0)° and [ d(¢;, K) = p > 0. O

Lemma 7.2. Suppose that w,w’ € €;([0,1]) with |lw — w'| < p/2, then given
N
1z_zj:1W <nf0ralleK

NI
— = L 17“}_1”/ = L Yo (Z’:ZU",) . The ratio is less than 1/2
if z € K. -
|z —w'| > p and |w—w’| < p/2. Because of this, we can choose N such that
NI
Ziw_ziwz‘ﬁy:(]('?::j/) ‘<7]fOI‘Z€K. 0

Corollary 7.3. For all ¢ and n > 0, there exists Ny and {aj;,} such that
(z— w)l Zé 1 (zajuj’

8 Lecture 8

In the homework, for proving the harmonic Runge theorem, asume that K¢ is
connected, which is stronger than K simply-connected.

Let K¢ beconnected and helnce is just the unbounded component. Letf be
holomorphic in a nieghborhood of K. To show that given € > 0, there exists a
polynomial h(z) such that ||f 9l k) <€

Forall z € K, let f(2) = 7= f,y L)dw o0 v € K°. Define dist(y, K) =6 > 0

and |w—z\>50frz€Kandw6'y. Then f(z)—Z;Vﬂ% <e
if ze K.



2nd observation, if K C Dg(0), and w’ € Dr41(0), then ﬁ =1 Z;io (%)j
converges on K. Then |z/w'| < R/(R+1)if z € K.

So there exists N such that ‘ - ZN ! (i,)j‘ <eforze K.

w' —z j=0 w’ \w

So now chose a C' path £; C K¢ such that £;(0) = w; and £;(1) = w} for
all 7.

So there exists a p such that dist(¢;, K) > 2p for all j. If w,w’ € ¢;, and |w—
w'| < p, € > 0 given, then there exists {a;}, N such that ‘ﬁ - Z;V:O (w,aﬁ‘ <
e for z € K.

Maximum principal implies that if f is holomorphic on KUU, then sup, s | f(2)| <
sup,ex |f(2)]. The seqeunce (z — ()pn(2) actually converges to function 1 in
KuU.

Because (z — {)pn(2)|,=¢c =0 for all { € U.

8.1 Isolated Singularities

f is holomorphic in D,(zp) \ {20}. We call this a deleted neighborhood of z.
There are three types of singularities: removable, poles and essential singulari-
ties.

Theorem 8.1 (Riemann Removable Singularities Theorem). If f is holomor-
phic in a deleted neighborhood of zy and |f(2)| is bounded, then f can be extended
as a holomorphic function on the neighborhood.

Proof. f(z) = 2= fbDr(zo)\bDE(zo) f(w)dw/(w — z). Eh, look this up in Stein-
Shakarchi. O

Zeroes: Suppose that f is holomorphic in D,.(2p) and vanishes at zg, but not
identically. Then there exists an n such that fl/l(z) =0 for j =0,...,n — 1
and f"(z9) # 0. Thus f(2)/(z — 20)" is bounded in D,(z) \ zo, and so is
holomorphic. We say that f has a zero of order n if f(z) = (z — 29)"g(z) where
9(z0) # 0.

Let f be holomorphic in a deleted neighborhood and have infinite limit.
Then there exists p > 0 such that f(z) # 0 for z € D,(zp) \ 20 or g = 1/f
is holomorphic. We have a pole, and poles have form ﬁﬁ a nonzero
holomorphic functions.

Riemann Sphere basics.

Let’s suppose that f is a holomorphic function at C\ {z1,...,z,} and that
f has at worst a pole at z = co. Then f(z) = p(z)/q(z) for polynomials p and

q.

9 Lecture 9

Theorem 9.1 (Residue Theorem). 2 Jo % )

27 dzm

10



Definition of residue
If the pole at zg is simple, then Res,, f = lim,_,.,(z — z0) f(2).
Examples, including the fact that sech(wz) is its own Fourier transform.

