1 Space Curves

Definition 1.1 (Curve). A continuous function « : [a,b] — R? is a curve
a(t) = (z(t),y(t), 2(t)), and each component is continuous.

Definition 1.2 (Differentiable Curve). « is a differentiable curve if x,y, z are
differentiable.

Definition 1.3 (Plane Curve). Curves « : [a,b] — R? are called plane curves.

Definition 1.4 (Regular Curve). A curve is reqular if the vector o (t) # 0, that
is, [o/(t)] # 0

Theorem 1.1. The arclength along a curve is s = fj | (¢)|dt

Proof. > |a(t;) — a(t;—1)| is a first approximation.
By the mean value theorem, this is equal to >_ |a/(t )Ht ti—1]-
If we take the limit as (¢; —t;—1) — 0, then we get f |/ (t)|dt O

Definition 1.5 (Unit Tangent Vector). Let a(t) be a regular curve. Then the

unit tangent vector is T(t) = WEB‘

Definition 1.6 (Curvature). Let T(s) be the unit tangent vector parametrized
by arclength.

Then dr —k;( yn(s) with k(s) >
k(s) = | e ‘ is called the curvature, with 7i(s) as the unit normal vector.

Definition 1.7 (Dot Product). Let @, v € R3.
U= 2122 + Y1Y2 + 2122

d

Lemma 1.2. %

(- 0)=u -v+u-v

Corollary 1.3. Given a unit vector, ie |i| =1 fort € I, then & T s orthogonal
to u(t)

Theorem 1.4. Let a(s) be parametrized by arclength. Then |o/(s)] = 1.
Corollary 1.5. o and o” are orthogonal.

Definition 1.8 (Singular Points of the First Kind). Places where k(s) =0 are
singular points of the first kind.

Definition 1.9 (Bi-normal Vector). The bi-normal vector b(s) is defined as
b(s) = T(s) An(s) where A signifies the cross product.

By this definition, the binormal vector is orthogonal to both the unit tangent
vector and the unit normal vector, and is itself a unit vector.

Definition 1.10 (Frenet Trihedron). The Frenet Trihedron is the set of or-
thonormal vectors b(s), T(s),n(s).

Lemma 1.6. V'(s) = 7(s)n(s)

Proof. V' (s) = LT(s) An(s) =T"(s) An(s) +T(s) An'(s)
T(s) = k(s)n(s), so b/(s) = T(s) An'(s), and so b/(s) is perpendicular to
both T'(s) and b(s) (because b(s) is a unit vector) so b'(s) = 7(s)n(s). O



Definition 1.11 (Torsion). 7(s) is called the torsion of the curve.
Lemma 1.7. If 7(s) =0, then « lies in a plane.

Proof. First, fix the plane II.

Pick a point a(sg) on the curve and let that be the origin and let by be the
binormal vector, which is constant because 7 = 0.

Our curve lies in the plane II.

Let f(S) = a(s) - by

£(0) =0, so if the function has a zero derivative, then we are done.

F'(s) =/ (s) b + a(s) - 0= a/(s) - by, but, as o/(s) =T(s), f'(s) =0. O

Theorem 1.8 (Frenet Relations). The Frenet Relations are

1. 9T = k(s)n(s)

2. % = 7(s)n(s)

3. % = —k(s)T(s) — 7(s)b(s)

Proof. The first two Frenet Relations are either previously defined or proved.
As 92 is perpendicular to n(s), it is 9 = a1(s)T(s) + az(s)b(s).

d:s ds
n/-f:al =T n)-T n=a=>-T-n=a = —kn-n=a =
a1(s) = —k(s)
nb=as=(bn)—=b -n=a=-b -n=a=—-1n-n=a = ays) =
—7(s) O

Theorem 1.9 (Fenchel-Milner Theorem). Take a simple, closed, space curve

c.
[.k(s)ds > 2m and if [ k(s)ds = 2n then the curve is a circle. Also, if c is
knotted, then [ k(s)ds > 4w

Theorem 1.10 (Fundamental Theorem for Curves). Given k(s) > 0 and 7(s),
then Jla(s) such that it has curvature k(s) and torsion 7(s), up to a rigid
motion, that is, Ax + b where A is a matriz such that A'A = AA* = 1, b
is a vector, and x is an arbitrary point in space.

Proof. We are given k(s) > 0 and 7(s), some function which is continuous. We
will construct a curve «(s) such that «(s) passes through p and whose unit
tangent vector points in the direction vy.

(s

)
We have the Frenet Relations, and if we let W(s) = [ n(s) |, and with
b(s
this we can rewrite the Frenet Relations, with an initial condition, as:

~

0 k(s) 0 Vo
d
dltV | <k 0 e W owoy = w
0 7(s) 0 vo A V),

This is a system of linear ordinary differential equations, and so a solution
exists, and a(s) = [ T(u)du +p
Now, we attempt to prove that this solution is unique.



We will translate the starting points of two such curves so that they coincide,
rotate them so that their initial Frenet Trihedrons coincide, and use the fact
that under rigid motions, k(s),7(s) and arclength are invariant.

Let M be a rigid motion such that

T T C1
Mx =M X9 =A X9 + C2
€2 €2 C2

Then, consider Ma(s) = ((s). Then, «, 5 have the same k(s), 7(s).

B'(s) = Ad'(s),s0 B - B = |B'|? = Aa- Aa = A'Ad/ - o/ = I - o/ = |o']?

Consider (T, n,b) for oy and (T, 7, b) for ag, with T(0) = T(0), n(0) = n(0),
b(0) = b(0)

We claim that having the same T,n,b at s = 0 implies that they are the
same for all s.

Let f(s)=|T —T]?+|n—n]*>+b—b?

Note, f(0) = 0, so we must show that f(s) =0.

So, if f'(s) =0, then f(s) = ¢, but as f(0) = 0, we must have ¢ = 0.

F(s)=2 (<T—T,T’ —T/> +n—mn —7)+ <b—5,b’ —B’>)

And, by the Frenet Relations, this is 0.

Thus, o (s) = T(s) = T(s) = a4(s), so, by integration, a; = s + ¢, but
a1(0) = az(0), so a1 = an O

So, now we have a global result.

