1 Point Set Topology

Definition 1.1 (Metric Space). (X,d) is a metric space iff d : X x X — R
a metric such that:

1. d(z,y) = d(y,z) > 0
2. d(x,y)=0iff v =y
3. d(z,y) + d(y, z) < d(z, z).

eg. R" = (z1,...,2,), y = (Y1,--.,¥Yn) and (x,y) = > x;y; is the dot
product. d(z,y) = /S (x; — )2 = (x —y,x — y)/2.

2 ={z = (x1,...)} with 3" 2? < co by the same metric.

0 ={z = (21,...)} with }_|2;| < oo and d(z,y) =Y, |z — vl

Lemma 1.1 (Cauchy Inequality). Let z,y € R™. Then |(z,v)| < ||z|||ly|l and
Izl = (z,2)"/2.

Proof. Take t € R. Then (tz + y,tz + y) = t?||z||* + 2t(z,y) + |ly||* > 0 for all
t. Assume, without loss of generality, that x # 0.
We call the left hand side ¢(t) because it is a quadratic polynomial in t.
q(t) = 0 cannot have two distinct real roots iff the discriminant of ¢(x) is < 0.
So 4(z,y)? — 4[|z||?||ly||*> < 0, done. O

Definition 1.2 (Open Ball). Let (X,d) a metric space. Yo € X,y € Rso we
have the open ball B, (z) = {y € X : d(z,y) < v}.

Definition 1.3 (Open Set). An open set in (X,d) is a union of open balls.

Definition 1.4 (Cauchy Sequence). A sequence {x,} in (X,d) is Cauchy if
Ve > 0, AN € Z>¢ such that when Vn,m > N then d(zy, Tn) < €.

Definition 1.5 (Complete). A metric space (X,d) is complete if every Cauchy
sequence converges.

Lemma 1.2. If limb, = ¢ in X then lim f(b,) = f(q) for f a contracting
mapping.

Proof. d(f(bn), f(q)) < Ad(bn,q) — 0 L

Theorem 1.3 (Contracting Mapping, CMT). Suppose f : X — X and (X,d)
is a complete metric space such that IX € [0,1) with d(f(z), f(y)) < Ad(z,y)
for all z,y € X. Then there is a unique p € X such that f(p) =

Proof. Uniqueness is clear, because if f(p) = p and f(q) = ¢ then d(p,q) =

d(f(p), f(q)) < Ad(p, q) so d(p,q) =0.
Pick any point a; € X. Define an+1 = f(a,). Claim: This sequence is

a
Cauchy. Look at d(apt1,an) = d(f(an), f(an—1)) < Ad(an,an—1). Define a,, =
d(ana an—l)



By the ratio test for series, > a,, < 00. So Ve > 0, 3N such that m > n > N
implies Z?i:f a; < e and it is equal to d(an,ant1) + ... + d(am-1,am) >
d(an, ay,) by the triangle inequality.

So for (X, d) complete, lim,, o0 @y, = p.

By Lemma 2, we have f(p) = lim f(ay,) =lima,+1 = p. O

e.g. If f:[a,b] — R satisfies | f'(z)| < X for all z € [a,b] then |f(z)— f(y)|
Az —y| for all x,y € [a, D]

IA

Theorem 1.4 (Newton’s Method). Suppose f : [a,b] — R is C%-smooth (that
is, f" exists and is continuous) and f(c) = 0, f'(c) # 0 for some ¢ € (a,b).
Then, Je > 0 such that Yx; € (¢ — e,c+€), and Tpi1 = Tp — F@n)  then

f(wn)
limx, = c.
Proof. Let g(x) =2 — %
Choose € > 0 small such that f'(z) # 0 in [c — €, ¢ + €] and ‘%ﬂ;;gw <3

infc—ec+e.
’ 2 " 1"

Now in [c —e,c+¢], g'(z) =1— 1L (@) ;,{gz)f @ — f(;,)(f;)g‘”) so |¢'(z) <
in [c—¢€,c+e. Solg(z) — g(y)| < 3|z — y| so contracting, and g(c) = ¢ so
gle—e€,c+€ Cle—¢€c+e.

Using the closed interval, by the CMT for 1 € [c—¢, c+¢€] and 2,41 = g(zy,)
converges to c. U

=

Topological Spaces

Definition 1.6 (Topological Space). A topological space (X,.7) where T is a
collection of subsets of X called open sets such that

1. § and X are open
2. ifUs € T forael thenJ,c;Ua €T
3. ifUr,...,U, € T then(\_ Ui € T.

(X, d) is a topological space with open sets the union of open balls.