Theorem 9.2 (Casorati-Weierstrass). Suppose that f has an essential singu-
larity at z = z9. Then any punctured neighborhood has image dence in C.

Theorem 9.3 (Picard’s Great Theorem). If f has an essential singularity at
20, then f assumes every complex value infinitely often except possibly one value.

10 Lecture 10

Some stuff about orientation
Definition of holomorphic manifolds.
Argument Principle.

11 Lecture 11

Define winding number of v(t) a closed curve to be ff ~' /~ydt.

Proposition 11.1. Suppose that v, is a family of curves not passing through
zero. Then w(vy) = w(v).

Proof. w(v) = 5 f; 158 ds. w is an integer for all t € [0,1]. Now, as v(s)
is CY and [a,b] x [0,1] is compact, the distance between any curve and 0 is
bounded below by a positive number. Thus, ¢t — w(7;) is continuous (painful
check). A continuous integer value function is constant. O

The converse is also true: if 9 and v; have the same winding number, then
they are homotopy equivalent.
Argument principle

Theorem 11.2 (Rouche’s Theorem). Let fi(z) be a continuous family of holo-
morphic functions on §2, a bounded connected open set with piecewise smooth
boundary. (t,z) — fi(z) is in C°([0,1] x Q). Also assume fi(z) # 0 on bS2.
Then be fi/f'dz is constant. Thus, the number of solutions of fi(z) = 0 is
independent of t.

Corollary 11.3. If f(z) and g(z) are holo on Q, and f(z) # 0 for z € b2, and
lg(z)| < |f(2)| for all z € VY, then the number of szeros in @ of f is the same

as for f+g.

The maximum modulus principle is a consequence of the open mapping
theorem.

11



12 Lecture 12

We will review Fourier Series.
Let f € L?(SY), then f(e®) =Y f,e™? /27, and define < e? /v/27, ™0 /\/27 >=
Onm.- _
Then f, = (f,e™/\/2n).

To show that the Fourier series converges to f, we will need

Proposition 12.1 (Bessel’s Inequality). Define Ty = {Z;V:_N aje'®la; € C}.
If f € L?(SY), then fteTN |l f—=t|lL2 is attained only at Sy (f) = Z;.V:_N ;€% )\/2x.
If = tll72 = IIf = Sn@I* + 1T — Sw 1>

Lemma 12.2. Given e > 0, there exists N1 and t € Ty such that ||t —t]|p2 < e.

Lemma 12.3. If f € L%*(S') and € > 0 is given, then there exists g € C°(S?!)
such that || f — gllr2 <e.

Definition 12.1 (Good Kernel). f027r kn(x —y)dy = 1, k(x4 27) = ky(x),
k, € C>=(SY), k, > 0, and given ¢ > 0, § > 0, there exist an N such that
f6<|z‘ kn(z)dz < e if n > N.

Convolution with a good kernel k,, * f — f in L?(S1).

min f < ky * f < max f.

This reduces to the problem of showing that a continuous function g can be
approximated by trigonometric polynomials in the L?-norm.

Recall the Poisson Kernel P(r, 0, ¢) = 3.0 pntlein(0=¢) jor — 1 1

n=—o0 27 [1—rei@=9)2 "
Define g, (0) = [i" P(r,0,¢)g(¢)dp = 3 r"+1g,e™?. So there exists N such
that [|gX — gllLe < 2e.

Proposition 12.4 (Parseval Identity). > oo |f.|> = 027r |f(e?)|2df.

If f,, is a sequence such that > |f,]? < co then limy o Z]_VN fne™? /\/2m
exists in L?(S1)

Take the terms with positive n or n = 0 to be F; and with negative to be
F_.

Thus, f = Fy + F_. F, extends to a holomorphic function on D;.

F_ extends to a holomorphic function on Dy1¢ which goes to zero as it goes
to infinty.