Theorem 1.11 (Isoperimetric Inequality). Let I' be a simple, closed, plane
curve. Let T enclose a region D with finite area A. Let length of I’ be denoted
IT| = L. Then, 41 A < L2, and equality holds if and only if T is a circle.

Lemma 1.12 (Geometric-Arithmetic Mean Inequality). vab < “7%
Lemma 1.13 (Cauchy-Schwartz Inequality). |(u,v)| < |u||v]

Theorem 1.14 (Green’s Theorem in the Plane). Given P(x,y) and Q(x,y)
and a simple closed curve I' enclosing a region D, then

frasan= [ (22-2) sy

Now, we are ready to prove the Isoperimetric Inequality.

Proof. Step 1 is to slide two parallel lines towards D until the fixed point of
contact.

Step 2 is to set up coordinates and a circle of radius 7.

Step 3 is to Parametrize I' by arclength s so I' = (x(s),y(s)) = a(s) so
[a’(s)| =1

The circle C is also parametrized as (x(s),7(s)

Step 4 is to apply Green’s Theorem

A= ¢ x%ds = . xds and 7% = — §_ yLds

So, A +mr® = [ (a8 — 7k ds < Ji o — 7] ds




By the Cauchy-Schwartz Inequality, this is equal to

L 2 2 L
dx d
2, —2\1/2 Y d:/dzL
faerre (G i) aomr [ o

By the Geometric-Arithmetic Mean Inequality,we have that

1/2

2
A7TT2§A+T7TTS%

(1)

, and so Anr? < T24L2 = 4Ar < L.

Assume that 4Am = L?. Then, we need that I is a circle. So, we show that
if 4rA = L2, then r = f(L,A). From (1), we have that if L? = 4Am, then
VAmr? = %, then r = 7Livgj;4“‘4 = %

And so,

L L
A+mr? = / (xy —ya')ds = / (z? +§2)1/2 (2 + y/2)1/2 ds
0 0

Thus, (zy' —7a’)* = (2% + 7°) (2" +y*) = (22’ +7y)> =0

So, zz’ + 7y’ = 0, then we divide by z'y’ to get 7= —H =a.

So, =7 = az’ and x = ay’. This means that 7> = a?2’> and 2% = a?y’%. So
if we add the two equations together, we get that 2% + 7> = a?(2'? + y?) = a?

Thus, /22 + 7> = +a, meaning that a = £r, so ﬁ = ;—,y =*+r

So, x = +ry’, and my changing the directions of the parallel lines, we can
just switch z and y, so y — yg = *rz’.

Therefore, (y — yo)? + 2% = r? O

2 Regular Surfaces

We want to be able to do multivariable calculus on a curved surface. But
first we need to discuss defining coordinates on them. Because there are no
natural coordinates, we need to find the interesting geometric quantities that
are coordinate invariant. One such property is Gauss Curvature.

Definition 2.1 (Regular Surfaces). A set S in R3 such that for every point in
S we can find a ball, V, in R3 and a map ® from an open set U in R%2 to VNS
such that

1.®:U—-VnNSisinCh
2. 071.vNnS—UisinCO

3. d® is one to one, that is, it has full rank
(in the case of surfaces, rank d® = 2)

Ty Ty
It is clear that d® = Yu Yo
Zu %

Regular Surfaces generalize to n—Manifolds, and are the special case where
n=2



Theorem 2.1. A surface is reqular if (Tu,Yu, 2u) N (Tv, Yo, 20) F# 0, that is,
D, AND, #£0

Theorem 2.2. A graph is a regular surface, that is, z = f(x,y) y=g(x,z2)
and x = h(y, z)

Proof. Assume the graph is of the form z = f(z,y).

fecCt so % and % exist and are continuous.

U is the domain of f. So, let ® = (u,v, f(u,v)). Then z(u,v) = u, y(u,v) =
v and z(u,v) = f(u,v). As these are all in C!, their partials exist, so ®,, and
d,, exist and are continuous. By simple calculation, we have &, A ®,, # 0, so z
is regular. O

Corollary 2.3. The Sphere, S2, is a regular surface.
Consider F: W C R? - R and t = F(z,y, z) for (z,y,2) € W.

Definition 2.2 (Critical Point). Any point (zo, yo, 20) with VF (x,yo,20) =0
is called a critical point.

Definition 2.3 (Critical Value). The value at a critical point is a critical value.
Definition 2.4 (Regular Point). A noncritical point is a regular point.
Definition 2.5 (Regular Value). The value at a regular point is a reqular value.

Theorem 2.4. Consider the level at S, = {(z,y,2) : F(z,y,2) = a}. Ifa isa
reqular value, then S, is a regular surface.

Corollary 2.5. T2, ie the two dimensional genus one torus, is a reqular surface.

Theorem 2.6 (Inverse Function Theorem). Let F : U C R? — R? : (z,y) —

(f(z,y),9(z,y)). If( z;z Z;Zy’ ) is invertible, then F has a local inverse.

Theorem 2.7. Let S be a regular surface.

Let ® be a parametrization for p € S.

O:U —-VNS, pe VNS, and with the first and third conditions of ®
verified, then if ®~1 exists, it is continuous.

Theorem 2.8. Given a reqular surface S and any point p € S, there is a
neighborhood V., p € V. C S such that the piece of the surface in V. may be
viewed as a graph of the type z = f(x,y) or y = g(x,2) or x = h(y, 2)

Proof. Our surface is regular, so we can assign local coordinates (u,v) € U.

O(u,v) = (z(u,v),y(u, v), 2(u, v))

We know &, AP, # 0, so let us assume it is the z component that is nonzero.
9z Oz

Then, | Ju 8y ‘ #0
ou ov

Consider ¥ : (u,v) — (z(u,v),y(y,v)) with U — R?

