1 Complex Plane
Definition 1.1 (i). i = /-1

Let z€ Cand z =a + b:
Definition 1.2 (Real Part of z). a = Rz

Definition 1.3 (Imaginary Part of z). b= Sz

Definition 1.4 (Modulus of z). |z] = va? + b?

Definition 1.6 (Polar Representation of z). |z| =r and tanf =

Qo

(
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Definition 1.5 (Complex Conjugate of z). Z =a — bi
(
(

Definition 1.7 (Argument of z). 6 = arg6

Theorem 1.1 (Multiplication). Let w = s(cos® + isinv). zw = rs(cos(d +
) +sin(0 + ), so, |zw| = |z||w| and arg zw = arg z + arg w(mod2m)

Theorem 1.2. argz = —argz

Theorem 1.3 (DeMoivre’s Theorem). If n € Z and n > 0, then (cosf +
isin @)™ = (cosnb + isinnb).

Theorem 1.4. |z + w| < |z| + |w]
Proof. |z4w|? = (z4w)(Z+W) = 2Z2+wl+ Wz +wz = |22+ |w|>+2 (@)

= |2 + [w? + 2R(w) < |2 + |w]? + 202w = |22 + |w]? + 2lz][w] =
|22 + [w]? + 22 [w] = (|2] + |w])?

O

Theorem 1.5. |z| — |w| < |z 4+ w|
Proof. |z| = |z4+w—w| < |z4+w|+|w| = |z+w|+|w]| = |z| - |w| < |z4+w| O

Definition 1.8 (Open Disc). The open disc of radius r and center zq is the set
{z:|z— 20| <r}

Definition 1.9 (Interior Point). If S is a set in C, then zq is an interior point
if (3r > 0) such that an open disc of radius r centered at zy is a subset of S.

Definition 1.10 (Open Set). S is open if every point is an interior point.
Definition 1.11 (Closed Set). S is closed if C\ S is open.

Definition 1.12 (Boundary Point). zg is a boundary point of S if Vr > 0, the
disc of radius r, center zy contains both points of S and points not in S.

Definition 1.13 (Line Segment). A line segment connecting p,q € C is the set
{z:tp+ (1 —1t)q forte0,1]}

Definition 1.14 (Convex Set). A set S of complex numbers is convez if (Vp,q €
S)vte [0,1])tp+ (1 —t)ge S.



Definition 1.15 (Connected Open Set). S is a connected open set if S is
open and Vp,q € S there exists a finite collection of line segments joining pairs
p=ai,bi1,a0,...,an,b, = q with all the line segments in S.

Definition 1.16 (Convergent Sequence). Suppose {z,} is a sequence of complex
numbers. We'll say {z,} converges to w if (Ve > 0)(IN € N) such that if n > N
then |z, —w| < €

Theorem 1.6. if |r| < 1, then

> a

E ar' =

; 1—7r
=1

Theorem 1.7. If a series converges absolutely, then it converges.

Definition 1.17 (Continuity). A function f is continuous if for every sequence
zn — 2z then f(zn) — f(2).

Theorem 1.8. D is a connected open set. IF g is continuous and real-valued
on D, and 3p,q € D such that f(p) > 0 and f(q) < 0, then Iz € D such that

f(z)=0
Definition 1.18 (Exponential Function). e* = e*(cosy + isiny)

Definition 1.19 (u and v). if f(2) is a complex function, then Rf = u(x,y)
and Sf =v(x,y)

Definition 1.20 (Logarithm). In(e®*%) = x + i(y + 277Z)

Theorem 1.9. z = 1 In(u® 4 v?)
y = arg(u + )

Definition 1.21 (Curves). Curves are continuous functions v : [a,b] — C, that
is, y(t) = z(t) + ty(t) where x(t),y(t) are continuous.

Definition 1.22 (Smooth Curve). A smooth curve is a curve that is everywhere
differentiable, also called a differentiable curve.

Definition 1.23 (Sum of Curves). The sum of the curves oy : [a,b] — C and

' , _ o1(t) ast<b
oy : e, d] — C 2501+02—{ oyt—b+c) b<t<b+d-c

Definition 1.24 (Simple Curve). o : [a,b] — C is simple when if a < t1 < t3 <

b then o(t1) # o(tz) # o(a) # o(b)
Theorem 1.10. f,y u(z)dz does not depend on parametrization

Theorem 1.11.