Example: Quotient Topology: Suppose X is a topological space and R is
an equivalence relation on X. Let the set X/R = {[z] : € X} be the set of
equivalence classes, and ¢ : X — X/R be the quotient map of sets.

Definition 1.7 (Quotient Topology on X/R). U C X/R is open iff ¢ *(U) is
open in X.

Definition 1.8 (Compactness). (X,.7) a topological space is compact if every
open cover % ={Uy :a € I} C T where |JU, = X has a finite subcover.

Theorem 1.5. If f : X — Y a continuous onto map and X is compact then
Y = f(X) is compact.

Proof. This follows trivially from the definition. U



Theorem 1.6. Suppose X is a compact space and Y C X is closed. Then'Y
18 compact.

Proof. Take any open cover of Y, V = {V,}. Let U = VU{X \ Y} be an open
cover of X. X is compact, so it has a finite subcover, {V4,...,V,} U (X \Y)
and {Vi,...,V,} covers Y. O

Theorem 1.7. X is compact Hausdorff and Y C X a compact subspace. Then
Y s closed.

Proof. Goal: X \'Y is open, i.e.,
For all z € X \'Y there is an open set U C X such that x e U C X \ Y.
Fix z, Vy € Y, Hausdorff implies that 3 disjoint open sets Uy, V, such that
yeUyand z €V, {U,:y €Y} open cover of Y.

As Y is compact, we can find a finite subcover, Uy,,...,U,,.
U = nNl,V,, is an open set containing = and missing all U,,’s. So U C
X\Y. O

Theorem 1.8. Suppose f: X — Y is continuous, injective and surjective with
X compact and Y Hausdorff. Then f is a homeomorphism, that is, f~' is
continuous as well.

Proof. f~1:Y — X is well defined, and it is continuous if and only if YC C X
closed, (f~1)71(C) is closed in Y.

Take closed C' C X. As X is compact, C is compact. f continuous means
that f(C) is a compact subset of Y, and as Y is Hausdorff, then f(C) is closed
inY. O

Applications

Notation: X is a topological space, A C X, then X/A = {[z] : * € X} with
the quotient topology. ¢ : X — X/A is the quotient map, g(x) = [z].

Quotient Topology: U C X/A is open iff ¢~!(U) is open in X.

1. Show that [0,1]/0 ~ 1 ~ St.

[0,1] compact, so [0,1]/0 ~ 1 is compact, and S' is Hausdorff.

Consider h : [0,1] — St : t — €™ H is onto and continuous such that
|h=Y(p)] =1 for p# 1 and for p = 1 it is 2.

In particular, h induces a one-to-one, onto map [0,1]/0 ~ 1 — St f([t]) =
h(t). Claim: f is continuous.

0,1 =L 0,1]/0 ~ 1
by

Sl
Take U C S* open. h™Y(U) = (foq)"Y(U) = ¢~ (f~1(U)). Now h contin-
uous implies h~1(U) is open so ¢~ *(f~1(U)) is open, and as we are using the
quotient topology, f~1(U) is open.
2. B"/0B™ ~ S™. Prove for homework.



Lemma 1.9 (Lebesgue Lemma). (X,d) is a sequentially compact metric space
and % = {Uy : a € I} is an open cover of X. Then Je > 0, sometimes called
the Lebesgue number of U , such that Vx € X, Bc(x) C U, for some .

Proof. Suppose otherwise. Vn € Z~g, € = %, then 3z,, € X such that Bi (z,) ¢
U, for all a € 1. "

X sequentially compact implies that 3z,,, - p e X

% is an open cover = 33 € I such that p € Ug. Also, Ug open = 36 > 0
such that Bs(p) C Ug.

Now take n; large such that ni < $. Thus, B. C B; (zn;) C Bs(p) C Upg.
Contradiction. ' O

Theorem 1.10. Suppose (X, d) is a metric space. Then (X,d) is compact
if and only if every sequence in X contains a convergent subsequence (ie, is
sequentially compact).

Proof. =: Suppose otherwise. Then 3 a sequence {x,} in X without any
convergent subsequence.

Claim 1: Vz € X, Je, > 0 such that B (z) contains only finitely many of
xy’s. Then, {Be, (z) : * € X} is an open cover of X, and X compact implies
it has a finite subcover, Be, (21),..., Be,, (zn). So there are only finitely many
x;’s in each of finitely many balls, so there are only finitely many in the union.
However, the balls form an open cover, and so their union is X, thus, there are
only finitely many x;’s, contradiction.