By the inverse function theorem, U1 exists. O

Definition 2.6 (Tangent Plane). T,S =tangent plane= {all tangent vectors of
S at p}



Theorem 2.9. Let T be a tangent vector to S. Then, there exists an a in R?
such that

&

W

:u(’uO,UO) ?i(u()avo) :| —-T
Y Y a=
ug, Vo) v (uo,vo)

ou
Proof. Consider (ug,vo) + t0 = «a(t), o/(0) = ¢
Consider ®(«a(t)) = 6(t)
®(a(0)) = ®(uo,v0) = p
B(0) = d®(a’(0)) = d®(0)

So, the set of tangent vectors T,,S D {d®(p) <a)}

b
Let w € T},S.
w = 3'(0), where 3(t) is a C! curve on S with 3(0) =0
Consider a(t) = ®71(B(t)) = L®(a(t)) = LA(1)

So, d® (g) = d®(a’(0)) = B'(0) = w O

Remark - 73,5 is a 2—dimensional vector space.

Definition 2.7 (Coordinate Curves). Let p € S and (ug, vo) with ®(ug, vg) = p.
Call this the center point. Consider a(t) = (ug,vo +t) and B(t) = (uo + t,vo)
Then, ®(a(t)), ®(B(t)) are the coordinate curves through p.

Remark 2.1. So, ®(a(t)) = (x(ug,vo + y),y(uo,vo + y), 2(uo,vo + y)), then
LD (a(t))|1=0 = (w0 (10, v0), Yo (t0,v0), 20 (10, v0)) = Py (u, v0)

And similarly with 8 and u.

So, a basis for T,,S is ®,, P, at (ug,vo).

Definition 2.8 (Diffeomorphism). Given 2 regular surfaces Si,Sa, assume
there is a map F : S1 — Ss.

If F is a bijection and, given p € S, let u,v be local coordinates etcetera, and
UL o Fo®(u,v) is differentiable and the differential is invertible, then F is a
diffeomorphism.

8G:  9Gs
ar=( g 2% )
ov ov
So, we can say that if F' is a diffeomorphism, we have dF : T,(S1) —

Tr(p)(S2)

Definition 2.9 (First Fundamental Form). Let S be a regular surface. Let
E=d, Ou, F=0, -0, G=,-,.

Then, %2 = E%Q + QF%% + G%2, and so we define ds?> = Edu? +
2Fdudv + Gdv? as the first fundamental form.

Definition 2.10 (Orthogonal Parametrization). A parametrization is orthogo-
nal if (P, D) =0

Definition 2.11 (Isothermal Coordinates). Coordinates are called isothermal
if ds® = E(u,v) (du® + dv?)

Theorem 2.10. On a reqular surface, isothermal coordinates always exist.

Theorem 2.11. dA = VEG — F2dudv and does not depend on the coordinates.



Remark 2.2. For a graph z € f(x,y), f € C1,
1/2
ds? = (1+ f2)da® + 2, fydady + (1 + f2)dy* = |1+ V| dady

2.1 Rhomb Lines, or, Loxodromes
(Theory of discontinuous groups, loxodromic/automorphic forms.)
Definition 2.12 (Hyperbolic Metric). The metric on the Poincare half plane

is ds® = dl'zy%df, and is called the hyperbolic metric.

Theorem 2.12 (Hilbert, 1960s Efimov). If K < § < 0 an the 2-Manifold is
complete, then one cannot embed it in R3

Definition 2.13 (Rhomb Line/Loxodrome). A curve in S? is called a rhomb
line, or loxodrome, if and only if it intersects every meridian at a constant angle

3.

3 The Gauss Map

Definition 3.1 (Unit Normal of a surface). Let S be a regular surface. We
define the unit normal as N(u,v) = %

Definition 3.2 (Gauss Map). The Gauss Map is N : S — S? : p— N(p) and
dN : T, — TN(p)52 ~T,S

Definition 3.3 (Endomorphism). A homomorphism from a group into itself is
an endomorphism.

Theorem 3.1. The differential of the Gauss Map is an endomorphism.
Definition 3.4 (Ends). On the punctured sphere, the punctures are called ends.
Theorem 3.2. The map dN : T,S — T,S is a self-adjoint linear map.

Proof. Tt is clearly linear, so all we need is (dN(v),w)) = (v,dN(w))
We have the equations

<dN(¢’u)a (I)u> = <‘I)ua dN((I)u»

and
<dN((I)v)7 q>v> = <CI)U’ dN((I)v»

Thus, we only need to show that (dN(®,), ®,) = (®,,dN(P,)), that is

<8ﬂ 82) — <8£ c‘LN>
Ou’ dv/ — \ou’ Ov

We not that f(u,v) = (N,®,) = 0, so (N,,®,) + (N,P,,) = 0 and
(Ny, @) + (N, ®,,) = 0. Subtracting one from the other gives the result. O

Definition 3.5 (Quadratic Form). If A, is a matriz { d11 G12

, then we say
az1  G22

(Av,v) = Q(v,v) is a quadratic form.

Definition 3.6 (The Second Fundamental Form). II,(w) = —(dN(w),w) is
called the second fundamental form.

If w = 2®, + y®, then II,(w) = ex? + 2fxy + gy where e = —(N,, ®,),
f = _<Nuyq)v>; g = _<Nv7q)v>'



Definition 3.7 (Normal Curvature). If jw| =1, p € S and w € T,S, then we
call IT,(w) the normal curvature.

So, II,(w) = kcos@ where k is the curvature of a curve on the surface and
0 hte angle between N(u,v) and the normal to the curve at p.

Theorem 3.3 (Meusnier). Curves passing through p and having the same tan-
gent vector have the same normal curvature.

Proof. Let a(s) be a curve a : I — S in arclength parametrization, with «(0) =
p, &'(0) = w.
Note, that (N(s),a/(s)) = 0. Taking the derivative, we get (4¥ o/(s)) +

(N(s),a’(s)) =0, so kcosf = —(diis),a’(s» = —(dN(w),w)) = IL,(w) O

cos T . '
sin @ } = [ y ] Consider Q(cosf,sin@).

Then f(6) = acos? 8+ 2bcos @ sin § + csin® 6, if maxgep,2+) f(0) = f(0) then
b=0.
Proof. f(0) is periodic, so we look at it on [—m,n]. Then f/(0) =0, so f'(0) =
2bcos20|p—o =20 =0 O

Lemma 3.4. Let w = [

If this is the case, then Q(z,y) = ax? + cy?, so f(6) = acos?  + csin® § and
f(0) = a. Note f(7r/2) = c < a.