Let H? be the functions of the form >0 aje? with 3 |a;|? < oo, and let
H? analagous.

Then L*(S') = H} & H2, and H3 1 H?.

H?(D;) = {f € L*(D1)|f holomorphic on D }.

It was an exercise to show that the L? functions in the unit disc which are
holomorphic define a closed subspace of L?(D;), which we will call H2.

Definition of Schwartz Distributions.

H*(D1)lyp, # H(S).

12



H?Z(S") is also a closed subspace of L?(S"), there is an orthogonal projection
it I(S) = HY(S). iy (S ™/ VER) = 5 Fre™ V.

Is there a "function” s(f, ¢) such that m (f(e'?)) = 0 T f(e?s(0,¢)dp?

If f is holomorphic on D; and smooth up to the boundary, we know that

Jz) = gy for Leiesdt — L 3w JedE which is @ f(re™), the Cauchy

z@

Transform of f, where z = re

Proposition 12.5. If f € L*(S'), then lim, ;- > " % =7.f

Really complicated calculation, didn’t follow at all

13 Lecture 13

% : CY(bD1) — H(D;), holomorphic functions in the disc.
(gf( ) 27 f(elg)zeledﬂ

- 27rz 0 el —z

Lemma 13.1. lim, ,;p, €f(z) = f.

o sin 208=9) ;0 49 - . _ _
I @ f(eit) = LoD P ey eS0T iy oin(#57) eos(437)
1My, 71— f( ) - 1— ei(p— 9)|2

The last term goes to 47‘: 027r ij(;f Z))ﬁf( 9)dp. »
So then Ty f = £ + Lo + LH(f), where H(f) = $ Y000 Senfae —
=PV f cot ( ) f(€?)df (cot is often denoted ctg, which is insane)

For f € C'(S'), we have | H f
12 < ||fllz2. Hence, as C’l(Sl) is dense in L?(S*), we have ¢ : L? — L2.

And so, H+7—+P°+

H(f) € LOO(Sl), and so We deﬁne Tth = m(fh) is a map L? — H?, and
often thought of as H? — H?2.

These are called Toeplitz operators, and are Fredholm operators (and com-
pact operators).

Let A:C" — C™. When does Ax = y have a solution?

Define (z,w) =) z;w; an inner product.

Then we get A* by (Az,w) = (z, A*w).

Fredholm Alternative: The condition that Az = y has a solution iff y L
ker A*.

A consequence is that dimker A — dimker A* = n —m.

So now we look at A : H — H, an operator on a hilbert space. In infinite
dimensional, we might not have the range of A closed.

Definition 13.1 (Fredholm). A is Fredholm if RangeA is closed, ker A and
coker A are finite dimensional.

So then, if A is a fredholm operator, then Az = y is solvable iff y L (ker A*).
We define Ind(A) = dimker A — dim coker A. This is called the Fredholm
index.

13



Theorem 13.2 (Toeplitz/Noether Index Theorem). The operator Ty is Fred-
holm provided that f is nonvanishing. Additionally, Ind(Ty) = —w(f) where
w(f) is the winding number

I7yh
? = (W4 fIL A IT fIA) <
FILRIE = 27 PTG RPde < 1 T bl < (713 ]2

If f € L2(SY), then | Trhllzagst) < [1flcsn Il acsn-

If A: X — Y is 1-1 and onto and bounded, then A~! is bounded.

A : (ker A)* — Im A is 1-1 and onto, then the open mapping theorem says
that we get an operator B : Im A — (ker A)* which inversts A.

Let P; be the orthogonal projection onto Im A. Set C' = BP; : H — H and
AC = ABP, = P, = 1+ (P, — I), while I — P; si the orthogonal projection
onto (Im A)*.

CA=BP,A=BA=P,,andsoweset [ —P, =Ky and [ —P; = Ky. Then
AC =1— Ky, and CA =1 — K5, where K; and K5 are finite rank operators.
So Fredholm operators are invertible up to a finite rank error.