<: We will use the Lebesgue lemma. Suppose otherwise, then 3 open cover
U ={U, : a € I} of X without any finite subcover.

Let € > 0 be the Lebesgue number of %. Construct the sequence {z,}
as follows: Take z; € X. Then 3U,, such that Be(xz1) C Uy,. Uy, # X
by assumption, so we choose x, ¢ U,,. Then 3U,, such that B.(z2) C U,,.
Inductively, we find z, 41 € Uy, U...UU,,,.

Claim: d(xp,Zm) > € for n > m. Otherwise, d(z,,z,,) < € if and only if
Ty € Be(xm) CU,,,, but x,, ¢ Uy, U...UU,,_,. Contradiction. O

Theorem 1.11 (Tychonoff). The product of compact spaces is compact.

e.g. X compact in R™ if and only if X is closed and bounded if and only if
X C [—a,a]™ for some a, which implies the first by Theorem 5 and Tychonoff.

Definition 1.9 (Disconnected). A topological space X is disconnected if X =
AU B where A,B#0, AN B =10 and both are open.

We say {A, B} is a separation.

Otherwise, X is connected.

Theorem 1.12. If f: X — Y onto and continuous and X is connected then
Y is connected.

Proof. If not, then Y = AU B is a separation. Then f~}(A)U f~1(B) = X is
a separation of X. Contradiction. O



Theorem 1.13. [0,1] is connected.

Proof. If not, then [0,1] = AU B is a separation with 0 € A. B = A° implies
that B is closed, and A must also be closed by the same argument.

Consider t = inf{x € B}. As B is closed, t € B.

B is open, so t > 0 and Jde > 0 such that ¢t — e € B. Contradiction. O

Definition 1.10 (Path Connected). A topological space X is path connected if
Va,b € X, 3 continuous map f:[0,1] — X such that f(0) =a and f(1) =b.

Theorem 1.14. If f : X — Y is continuous and onto and X is path connected,
then Y is path connected.

Theorem 1.15. Path connected implies connected.

e.g. R?\ {0} is path connected. In fact, path-connected for R™\ {0}, n > 2.
e.g. S™ for n > 1 is path connected.

2 Manifolds

Definition 2.1 (Topological Manifold). M™ is a topological n-manifold if M™
1s a Hausdorff space with a countable basis such that Vx € M™, 3 an open set
U containing x and a homeomorphism ¢ : U — V open R™. We call U, d) a
topological chart.

X=(Rx{0}UR x {1})/(x,0) ~ (x,1) for z < 0.

’

7

This is not a manifold.

e.g. Open set ) C R™ with chart (£, id).

R™*™ ig the space of all n X m matrices.

GL(n,R) is all n x n real matrices A with det A # 0. det : R®*"™ — Ris a
polynomial, and so is continuous.

GL(n,C) is similar, except it is connected.

Definition 2.2 (Smooth Manifold). A smooth manifold M is a topological man-
ifold with a special collection of charts (smooth charts). F = {(Uq,pa) : a € I}
such that

1. UUy =M



2. If Uy NUg # 0 then the transition function ¢po ¢ '+ ¢o(Uy NUB) —
#s(Us NUg) is C° (smooth).

We call (Uy, ¢o) smooth charts for M.
examples
1. U C R™ is open, then there is one chart (U, id).

2. If M™ is a smooth manifold and U C M™ open then U is smooth with
smooth chars {(Uy NU, ulu : oo € I}

General linear groups on R and C.
Crn=A{(z1,...,2n) 1 7 # zj for i # j} C C open
The space of all circles in R2.

Space of all lines in R2.

NS e w

Graph of a continuous function f :  — R! with Q C R? open with one
chart, (Q, ).

8. S™ with two charts, let N = (0, ,1)and S = (0,...,0,—-1). Uy =
S"\{N} and Ug = S™\ {S}. PN UN — R™ by stereographlc projection.
South pole similarly. ¢n o @g' : R™\ {0} — R™\ {0} is = — Rl 1
smooth, in fact, real analytic.

Remark: det D(¢n o gagl) < 0, that it, the transition map reverses orien-
tation.

Definition 2.3 (Smooth Structure). A smooth structure on a smooth manifold
mazximal collection F satisfying the smooth manifold conditions.

Definition 2.4 (Smooth Function). If M, N smooth manifolds, and f : M — N
continuous, we say f is smooth if V smooth charts (U, ) of M and (V,) of N,
we have 1 o f o @~ is smooth.

Definition 2.5 (Diffeomorphism). We say that f is a diffeomorphism if f is a
smooth homeomorphism such that =1 is smooth as well.

f:R—R:2+— 2% is a homeomorphism, but not a diffeomorphism.