Notice now that f(#) = acos?# + c¢sin? @ > ccos? 6 + ¢sin? 0 = ¢, so ¢ is the
minimum value, and is at a right angle to a.

Application

Consider w € T,,S. w = cos P, + sin 6P,,.

—(dN (w), w) = ecos? @ + 2f cosfsinf + gsin® 6 = f(0), where

ON 00 ON 00 ON 0d
e=—(dN(®,),®,) = —<%, %%f = —<%7 %> and g = —<%7 %>

Assume that maxge(o,2+] f(0) = f(fo). Rotate the axes so that 6y = 0.
: li
So < —C(s)isnego :g;zz ) < Z > = ( ZL, ), so w = cos 0y P, +sin 0y P,. That
is, w = &, if §y = 0.
—(dN(w),w) = e, so we let w be orthogonal to w in T,,S. Now we claim that
w and W are principal directions. That is, —dN(w) = kjw and —dN (w) = kow.
k1, ko are called the principal curvatures.

Proof. Note that {w,w} is a basis for T),S. So we consider (dN(w),®). Recall
that w = ®,, and w = ®,. We claim that (dN(w),w) = 0.

b=0=fso f=(dN(P,),P,) =0.

dN(®,) = 1Py + 2Py, 50 0 = (AN (D), Py) = 1 (P, Pyy) + c2(Py, D).

We will now check that w,w are the principal directions:

Step 1: Let us call &, = e1,®, = e3. Choose the direction in the tangent
plane such that the quadratic form f() = ecos?f + 2f cosfsinf + gsin® 0
has a maximum in the direction § = 0. Then w(f) = e; cosf + easinf gives
—(dN(w), w) = ecos?f + 2f sinf cos f 4 gsin? .

Step 2: At p consider @, the orthogonal direction. What is f for the pair
{w,’LD}? f= O<dN((I)u)7 ¢v> = 7<dN(61)a €2> = 7<dN(w)a IZ)> =0.

Step 3: Note that dN(w) = cyw + cow, thus 0 = (dN(w), W) = ¢1{w, W) +
Co <’LD, 1I1> = C3. O



Definition 3.8 (Line of Curvature). A line of curvature C is a curve on S such
that for all points on C, the tangent direction is principal.

Theorem 3.5 (O. Rodriguez). A curve a(t) is a line of curvature iff % =
k(t)d!(t), where N(t) = N(a(t)).

Definition 3.9 (Gauss Curvature). The Guass curvature atp € S is K = kyks.

Definition 3.10 (Mean Curvature). The mean curvature if H = ¥k,
Definition 3.11 (Classification of Points). A point p € S is said to be elliptic
if K(p) >0, hyperbolic if K(p) < 0, parabolic if K(p) = 0 but either ki or ko is
not 0, and planar if ky = ko = 0.

3.1 Euler Formula

Let e, ez be principal directions, and pick v € T,S such that |v| = 1. Then
v = cosfe; +sinfes. That is, {eq, e2} is an orthonormal basis of T),S.
Recall: —(dN(v),v) =normal curvature k,, = K cos ¢. So we take

—(dN(ej cos@ + easinf), e cosl + e sin ) =

—(dN(e1)cosf + dN(ez)sinb, e; cosf + ez sinf) =

(k1 cosfeq + ko sinfeq, eq cosf + exsinf) = kq cos? 0 + kysin? 6 =k,

Definition 3.12 (Umbilic Points). A point p € S is said to be umbilic iff
ki(p) = k2(p)

At an umbilic point, every direction is principal.

Theorem 3.6. Let S be a connected surface with every point umbilic. Then S
is either a piece of a sphere or a flat plane.

Proof. =2 = —dN(®,) = k(u,v)®,, — ¥ = —dN(®,) = k(u,v)®,.

Now we look at afdg(‘b“) _ 9=dN(®y)
v

5 .
So 0 = k,®, — ky®,, so k, P, :uku@U. Thus, k, = k, =0, so k = c. By
connectedness, we have k = ¢ everywhere.

Now, if k = 0, then %—IX = %—]Z =0, so N(u,v) = Np, so S is flat.

If k =c#0, then f(u,v) = ®(u,v) + LN(u,v). Thus % =9, + 1 =9
and g—f) =, + %%—JX = 0. So f(u,v) = v, adn vy = ®(u,v) + 1N = vy —

®(u,v) = 1N, so |vg — ®(u,v)|> = %, so S is a part of a sphere. O

Theorem 3.7 (Liebman). If S is a surface for which K(p) =c >0, then S is
a part of a sphere.

Definition 3.13 (Asymptotic Direction). A direction v € T,,S is an Asymptotic
Direction iff (dN(v),v) = 0.

Definition 3.14 (Asymptotic Curve). A curve y(t) € S is called an asymptotic
curve iff v/ (t) is an asymptotic direction for allt € I.

Remark: If a point is elliptic, then there are no asymptotic directions.



Definition 3.15 (Minimal Surface). A Minimal Surface is a surface satisfying
%:Oforallpes.

Theorem 3.8 (Osserman). If S is minimal and complete, and S*\ N(S) is
open, then S is the plane.

Definition 3.16 (Conjugate directions). Let wq,wq € T),S. We say wq,wy are
congugate directions iff (AN (w1),we) = (dN(ws),w1) = 0.

Theorem 3.9. If w is an asymptotic direction, then w is conjugate to itself.

Theorem 3.10. If ey, es are principal, then they are conjugate.

3.2 Dupin Indicatrix
Givenpe S, 2 ={w € T,S : II,(w) = £1}.
Theorem 3.11. Z is the union of conics.

Proof. Let e, es be principal directions, then w = r cosfe; + rsin fe,.

I (w) = —(dN(w),w) = (rcosBkies + rsinbkaea, r cosfes + rsinfes) =
r2 cos? Ok, + r? sin? Oky = +1

Case 1: ky > ko > 0. Then 72 cos? 0k, + r2sin? 0ky = 1. Let £ = rcosd and
n =rsinf. Then £2k; + n?ky = 1, which is the equation of an ellipse.