Definition 13.2 (Pseudoinverse). Let A : H — H be bounded. Then C is a
pseudoinverse of A if AC =1— Ky, CA=1— K> where Ky, K5 are finite rank.

Theorem 13.3. A is fredholm iff it has a pseudoinverse.

If A is bounded, we can define trA = 3°°%,(Af;, f;), where {f;} is an
orthonormal basis for H.

tr K1 = dimker A* and tr K3 = dimker A, and so Ind(A) = tr Ky — tr K3
for any choice of pseudoinverse.

An operator is compact if there is a sequence K, of finite rank operatos such

|Kno—Kal| _

that [||K,, — K[| = sup,_ | Tl A, tends to zero as n — oo.

Proposition 13.4. If K is compact, € > 0, then there is a finite dimensional
subspace S such that || Kz|| < e||z|| if x L S.

Choose a finite rank operator K such that |||K — K||| < e.

If z € ker K, then Kz = (K — K)z, and so ||Kz|| < ||[(K — K)z|| <
1K — Rl < ellal |

If |||B]|| < 1, then (I — B) is invertible, and so (I — B)~! = Z(;io BJ7. This
is called the Neumann series.

14 Lecture 14

K : H — H is compact if there is a sequence of linear operators of finite rank
K, such that |K — K,,|| — 0 as n — oo uniformly convergent.

For all h € H, lim,, .o, K,,h = Kh is called Strong Convergence.

Let f € L2[0,1], then .Zn (f)(k) gives fi for || < N and 0 else. For any fixed

f, we have that limy oo Zn(f) =< fn >. But it doesn’t converge uniformly.

14



An equivalent definition of compact is that K By is compact as a subset of
H.

Let % be the bounded operators on H, # C 9% the compact operators.
Then 7 is a 2-sided ideal in A.

So now let K,, be a finite rank sequence such that ||K — K, || — 0 as n — oo.
[AK — AK, || = [A(K — K| < [JA[][K = Kal|.

Let A : H — H be Fredholm if there is a bounded operator B : H — H
such that AB =1 — Ky and BA = I — K5 where K, K5 are finite rank.

It suffices to require that K; compact.

Proposition 14.1. If K : H — H compact and € > 0 given, then there exists
a subspace S C H such that dim S < oo and |[Kz|| < €||z|| for all x € S*.

Proof. CHoose a sequence K,, of finite rank operators |||K — K,||| — 0.

Then there exists N such that ||| — Kn||| < e. Then, if x € ker K, we
have Kz = (K — Ky)x So [|[Kz|| < [|(K = Ky)a| < [[[K — Kyl [[z]| < €[]

We can write K; = Kj, + K, where || K| < 1/2 and rank(K}) < co. Then
AB=1- K, — K; and BA similarly.

So tehn (I — K;) is invertible, and so AB(I — K;)™' =T — Ky(I — K;)~!
(and similarly for BA.)

So now we have AB; =1 — K| and BoA =1— KJ. O

A: H — H is Fredholm, then IndA = dimker A — dim coker A.

Uf K is compact, then A + K is also Fredholm and Ind(A + K) = Int(A).

If A is Fredholm, then there exists € > 0 such that if B: H — H is bounded
and ||B|| < € then A + B is Fredholm, and Ind(A + B) = Ind(A).

If A, B are both Fredholm, so is AB and Ind(AB) = Ind(A) + Ind(B).

Proposition 14.2. If K is compact, then I+ K is Fredholm and Ind(I+K) = 0.

Proof. Reduce to I + K where K is finite rank and then we reduce to a finite
dimensional vector space. Suppose that B is pseudoinverse to A. Then BA =
I - Ky and AB =1 — K;. Then Ind(AB) = Ind(A) 4+ Ind(B) = 0, and so
Ind(A) = —Ind(B).