Take M = GL(n,R) and f : GL(n,R) — GL(n,R) : A — A7' g :
GL(n,R) x GL(n,R) — GL(n,R) : (4, B) — AB, h(A) = det A are all smooth
maps. (in fact, all rational functions in the coordinates are)

Inverse Function Theorem

Recall the following:

Definition 2.6 (Differentiable Function). Suppose U is open in R"™ and F :
U — R™ is a map. We say F is differentiable at a € U if 3 linear map A : R™ —
R™ such that F(a+t) = F(a) + At + e(t) for t small where lim;_,q ”T‘(tH)H =0.
We say A = DF(a).




eg: f(A) =det A:R"*"™ — R. What is DF(A). (hint: ad(A))
eg: Define F': GL(n,R) —» {A: A= AT} : X — X . Xt
Show that DF(A) : R**" — R(*(+1)/2 ig always onto.

Proof. Let T € R™ ™ small. Then F(A+T) = (A+T)(A+T)" = AA' +
TA! + AT* + TT?, so DF(A) : R™*" — ROX(+0)/2 .7y TA 4 AT, For
any B € R"*("t1)/2 with B = B*, 3X € R"*" such that B = X A" + AX?. As
B = B/2+ B'/2, we can solve B/2 = X A" and find X = 1 B(A")~!. Note, this
solution is not unique. O

Recall the following definition:

Definition 2.7 (Norm of a Matrix). If A : R™ — R™ is a linear transformation,
then || A|| = max{||Az|| : ||| = 1}.

Lemma 2.1. If f : some ball in R™ — R™ a C' function so that |Df'(z)|| < M
in the ball, then || f(x1) — f(x2)|| < M||x1 — x2]| for x1, 22 in the ball.

Proof. Let g(t) = f((1 — t)xy + txs), then f(x1) — f(x2) = ¢(0) — g(1) =
g'(¢)(0 = 1) = —¢'(c) for some ¢ € [0,1].

By the chain rule, we know ¢'(c) = Df((1—t)z1 +tx2)- (22 —x1) so || f(z1) —
F@)ll = Il = IDFE) 2 — 20l < [DFE s — 21]l € M2z — 1]l O

Theorem 2.2 (Inverse Function Theorem (IFT)). Suppose U is open in R™
and f : U — R™ is C' smooth and D f(a) is invertible for some a € U. Then
3 neighborhood V' of a and W of f(a) in R™ such that fly : V. — W is a

one-to-one onto map and g = (fy)~* is CL.

Proof. For simplicity, we assume that a =0, f(a) = 0 (after translation).

We may assume Df(a) = I after replacing f by Df(a)~!o f.

Choose v > 0 small so that on the ball D = {z € R" : ||z|| < v} such that
|Df(x)—I|| < 5, dueto Df(0) =1, f€C

Put w(z) = f(z) — x, Dw = Df(z) — I, so ||Dw(z)||

Lemma 1= [[w(z 4+ h) — w(z)|| < $||h[|, Yo,z + h €

1f@ +h) — f(@) — b < S]], Voz + h e D.

Take W = {z ¢ R™ : ||z]| < 2}

Claim 1: W C f(D)

Claim 2: f|p : D — R" is one-to-one.

To see claim 2, we take x,z + h € D such that f(x + h) = f(x). This gives
|h] < 3||R[l, so b =0, thus z = z + h.

To prove 1, Take y € W. Consider u(z) = x — f(z) +y : D — R™. The fixed
point of & = u(z) solves £(z) = y. ||u(z1)—u(ws)|| = 01— 22+ £ (52) — F(1) | =
(@1 + (22 = 21)) = f(21) — (22 — 21)[| < 5l = llz1 — 22|

Furthermore, u(D) C D. Jlu(z)| = v — f(z) + Il < = — £(z)] + gl
Taking o = 0, we get < || f(h) — Al < 3l|All < gllzl| + [ly]] < 7.

Now, by the contracting mapping theorem, v : D — D has a fixed point
which satisfies f(z) = y.

g%forxeD.
D.



We now define V = (f|i:1‘1)(D)(W)’ so fly : V. — W is 1-1, onto and contin-
uous.

Claim 3: g = (f|]y)™! : W — V is continuous.

Takey e Wand y+ k€ W. Let x = g(y), x + h — g(y + k).

Goal: limy_,0h =0. We have f(z) =y and f(z+h) =y + k.