Case 2: k1 > 0 > ko. Then k1&2 — |k1|n? = £1, so we get k1&2 — |k1|n? =1
and k1£2 — |ka|n? = —1, a pair of hyperbolas. O

3.3 Gauss Map in Local Coordinates

Note: dN (®,) = 2¥ = a1, @, +a12®, € TS, AN(®,) = 2 = ag @, +ane®, €
T,S.
a1l a2

with eigenvalues k1, k2 and eigenvectors
az1  G22

This gives a matrix (

the principal directsions.
Note det A = kiko the Gauss curvature, and tr A/2 = %, the Mean
Curvature.

<Nu,q)u> = —€ = a11E+a12F
(Nu, @p) = —f = anl' +anG
<Z\7v7 CI)u> = —f = a21E + GQQF
(No, @) = —g = anF +anG

. e f _ aill ai2 E F
The above equations tell us that — ( Fy ) = ( ) ( rc ),

so we get the following theorem:

Theorem 3.12.
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The Gauss Curvature is then K(p) = det( a2 ) Thus K(p) =
a1 Q22
cg—f*
EG—F?"
Now, recall that —dN(v) = kjv = kiIv, and —dN(w) = kow. So (dN +

kI)v = 0, and so, in the basis {®,, D, }, we have dN = ( Zu 212 ), AN+EkI =
21 @22

( ann +k ai2 )7 and so det(dN + kI) = (a11 + k)(azs + k) — ajzaz =
as1 as +k

k% —2kH + K where H is the mean curvature and K is the Gaussian curvature.

Thus, k = H & vVH? — K, and so, \/[kn|[ka| < F1lHE2l

3.4 Equations of Weingarten

E F\' G -F
F G) TEF\_-F E

And so, we have

P fF —eG
EG — F2

el —fE
“z =BG
_ gF-JG
@ T BG_F?
JF —gE

“@2 = pGg_p?

_ eG=2fF+4gFE
Thus, H = W
Theorem 3.13. If (u,v) is a parametrization, f = F = 0 and p is not an
umbilic point, then the coordinate curves are lines of curvature.

Proof. Recall the above matrix equation.
O(u(t),v(t)) = y(t), v = W@, +'®,. AN(y') = A(t)y along a line of

curvature.

dN(v") = dN(u'®,, +v'®,) = v'dN(®,) + v'dN(®,) = \/®, + ', =

v (a11®y + a12P,) + V' (a21 Py + a22®,) ,

so we must have a1t + a120” = M/ and ag1u’ + asv’ = M.
That is, LE=<Gu/ + %Z:J;GQ v = A(t)u' and EZ:QEQ u' 4+ ]fagj’#’; v = At
are the equations of lines of curvature in general.

Assume that f = F' =0, v(t) = ¢, then —% = A(%).

Now we assume that the coordinate curves are lines of curvature. As we are
at a nonumbilic point, we have (®,, ®,) = F' =0, and so the lines of curvature

are —e/E = A\ (t) and —f/G = 0. so f =0. O

Theorem 3.14. A necessary and sufficient condition for coordinate curves to
be asymptotic curves in a neighborhood of a hyperbolic point if e = g = 0.

11



Proof. II,(w) = —(dN(),7), ¥ (t) = w = u'®, + v'®,, so II,(w) = e(u')? +
2fu'v" + g(v')?, and we need this to be 0.

Assume u(t) =t and v(t) = ¢. Then e = g = 0.

Assume e = g = 0, then we have 2fu/v’/ = 0. Since eg — f2 < 0, we have
f#0,s0 u'v' =0, giving us the conclusion. O

Theorem 3.15 (S. Bernstein 1916). If S is a minimal surface such that it is a
graph and is defined Vx,y € R, then S is a plane.

This theorem was extended in 1966 by F. Almgren and E. DiGiorgi to three
dimensions, J. Simon in 1969 to n < 7 and E. Bombieri, E. DiGiorgi and Ginsti
proved, in 1970, that it is false for n > 8.

Theorem 3.16. If K > 0 at p € S, then the surface sits to one side of the
tangent plane at p.
If K <0 atp €S, then the surface sits on both sides.

Proof. ®(0,0) = p. (Py(u,v) — ®(0,0)) - N at (0,0) is
(u®y + 0Py + U Py + 2uvPyy + 7Py +...) - N

= U ( Dy, N) + 200 (@, N) + 0v2{(®y,,, N) = eu? + 2fuv + gv’+error It is
positive at p, so all is on one side.
The other part goes similarly. O

Theorem 3.17. Let M be a compact surface, OM = (). Then 3 at least one
elliptic point.

Remark: If M is compact and not homeomorphic to S2, then M will in fact
have both elliptic and hyperbolic points.

Proof. Pick zop ¢ M and consider a sphere Sg(xg). Claim: the first points
touched as the sphere is contracted are elliptic.

Let f(q) = |q¢ — wo|? for ¢ € M. f(q) achieves maxima at x1,.... Let
a(s) € M be any curve such that «(0) = z1. Then consider g(s) = |a(s)—zo|* =
(a(s) — xo,a(s) — ).

Note ¢’(0) = 0 and ¢”(0) <O0.

g'(0) = 2(c/(0), a(0) — xo) = 2(c’(0), 21 — zp) = 0, so x1 — ¢ is normal to

M at x7.
9'(s) = 2(c/(s), a(s) = xo), g"(s) = 2(a"(s), a(s) — wo) + 2(a’(s), &/ (s))-
9" (0) = 2{« ”( ),x1 —x0) +2 < 0, so {(&”(0), N(0)) < —1. We recall that
I, (d/(s)) = =%y, /(s)), where G = Z(N(a(9))).
(N,a"), so IL,(x1) < —1, so the principal curvatures are

(G«
But —(‘9—N =
less than zero, so elliptic. O

4 Intrinsic Geometry of Surfaces

Let S1,S3 be surfaces, ¢ : S; — Sy a diffeomorphism. Take p € S; and a
coordinate neighborhood of p.