As A* A is self-adjoint, dim ker A*A = dim ker(A*A)* = dim coker A*A, and
so Ind(A*A) =0, IndA = —IndA*, if B is a pseudoinverse for A, then it is also
a pseudoinverse for A + K.

Confused U

So now look at H? C L*(S'), where the negative fourier coefficients are
zero. II; : L*(S') — HZ the orthogonal projection of f € C°(S'), then we
define Tyu = I1 fIl u to get Ty : H2 — H?2

Theorem 14.3 (Szego Index Theorem). If f is non-vanishing, then Ty is Fred-
holm and IndTy = —w(f), f:S' — C\ {0}.

Proposition 14.4. [||IL f||,|||/TL/[| < I/l
More confusion. What the hell is going on?
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Lemma 14.5. [I1,, f] = I, f — fII; 4s always compact.

Proposition 14.6. Let g € #y (operators of rank at most N ), then [g,114] is
a finite rank operator.

We still need to compute Indl’.

Suppose that ¢ — f; defines a continuous map [0,1] x S* — C\ 0. Then
IndTy, is constant.

For fixed t, T, is Fredholm, and so there exists €; such that if |||Ty, — T4 ||| <
¢; then IndTy, = IndTy,.

|| T, =T, ||| < |lfe—fsl|Le, and so there exists 0 < r; such that if [t—s| < 74,
then ||f; — fs|| < €.

Thus, IndTy, = IndTy, if |s —t| <rp, t — T},.

Recall:

Theorem 14.7. If f and g : S? — C\ 0 are C!, then f ~ g iff w(f) = w(g).

Let n = w(f). fa(e?) = e has the same index. And so IndTy, = IndT}
must be a function of the winding number.

So we calculate IndIl eIl . If n = 0, we get Indll; = 0. If n > 0, then
...see problem set.

Thus, IndTy = 3% 77 L0

15 Lecture 15

We proved the following;

Theorem 15.1. If f : S* — C\ 0, then Ty = I1; fI1 : Hi — Hf_ is Fredholm
and IndTy = —w(f).

Theorem 15.2. Let f: S' — C — 0.

1. If w(f) >0, then Ty is 1-1, and so codim ImT; = w(f).
2. IF w(f) <0, then dimker Ty = n and Ty is onto.
3. Ifw(f) =0, then Ty is an isomorphism.

Proof. We will first prove 3. IF w(f) = 0, then log f : S — C is cont, log f =
g+ + g— which are in H? and (H_%)L where g1 is the boundary values for a
function holo on D; and g_ is on the complement.

Now take u € Hf_ Then fu = uy + u_, so then f = e9*+e9~, so we have
u = e 91l e 9-uy, and so kerTy = 0, and thus, becuase index is zero, we
have coker Ty = 0 as well.

As Ty =Ty, we only need to prove one of the others. Careful and straight-
forward computation. O
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we now extend our notion of ”function slightly to line bundles.

Let fy € H?H f- € H? and f, ¢ = f_ along the unit circle on the riemann
sphere, where ¢ is a map S' — C — 0. This defined a line bundle L, and a
section F: S% — Ly.

Now given ¢ € C1(S'), we want to know if there is a pair with f,¢ = f_.

lim, o f—(2) =0, then I, (f1¢) =11 (f-) =0.

The existence is then equivalent to ker Ty # 0, that is, w(¢) > 0.

So then there are holomorphic global sections iff w(¢) > 0.

If w(¢) = 0 then we have C x P!, the trivial line bundle.

Up to holomorphic equivalence, holomorphic line bundles are classified by
degree (winding number)

We can generalize, taking I : S' — C", then I, F is done componentwise.
A map @ : S* — gl(n,C) defines a Toeplitz operator by Tgp = 1, ®I1, .

Theorem 15.3. Ty is Fredholm provided that ¢ : S* — GL(n,C), that is, the
determinant is nowhere zero. [Te,111] is compact.