‘/71"1"*/2 u(z)dz = /Vl u(z)dz + /72 u(z)dz



Theorem 1.12.

Theorem 1.13.

L(aul(z) +up(2))dz = a/ul(z)dz+LuQ(z)dz

/Cu(z)dz S/C|u(z)|dz

Theorem 1.15 (ML inequality). If M is an overestimate of the function and
L is the arclength of the curve C, then

/ u(z)dz
c
Theorem 1.16.

Z//D gidwdyZi/olf(Ly)dy—i/Olf(O,y)dy

2 Properties of Analytic Functions

Theorem 1.14.

<ML

Definition 2.1 (Complex Differentiable). f is complex differentiable at z if

i L) = £2)
h

h—0
exists. Is the limit exists, it is called f'(z).

Definition 2.2 (Entire Function). An entire function is a function that is
differentiable for all z.

Theorem 2.1 (Cauchy-Riemann Equations). If f(z) = f(z +iy) = u(z,y) +
iv(z,y), then u(x,y) and v(x,y) must have partial derivatives and
Uz = Uy (1)
v, = -y (2)

Definition 2.3 (Harmonic Function). v(z,y) is harmonic if v(z,y) is twice
differentiable and vz + Vyy =0

Theorem 2.2. If f is differentiable and u,v are the real and imaginary parts,
then u,v are harmonic.

Definition 2.4 (Harmonic Conjugate). If u + v is differentiable, then v is
called the harmonic conjugate of u.



Theorem 2.3. If u(z,y) and v(x,y) have continuous first partial derivatives
at z = x + iy and if uy = vy and uy = —v,; at z, then f = u+iv is complex
differentiable at z.

Definition 2.5 (Holomorphic Function). Suppose U is a connected open subset
of C. Then, f : U — C is complex analytic, or holomorphic, if f is complex
differentiable at every point of U.

Theorem 2.4. If f is holomorphic and if f’s values are always real, then f is
constant.

Theorem 2.5. If f is holomorphic and if u?>+v? is constant, then f is constant.
Theorem 2.6. 4 f(C(t)) = f/(C(t))C'(t) if f is holomorphic and C is smooth.

Theorem 2.7. Suppose C(t), a <t < b is piecewise smooth, START= C(a)
and END= C(b). Suppose f(z) is analytic around the curve, and that F(t) is
analytic and F'(z) = f(z). Then,

2=END
[f f(Z)dZ B F(Z):| 2=START

Definition 2.6 (Power Series). A power series centered around zo is o an(2—
Zo)n

Theorem 2.8. Let f(z) = > 07 (an2", if |2| < R, then f(2) is analytic and
f(z) =300 nayz""t, f®)(z2) exists for all k and a, = w

Theorem 2.9 (Complex form of Green’s Theorem). If f is continuously dif-
ferentiable on a domain D which is bounded by a simple closed curve C', then

[ of Of
2)dz=1 | -=+i-—dA
=i [ il
Theorem 2.10 (Cauchy’s Theorem). If f(z) is analytic, f'(z) is continuous,
C and D are as in Green’s Theorem, then §., f(z)dz =0

Definition 2.7 (Simply-Connected). A domain D in C is simply connected if
the inside of every simple closed curve in the domain is in the domain.

Theorem 2.11. If D is simply-connected, T is a closed curve of horizontal and
vertical line segments, f(z) is analytic on D, then fr f(z)dz=0

Theorem 2.12. If f is analytic on a simply-connected domain D, then there
is an analytic function F on D such that F' = f on D.

Corollary 2.13. If f is analytic on a simply connected domain D and ~y is any
closed curve in D, then f7 f(z)dz=0



Theorem 2.14. Suppose f(z) is analytic on domain D and {z : |z—z| <1} C
D, then

f(z) = Z an(z — 20)"
n=0

1 f(w)
n = —-_——— d
“ 2mi /wz_r (w — zp)"H! W

and converges for |z — z| < r
Theorem 2.15. The derivative of an analytic function is analytic.

Theorem 2.16 (Morera’s Theorem). Suppose D is simply-connected, f is con-

tinuous,
/ f(z)dz=0
any box

then f(z) is analytic.
Theorem 2.17. The Following Are Equivalent
1. f(2) satisfies the Cauchy-Riemann Equations
2. f'(z) = limp—o M and f'(z) is continuous
3. Morera’s Theorem
4. [(2) =30 gan(z — 20)", [ is locally the sum of a power series

Theorem 2.18 (Cauchy Integral Formula for derivatives).

f(")(zo) _ L’/ ﬂdw
|w—zo|=r

2mi (w — zp)"t1

Theorem 2.19 (Liouville’s Theorem). Suppose f(z) is entire and f(2) is bounded.
Then f(z) is constant.