Look agt @, ' o po®, : V C R = W C R? : (u,v) — (f(u,v),g(u,v))
fu fo
Gu Gv

where fu, fv, Gu, gv €xists and are continuous, with ( invertible for

all (u,v) € V.
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Then ¢ is a diffeomorphism and if f,g € C*° then it is a smooth diffeomor-
phism.

Definition 4.1 (Isometry). An isometry is a map ¢ : S; — Sa such that ¢
is a diffeomorphism which preserves the inner product, that is, (v,w)r,s, =

<d§0(v)’ d@(w»Twp) Sa -

Remark: if (dp(w),dp(w)) = |w|* Yw € T,S, then {(dp(wi),dp(ws)) =
{(wy,ws). This is becuase |dp(w)|? = |w|? gives {dp(w; + ws), dp(wy + ws)) =
<’LU1 +’LU2,’LU1 +’LU2>

Thus, (dp(w), dip(wn)) + (dp(ws), dip(ws)) + 2dp(wr), dp(ws)) = fun ] +
|w2|2 + 2<w1, w2>.

Definition 4.2 (Local Isometry). Given two regular surfaces and a map ¢ :

Fu fo ) is invertible for
Ju  Gv

all (u,v) €V, and Vp € Sy, Vi C S a neighborhood of p and a corresponding
neighborhood Va of p(p) in Sy such that ¢ : Vi — Vs is an isometry.

S1 — Sy such that ¢ is a smooth map, Jac(p) = (

Theorem 4.1. Let ®:U — 51, ®:U — S,. Then E=E, F=F, and G =G
iff @ Lo®:U — U is a local isometry.

Proof. Let v € Tp,S1 and w = a®,, + b®,,. Let a(t) C Sy, with 4 |,_o®(a(t)) =

w.

%hzoé(a(t)) = ad, + bd, = d¥(w)

[d¥W)[* = {d¥(w), d¥(w ) = la®y + b8, > = a*(Py - Bu) + 2ab(Dy - Do) +
b3 (@, - ) = a*E + 2abF + b*G.

As E=E, F=F and G = G, we have a®E + 2abF + b*G = |w|?.
The converse is trivial. O

Definition 4.3 (Conformal Mapping). Let ¢ : S1 — Sy be a diffeomorphism.
If (dp(w1), dp(wa))T, () 55 = AN (p) (w1, wa) 1,5, then ¢ is conformal.

Theorem 4.2. Two regular surfaces are locally conformal.

Theorem 4.3 (Chow). Assume H C CP" a complex analytic manifold. Then
H is an algebraic variety.

4.1 Christoffel Symbols

Consider a regular surface S, ® a local chart and ®,, = a®, + 0, + cN =
(Pur, — ( Py, N)N) + (D, NYN.

So ¢ = e from the second fundamental form, and a and b are called Christoffel
Symbols.

Definition 4.4 (Christoffel Symbols). We write ®,,, = I't;®, +T2,®, +eN,
Doy = TPy + T3Py + [N, and, By, = Thy®, 4+ 3,8, + gN and we call T'};
the Christoffel symbols.

As @, = &, we have Fk =T"% and so there are six Christoffel symbols.

i
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Lemma 4.4. There are formulas for the Christoffel symbols in terms of E, F
and G and their derivatives.

Proof. By taking inner products, we get equations of the form (®,,,®,) =
%Eu =T1,E +T% F, etcetera. By Cramer’s Rule, we can solve for the I‘fj. O

Now, Gauss’s equation implies the Theorema Egregium, and we will also
demonstrate Codazzi’s Equation.

Theorem 4.5 (Gauss’s Equation). Assume that E # 0. Then we have
—EK = (If))u — (T11)o + T1I'%; + (T1,)? = TH TS, — THTT

Proof. Observe that (Pyy)y = (Pusv)uy (Pov)u = (Puw)e and Nyp = Ny

So we have (P )y —(Puy)w = 0, we can write this as 41 P, +B1P,+C1N =0,
and since ®,,®,, N are linearly independent, A; = B; = C; = 0. So we
start with ®,, = I'l;®, + I'?,®, + eN and ®,, = I'l,®, + I'%,®, + fN,
and 80 (Pyu)y = ([1)u®u + (T%1)s Py + e, N + T @y + T2 Py, + eN,, and
((I)uv)u = (F%Z)uq)u + (Ffz)v(bv + fulN + F%Q(I)uu + F%2(I)uv + fNy.

We focus on Bj, the coefficient of ®,,, and it is

((Fﬁl)v — (T3)u + [ I3, + 3,15, — T1,I%, — F%zrfz) ¢, =0
O

Corollary 4.6 (Theorema Egregium). The Gauss Curvature of a surface is
invariant under a local isometry.

Proposition 4.7 (Codazzi-Mainardi Equations). e, — f, = el'ly + f(I'3, —
Tiy) —gT% and f, — gu = L3y + f(T3, —Tiy) — g%,

Theorem 4.8 (Bonnet’s Theorem). Given E,F,Ge, f,g and EG — F? > 0
which satisfy the Gauss and Codazzi-Mainardi Equations, then there exists a
map ® : (u,v) € U C R? — R? such that ® defines a reqular surface with
first fundamental form Edu? + 2Fdudv + Gdv? and second fundamental form
edu® + 2 fdudv + gdv?.

Additionally, this surface is unique up to rigid motion.

Definition 4.5 (Orthogonal Parametrization). A parametrization is orthogonal
iff F=0.

4.2 Parallel Transport

Given a tangent vector field on U C S for each point, p € U, there exists
w(p) € T(S).

Let « : [—€,€] — U be a regular curve such that «(0) = p and /(0) = v €
T,S. Consider w(«a(t)), and also dw/dt.

The covariant derivative % (or V,w, or D,w) is the orthogonal projection
of %’ back to the tangent plane.

Note that this defines a map D, : T,S — 1,8

Let ®(u(t),v(t)) = a(t). Then w(u,v) = a(u,v)®, + b(u,v)®,, and %’ =
(aut + ayv) @y + a( Pyt + Doy v”) + (bt + by ") @y + b( Pyt + Dyyyv’). This,
after some manipulation, is equal to

(autt + ayv’ +al'fju’ + al' v’ + bu'Ti, + b'Th,) @, +
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(byu’ + byt + a2, + al2,0" + bu/T2, + bu'T2,)®, + cN)

The Levi-Civita Connection is our covariant derivative, and we set Dy X —
DxY =[X,Y].