16 Lecture 16

Missed

17 Lecture 17

Lidski’s Theorem says that the trace of K (where K is integration against k(z, y)
is f027r k(x,x)dz.

Suppose that K is diagonalizeable and there exists an orthonormal basis such
that the span is L?(S") and Ke; = Aje;. Thentr K =Y 72 Aj = 0% k(z,z)dz.

So Kf = fol o(z —y) f(y)dy where ¢ is a 27-periodic C*-function. Compu-
tation that gives Fourier Inversion Formula.

Chosoe a function f € C1(R) such that |f(z)] < A/(1 + 2?) and |f'(z)| <
A/(1 + x?). Then set ¢(z) = >0 f(z + n). Standard stuff that is in
Stein-Shakarchi.

Theorem 17.1 (Paley-Wiener). A function f with moderate decrease along R,
has an extension to C as an entire function satisfying |f(z)| < Ce*™ Mzl if and
only if f(&) is supported in [—M, M].

We showed last time that if the support of the Fourier transform is compact,
then there is an analytic extension as desired. Now we suppose f(z) entire and
[f(a +iy)| < Ce*™) and |f(a +iy)| < A/(1+ 2?).

We can Compute f(g) — ffooo f($+iy)672ﬂi(I+iy)€dl' — ffooo f(x_’_z‘y)e*%rizge%riyfdx

for £ < —M. v
Thus |f()] < ffooo %‘Z;ewdaj < Ce2™M=9lyl goes to zero as y — F00

and so |f(€)] = 0 for |¢| > M.
We start removing hypotheses.

17



Given |f(2)| < Ae*™MI2l with |f(z)| < B/(1 + x?), we need to have | f(z +
iy)| < Ae? Myl

We use that Phragman-Lindelof Principle: f is holo in S and continuous up
to S with |f(2)| < 1 for z € bS. If for some constants c,C, we have |f(2)| <
Ce?l, then we have |f(2)] <1 for all z € S.

Define F.(z) = f(z)e_ez3 *, z=rei. So through some calculations, we have
|F.(2)] < Ceelzl=aclzl'/2 6 the result follows.

We in fact don’t need Cecl?!, we can use Cel*I” for any v < 2.

So now we want to show that f(z) < A/(1 + x?) and |f(2)] < Ce2™MI=|
implies that |f(2)] < Ce?™Mlvl,

Look at F(z) = f(2)e*™™= Then F(x) = f(r)e?™ ¥ and so |F(z)| <
A/(1+ 2?) and F(iy) = f(iy)e 2™MY_ Then |F(iy)| < Ce¢" ™ < C

So then Phragman-Lindelof says that |F(z)] < C in the quadrant, and so
|F(z +iy)| < C got y > 0. By looking at f(z)e~2"™* we get the result on the
bottom half plane.

So what did we use? f is entire and bounded on R, and |f(z)| < Ce?™MI|
which gives us that |f(z + iy)| < tildeCe> Myl

Theorem 17.2 (Hadamard Three Lines Theorem). Let f be defined in a strip
S and continuous up to S with [f(z)| < 1 on each boundary component with

|f(2)| < Celel™ for vy < 2, then |f(2)] <1 in S.

Proof. Look at f(2)e™ . As 2% = 2% —y%+2izy, we have |[e=% | = ¢=<(*"~v") <
Ce=<’.
|f(2)e="| < Cecl2I" =<2 "and thus we have shown that the limit as |z| — oo

of this is zero for all € > 0. The maximum pzrinciple says t}lat there exists w with
Im(w) =0on 1 and |f(w)|ef > |f(w)e™ | > |f(z)e ¢ | for all z € S. O

18 Lecture 18

Hadamard needed his three lines theorem to prove the Prime Number Theorem.
He used it to get some estimates.