Proof. f'(z0) = 5= f\zo—w|=r %dw
|f/(20)] < 5=2mr2L where M bounds f.
Let 7 — oo, then |f'(20)] < 0. O

Theorem 2.20. Suppose f,g are analytic on a domain D, and that 3zy € D
such that ¥n € N, £ (z9) = ¢ (29) then f =g

Theorem 2.21. Suppose f,g analytic on a domain D, and that there is a
sequence {z,} in D such that f(z,) = g(zn) and z, — 2z € D. Then, g=f

Theorem 2.22. If f, g are analytic on D, {z,} a sequence in D, and limy,_, o 2, =
w € D and f(z,) = g(2z,) for all n, then f(z) = g(z) on all of D.



Corollary 2.23. Suppose f,g are entire. And suppose we have {z,} bounded
and Vn f(zn) = g(zn)
Then f(z) = g(z) for all .

Corollary 2.24 (Fundamental Theorem of Algebra). Any complex polynomial
has a Toot.

Definition 2.8 (Order of a zero). Suppose f(z) is analytic. If f(zo) =0, then
the order of the zero at zy is the smallest integer k such that f(k)(zo) #0

Definition 2.9 (Isolated Singularity). A function f(z) has an isolated singu-
larity at zo iff 3r > 0 such that f(z) is analytic in 0 < |z — zo| <7

Definition 2.10 (Removable Singularity). Iflim,_,,, f(z) is finite and
0, then zg is a removable singularity.

1
f(zo0)

Definition 2.11 (Pole). An isolated singularity at zo such that lim,_,,, f(z) =
00, then f(z) has a pole at zg

Definition 2.12 (Essential Singularity). A singularity is essential if it is neither
a pole nor removable.

Theorem 2.25 (Riemann Removable Singularity Theorem). Suppose f(z) has
an isolated singularity at zo and suppose that the modulus of f(z) is bounded
near zo. Then f(z) has a removable singularity at z.

Theorem 2.26 (Casorati-Weierstrass Theorem). If f(z) has an essential sin-
gularity at zo, then Ywy € C, Va,b € R, a,b > 0, 3z with 0 < |z — 29| < a such
that | f(z) —wo| < b

Definition 2.13 (Laurent Series). The Laurent Series of a functionis Y . an,(z—
20)" forall z in 0 < |z — 2| < r

Definition 2.14 (Residue). The residue of f(z) at zo is the a_1 coefficient of
the Laurent Series.

Theorem 2.27 (Residue Theorem - Child’s Version). If 0 < s < r, r as above,

then a_y = 5= |5 zo|=r f(2)dz

Theorem 2.28 (Residue Theorem). Suppose f is analytic on a simply con-

nected domain except for a finite number of isolated singularities z1, ..., 2z, € D.
Let v be a positively oriented smooth simple closed curve not passing through

Z1y...,2n. Then

/f(z)dz = 2mi Z Res(f; z;)

z;, €D



3 Analytic Functions as Mappings

Theorem 3.1. Assume f(z) is analytic in a simply-connected domain, f(z) is
not constant, and C is a simple closed curve in the domain. If f(z) #0 on C

then the number of zeros inside C, with multiplicity, is = fC J;/((ZZ)) dz

27

Theorem 3.2 (Rouché’s Theorem). Small perturbations in the function don’t
change the location or number of roots much. Or, formally,

Assume f(z) is analytic in a simply connected domain, f(z) not always zero,
C a simple closed curve in the domain with f(z) not zero on C. Then, if the
perturbation g(z) is analytic and |g(z)| < |f(2)| on C, then f(z) and f(z)+g(z)
have the same number of zeros inside C'.

Theorem 3.3 (Riemann Mapping Theorem). Fvery simply connected domain
in C, except C, can be mapped conformally (one-to-one and analytically) onto
the unit disk.

The standard conformal mappings are the linear fractional transformations
and the powers of z. Linear fractional transformations are also called Mobius
Transformations.

Lemma 3.4 (Schwarz’s Lemma). Suppose f is analytic and f takes |z| <1 —
|z| <1 and f(0) =0. Then, |f(2)| < |z| for all z in |z] <1 and |f'(0)] <1