So D,w doesn’t depend on w or v, just the tangent directions.

From this formula, all that matters is the value at zero of u,v,u’,v’. The
curve «(t) is irrelevant, and things only depend on the first fundamental form
Do 2 =Tko,,.

Bz Oz

! A
Dy, yva,w=Dys, w+ Dyeo,w=uDg,w+v D, w

Definition 4.6 (Parallel). the tangent vector field w(t) is said to be parallel
along a(t) iff Dorpyw =0

Theorem 4.9. Let X (t),Y (t) be two parallel vector fields along a(t). Then
| X (@), Y ()], (X(t),Y(t)) are all constants.

Proof. (X (1),Y(t)) = (X, V) +(X, 4X). AsY is tangent, we have (4 V) =

— \dt > ) dt dt
(Do X,Y) and so (Do X,Y) + (X, DoY) = 4(X,Y). By hypothesis, this is
zero, and so (X,Y) is constant. O

Definition 4.7 (Geodesic). A curve a(t) in S is a geodesic iff Dy o/ (t) = 0.
Remark 4.1. As Dy o/ (t) = 0, we have |o/(t)] = ¢, and so t/c = s is the

arclength, so a(t/c) = B(t) is the arc length parameterization.

F(t) = o (t)fe = || = LJo'| = c/e =1

If X(0) =w and Dy X = 0, then this differential equation is solved by the
solution to

a +au'T?, +av'Tl, + bu'T}, + b'Th, =
V +au/'T? + av'T2, + bu'T2, + b'T2, =

Set a = v',b = v'. Then X = a(t)®, + b(¢)®,, and we have a system of
equations called the geodesic equations:

u” + ()T, + 20/ 0T, + (V)°Ts, = 0
v+ (u)?TE 4 20T, 4+ (V) T2, = 0

For a surface of revolution, this simplifies to «” 4+ 2u'v'f'/f = 0 and v’ —

ff)? =0

Theorem 4.10. If U is a lcoal isometry between S1 and So, then geodesics are
mapped to geodesics.

Proof. Consider the geodesic equations for (u(t),v(t)). A local isometry will
preserve the first fundamental form. Thus, a local isometry will preserve the
geodesic equations. That is, the curve has the same image in R? and the
Christoffel symbols are the same. O
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Theorem 4.11 (Picard). Given a point py € S and v € T}, S, there exists a
unique geodesic a(t), a(0) = po and &/ (0) = v fort € (—e¢,€).

Proof. This follows from the existence and uniqueness theorem for 2nd order
nonlinear ODEs. [

Theorem 4.12. If Sy, are tangent along T', then covariant derivative along
T" is the same for Sy and Ss.

Theorem 4.13. Let F : S — S and assume that F is an isometry. Assume
that Fix(F) = {p|F(p) = p} is a reqular curve. Then Fix(F) is a geodesic.

Proof. Let pg € Fiz(F) and v'(pg) = v.

By previous theorem there is a geodesic a(s) such that a(0) = pg, ¢/(0) = v.
o = Foais also a geodesic as F' is an isometry. Moreover, o(0) = py and
o'(0) = dF(d’(0)). So F(vy) =« and so dF(a/(0)) = &/(0) = v. Thus, a = o,
and so o C Fiz(F), so a = 7. O

We are working towards the local Gauss-Bonnet Theorem, and Clairant’s
Theorem/Relation.

4.3 Algebraic Value of the Covariant Derivative

Assume that we fix an orientation for U C S, we have determined N. Let
w(t) € T'S a tangent vector field with |w| = 1. We define [22] = [D,w] = A(t),
where Z% = X\(t)N A w.

Note that N A w is always a unit tangent vector.

Definition 4.8 (Geodesic Curvature). Let a(s) be a regular curve parameterized

Do’
ds

by arclength. Geodesic curvature is kg = [

Remark 4.2. k, =0 iff a(s) is a geodesic.

So given a regular curve «(t), and |v(t)] = |w(t)|] = 1, v,w € TS then
[%] — [%] = % with ¢ the angle between v and w.
k? = ky + k2.

Lemma 4.14. Let o : I — S be a regular curve. Let v(t),w(t) be a fmaily
of unit tangent vectors along «. Then [%} — [%} = % where ¢(t) is one

determination of the angle from v to w.
Proof. Construct o = N(t) Av(t). Now w(t) = cos ¢(t)v(t) + sin ¢(t)v(t). Also
w'(t) = —sin p¢d'v 4 cos pv’ + cos ¢P'v + sin P’

Note that (w’,w) =0 as |w| = 1.

Form @ = N Aw and [Z2] = () where B2 = A(t)N A w.

So A(t) = (42, N Aw) = (42, w) and N Aw = © = cos N Av+sin pN A v =
Cos v — sin ¢u.

So we have

(—sin ¢¢’v + cos pv" + cos @'V + sin @', cos pv — sin pv) =
cos? p(v', ) + cos? p¢’ +sin? ¢’ —sin? ¢(v’,v) = (W, V) +¢

And so [B2] = (v,0) + o = [32] + &' .
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Lemma 4.15. Assume (u,v) are orthogonal parameters for S. Let w(t) be a
unit tangent vector field along ®(u(t),v(t)) = a(t). Then

Dw 1 dv du do
— | T T w3, Evi .
[ dt ] WEG {G dt dt] 47

where ¢(t) is the angle between ®,, and w(t).

Proof. Choose v(t) = ®,/VE. We compute 22, then find (%, N Av) = [D2].

dl _ (Duu dt +©uv dt + ii
dt VE “dt VE
W NAYY = L (Bt + B!, N A DY)
dt v = E uulW uvU u
= i(@ NA® >u’+l<<1> NA®)
- E uuy u E uvy v
G D, D, G i} i}
= ,/ r? N A ’+4/F2< L NA “>d
“<\f \f> PA\Va@ VE
\/5
= 2o + 120
\/E[ 11 12 ]
And so the result holds. O

Definition 4.9 (Triangle). A triangle T C S is a region such that

1. T is homeomorphic to a disc

2. 0T must be a piecewise reqular simple closed curve having three vertices

Definition 4.10 (Triangulable). A surface is said to be triangulable iff there
exists a family F of triangeles {T;} such that

1. S =UT;
2. If T; NT; =0, then they only share a common vertex or edge.

Theorem 4.16 (Radd). A regular surface is traingulable.