Theorem 18.1 (Hadamard). Let f be a bounded analytic function in 0 < Res <
1 and let N(a) = sup,cg | f(a+iy)|, then N(a) < N(0)'7°N(1)".

Corollary 18.2. log N(a) is a convex function.

If (X,dm) and (Y,dn) are measure spaces, look at LP(X,dm) = {f mea-
surable with ([ |f|Pdm)'/? < oo}. Let F be a linear operator and carry

measurable functions on X to measurable functions on Y. Then F(f) =

027T f(#)e™?dh = f(n) takes measurable functions on S* to measurable func-

tions on Z.

Hadamard implies that for 1 < p < 2, we have LP(S') — ¢y (p—1), because
LY(SY) — lo and L%(St) — £s.

To show this, we define F' : LP(X,dm) — L(Y, dn) is bounded if sup, .o [|F'(z)||La(an)/ 17|l £ (am) =
M(p,q) < oco.
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So then ||F(z)||a(any < M(p, )|zl Lo (dm)-

Theorem 18.3 (F. Riesz-Markov). (LP(X,dm))Y = (X dm) for 1/p +
1/p'

1/p' =1, and also | [y fgdm| < (f|f\pdm)l/p (f|g|p dm

A consequence is that f — (f,g) = [ fg gives us [|f|| Lo (x,dm) = $uDgro(f9)/ 191l o’ (x.dm) -

Theorem 18.4 (N. Riesz Interpolation Theorem). Suppose that M : LP°(X,dm) —
L%(Y,dn) and M : LP*(X,dm) — L% (Y,dn) are bounded. Then M : LP(*) (X, dm) —
LAY, dn) for (1/p(a),1/q(a)) = (1 —a)(1/po,1/q0) + a(1/p1,1/q1) satisfies
M(p(a), q(a)) < M'~*(po, o) M (p1,q1)*

This would apply, for instance, to the Fourier transform from L?(S') to ¢y
and L'(SY) to £oo

Proof. For a =0 or a = 1, the estimate is trivial, so choose 0 < a < 1.

Choose a function f € LP(X,dm) and h € L9 (Y,dn) where p = p(a) and
q = q(a) such that M f is defined and belongs to L.

f=|fle and h = |hle”. Then f(¢) = | f|P(@)/P(Oeir and h(¢) = he (@/d (Oeiv,
where 1/p(¢) = (1 — )1/po + C/p1

Define ¢(¢) = (M f(C), h(¢)) = [y M f(Oh(()dn
Then ¢() is analytic in the strlp Suppose that Hf||p(a) =land ||y @ = 1.

Then if N(a) = sup, cg [¢(a+in)| then N(0) < M(po,qo) and M (1) < M(p1,q1).

After a nasty computation, we see that | M f(in)|pw < M (po,qo)||fllzre <
M (po, qo)-

We conclude that |¢(in)| = [(Mf(in), h(in)| < [[Mf(in)lpollR(in)llq <
M (po, qo)-

|phi(1+in)| < M(p1,q1). Now, (;5(() satisfies the hypotheses of Hadamard’s
theorem, and so |¢(a)| < (po,qo) M (p1,q1)*

We recall that ¢(a) = (M f,h). We note that ||M f| r« = sup |(M f, h)| over
h with ||h]] = 1.

A bit more computation proves the theorem. O

Now that we can interpolate between L!(S') and L?(S!), we will return to
Paley-Wiener type theorems.

If we assume that |f(x)| < W, then this estimate allows us to differen-
tiate the integral f up to N — (1 + €) times. (we can only just barely not do it
N —1 times)

gibberish...

Theorem 18.5. Let f € L?(R), then teh following two conditions are equiva-
lent:

1. There exists a holomorphic F(x + iy) for y > 0 with SUD, >0 fjooo \F(z +
iy)[2dz < C and limy_o [*_|F(z +iy) — f(z)?dz =0

2. f(&) =0 for £ <O.
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19 Lecture 19

We will prove the theorem from last time. 2 implies 1 is easy. See Stein-
Shakarchi

Corollary 19.1. L?*(R) = L% (R)® L% (R) where L2 (R) are the functions which
satisfy the first part of the previous theorem.

To see that L3 N L% = 0, we note that the Fourier transform takes the first
to L?((0,00)) and the second to L?((—o0,0)).

For z € [0, 00), we define the Wiener-Hopf equation to be fooo k(z—y)f(y)dy+
Af(z) = g(x).

Theorem 19.2. Suppose that u is Hélder continuous of order o > 0 and that
U € Lo N Ly for 1 <p < oo. Define U(z) = 5 fooo w(§)dE/ (& —z). Then U is
analytic in C\ R.

To use this to solve the Wiener-Hopf equation, replace g by g + h, and
then extend f,g by zero to (—c0,0), and set h(x) to be zero for x > 0 and
Jy k(z —y) f(y)dy if z < 0.

Now we take Fourier transforms and obtain k(€)f(€) + Af(€) = §(&) + h(€).

Now f and § have analytic extensions to H_ and h has an analytic extension
to H+.

Gibberish

20 Lecture 20

Very confused about integral equations.

Mittag-Leffler Problem: I specify points {a;} C C and polynomials p;(z)
without constant term. Does there exist a function f holomorphic in C\ {a;}
with f —p;(1/(z — a;)) is holomorphic near to a; with lim;_. |a;| = co?

Recall that we’ve shown that if ¢ € C°°(C) then there is a function u such
that dzu = ¢.

Choose 0 < r; such that Dy, (a;) N D2y, (ay) = (0 for all j # k.

Z;‘;l ) (%) D (z_laj) with (%) supported on D, (a;).

Define ¢ to be the partial with respect to z of this function.

Use teh existence theorem to solve d;u = ¢.

So there exists a C*° function u which solves this equation.

Then we define f(z) to be the original function minus w.

Clearly, 0:f = 0 in C\ {a,}, and near to z = a; we have J;u = 0, so near
to a;, we have f(z) = p(1/(z — a;)) — u(z), so we have Zévzl p;(1/(z — ay)).

Let p(z) be degree d and N (1) = supg<g<s, [p(re’®)| and lim, o, log N(r)/logr =
d, where d is the number of solutions to p(z) = 0.

Theorem 20.1 (Jensen’s Formula). Let Q0 be an open set containig Dp and
let f be holomorphic in Q such that f(0) # 0, f does not vanish on bDg and
{#z1,...,2N} are the zeroes of f in Dg, listed with multiplicity. Then
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Proof. Suppose that g does not vanish on Dg. Then this reduces to the mean
value theorem.

Let f(2) = [T, (—2)g(2). Then [ log|f(Re")|d0/2m = SN | [log|Re?®~
z;j|d6 /2w 4 log |g(0)|...lots of stuff. See book. O

We define n¢(r) = n(r) to be the number of zeroes of f less than r.
Then fOR n(R)/rdr will be a step function counting the zeroes.

Definition 20.1 (Finite Order). An entire function with finite order of growth
p satisfies the estimate | f(2)] < AeBI#I".

Gibberish which is in the book.

21 Lecture 21

If f is entire and |f(z)| < AeP#l” ) and n(r) is the number of zeroes of modulus
less than r with multiplicity, then n(r) < Cr? for large r.

Given (zj,n;), with z; € C and n; € N, with z; — 00 as j — oo, does there
exist a holomorphic function f defined in C such that f vanishes only at the z;
and the order of the zero at z; is n;?

Read the book. Seriously, everything’s there.

22 Lecture 22

Missed some asymptotic stuff

23 Lecture 23

Riemann Mapping Theorem

Theorem 23.1 (Riemann Mapping Theorem). If D C C is a simply connected
domain, then there exists a holomorphic map f : D — D which is 1-1 and onto.
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