One can define F' — E 4V for a triangulation to be the Euler characteristic.
This is a topological invariant.

Fact: In the traingulation, you can always arrange it so that each triangle
is in a local chart.

We define the genus ¢ to be the number of holes or handles attached to a
sphere to get the surface, and x(S) =2 — 2g.

Theorem 4.17. For a surface of revolution

1. Meridians are geodesics
2. Parallels of lattitude with f'(ug) =0 are geodesics.

3. Other geodesics intersect parallels with angel 6, and ¢ = f(us)6 is constant.
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Proof. The geodesic equations are uf + 2Tf/u’1u’2 =0and uf — ff'(u})?=0.

1. On a meridian, u; = a is constant, and uy = t. So then we have a” +
26/t =0, and 0 — ff'0 = 0, which are both zero, and so the meridians

f
are geodesics.

2. On a parallel, u; = t,us = a, and so we need to have ff' =0, and f # 0,
so f' =0.

3. Let (u(t),v(t)) be a geodesic with arclength parameterization. That is,
a(t) = ®(u(t),v(t)) and |/ (¥)| = 1 = |®,u'+P,v'|. On a circle of latitude,
B(t) = (f(a)cost, f(a)sint,g(a)) and B'(t) = (—f(a)sint, f(a)cost,0).
So | (a)] = f(a), and so cos® = &/ (¢) - |g:8| Thus, cosf = (P,u’ +
®,0') - (sint, cost,0).

So cos = (Do, u) + Py ub) - % = %uﬁ = fu}, and so cos @ = fuj,

which menas we have fcosf = f?u/. By the geodesic equations, we have

that uf + 2ffl((;‘22)) uhuh = 0, so f2ulf + 2f fulub = 0= (f2u}).

O

Lemma 4.18. If a geodesic has been parameterized by arclength, then du, =
cdusg

Fu2)(F2(uz)—c2)'/?

Definition 4.11 (Simple Region). A simple region R C S is a region R which
is homeomorphic to a disc in R? and OR is piecewise reqular and simple.

Theorem 4.19 (Local Gauss-Bonnet). Consider a simple region R C S. As-
sume a positive orientation for OR =17 +Ts+ ...+ 1,,. Then

Z/ kg(s)der// Kd0'+zai:2ﬂ'
i=1 /T R i=1

where O, is the exterior angle between I'y and T'ky1.

Theorem 4.20 (Global Gauss-Bonnet). Given any region R with boundary OR
(which may be empty), then

;/F k;g(s)ds+//RKda+§:9i:27rx(R)

Corollary 4.21. If S is a compact surface, then

/ /S Kdo = 2mx(S)

We will prove the local result first, and we will need the following;:

Theorem 4.22 (Turning Tangents).

Z(¢(ti+1) —o(t;)) + Z 0; = 2w

Now we prove Local G-B
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Proof. First we recall that we can choose an orthogonal coordinate system ds? =

2 2 G B,
Edu® + Gdv®. So now K = 2@ K\/i> + (\/ﬁ)u}
Now we assume that R is in our orthogonal coordinate chart.

So then

//RKda://RK(um)@dudv://R_% <8‘9u <%>+i(¢%>>dwv

Then, by Green’s Theorem, we have that —3 fBR ( T ) ds

VEG ds VEG ds
Recall that [%] = 2@ (Gu ;h; E, ds) + flif where ¢ is the angle from

®,, to w(s) along a(s). Apply this to w = o/, then
1 G, dv G, du
[ Kd h W M g
/R 7 2~/8R(\/EGd5 \/EGd5> ’
1 deo
= QZ/l“ikg<s>ds_Z/1“idS

il/r %fds = //deo+§/ri kg (s)ds

And so Y ¢(tis1) = [[r Kdo+377, [r. kg(s)ds, and so 35 é(tit1) —
¢><z)+291—27r—fRKo+Zz:1 g(s)ds + 30 m

Theorem 4.23. Let R C S, and let OR be bounded by C1,...,C,, piecewise
reqular curves. Let 0; be the external angles at the vertices v; on C;. Then

Z% ds+//KdJ+ZQ—27rX

where x(R) = F — E4V for any triangulation and C; has positive orientation.
Proof. We traingulate R into T; with UT; = R. For each T; we have

g/cmkg(s)ds—l—// Rdo + Zok_% (1)

’Lk 1
If we sum (1) over all the triangles, we get 32", [ ky(s)ds + [[ Kdo +
25:1 22:1 O, = 27F.

We now must analyze Zf;l 22:1 0;,. We rewrite as interior angles, 6 =
T — ¢ with ¢; the interior angle, and so Zf;l Zzzl(ﬂ' — i) = 221(27r -
22:1 (bzk) .

This is equal to 3w F — Zf:l Zi:l ¢ir. Call E, the number of exterior edges
and E; the number of interior edges, and define V. and V; similarly.

Fact: 3F = 2E; + E,. And so 3nF = 2nE; + wE,., which means we have
2rE; + 7E, — Ef;l 22:1 ¢iy = 2rE —mE. — > > ¢ik, and as B, = V,, we
have 27E — 7wV — > > i = 20E — 7wV — 20V = ", bk

The exterior triangulation splits into two pieces. So we note that ) . ¢ir =
> vert of 7, T 2vert of ¢, = TVer+2 m—0; = aVer+mVee—3_0; = nVe—3_0;,
and so the formula gives 27 E—27V 43" 6;, and so we establish the theorem. [
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Corollary 4.24. If S is compact and dS = 0, then [[; Kdo = 2mx(S)

Corollary 4.25. A compact surface with positive curvature is homeomorphic
to S2.

Proof. [[¢Kdo > 0= x(S) =2 O
Corollary 4.26. Let K5 <0, S compact and S =0, then [[; Kdo.
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