So, f(z + h) — f(z) — hl| < LIl e, ly+ b —y— h
< sllhl < Ik = &l < |k — Al < 32l

Thus, ||h] < 2||k]|-

Claim 4: g is differentiable with Dg(y) = D f(x)~! for z = g(y).

f differentiable at = with Df(x) = A. Thus, f(z + h) — f(x) = Ah + e(h)

where limj,_o % -0

A is invertible by assumption, and so y + k —u =k = Ah + e(h). Applying
-1
A7t h = A"k — A~ te(h), so limg_g W = 0, then we have Dg(h) exists
and is A71.

[ A~ e(h)]| _1y lle(®)]] [|7] _1y le(r)]]
[ 4~ IRl (1% 4~ [

Corollary 2.3. If f is C™ then so is f~! in IFT.

Proof. Indeed, for y = f(x), we have D(f~)(y) = (Df(z))"! = Inv - Df(z)
where Inv : GL(n,R) — GL(n,R) sending a matrix A to A=, Inv(4) =
sa—adj(A), so each entry is a rational function in the entries of A, and the
composition of real analytic functions with C'*® functions is C'*°. O

Corollary 2.4. If f is analytic (ie, has convergent power series expansion) and
Df~1 exists, then f~! is analytic.

Corollary 2.5. If U open in C"™ and f : U — C complex analytic, with Df~!
exists. then f~' is complex analytic.

Remarks: (M,.Z) is real analytic if ¢, o cpgl is real analytic Va, (3.
(M, F) complex manifolds if goaowgl with charts to C™ are complex analytic.
(M, F) is an affine manifold if ¢, o 3051 = Az +b, A€ GL(n,R).

Conjecture 2.1. If M™ a closed (ie, compact) affine manifold, then x(M) =0
(x the Euler characteristic) ( ie iff M supports a vector field nowhere Q).

(M, %) is a polynomial manifold if ¢, o cpgl is a polynomial.
S™ has no polynomial structure, but T? = S x S! does.

Conjecture 2.2. For all surfaces of genus> 2, there are no polynomial struc-
tures.

Note: Smooth means C'* for the remainder of course.



Theorem 2.6 (Implicit Function Theorem). If U C R™ V C R™ is open and
f U — R™ smooth such that X = f~(p) satisfies the condition Va € X,
Df(a) : R* — R™ is onto (we call a a regular value), then X is a smooth
manifold of dim = n — m such that the inclusion map v : X — R™ is smooth.

eg 1: f(x) = ||z||* : R® — R. Then 1 is a regular value, so f~(1) = S"~!
is a smooth (n — 1)-manifold.

Indeed, a = (a1, ...,a,) € f71(1),thena # 0, Df(a) = Vf(a) = (2a1,...,2a,) #
0.

eg 2: U =R"" f(A) =detA:R"™ — R. Then 1 is a regular value, so
f71(A) = SL(n,R) is a manifold of dimension n? — 1.

eg 3: U = R™ ",V is the space of all symmetric matrices, f(A) = AAT. The
identity is a regular value for f, so f~1(I) = {4 € R"™*" : AAT = I} = SO(n,R)
is a smooth manifold of complex dimension n(n —1)/2.

eg 4: U =Cv " f(A) =detA:C" — C. 1is a regular value. f~1(A4) =
SL(n,C) is a complex manifold of dimension n? — 1.

We will now prove the Implicit Function Theorem

Proof. Assume without loss of generality that p = 0. ¢t = (¢1,...,t,) € R,

f=1,..., fn). Take a € X, ie. f(a) = 0if any only if rank [gtf; (a)} has rank

m if and only if D f contains a submatrix with is nonsingular.
Consider G : U — R" = R*" ™ x R™. G(z,y) = (z, f(z,y)). DG(a) =
1 *

{ 0 D,f(a) }, det DG(a) # 0.

By the inverse function theorem, 3 neighborhood W of a in R™ and W of
G(a) in R”, G| : W — W is a diffeomorphism, (G|)~!(z,y) = (¥(x,y), d(z,y)),
Y e R*™™ ¢ e R™.

Claim: X N W = {(z,y) € W : f(z,y) = 0} = {(z,¢(x,0)) : x € W N
R™=™ x 0}

Indeed, Go(G)(u,v) = (u,v) = G((u, 0), d(u, v)) = ((u, ), F((u,v), B(u,v))) =
f(u, d(u,v)) = for all (u,v) € W.

Suppose (z,y) € W. f(x,y) = 0. Then (x,y) = G~ (u,v) = (u, ¢(u,v)).
x=u,y = d(u,v).

Thus, 0 = f(z,y) = f(u,d(u,v)) =v,s0 v =0, x = u, ie y = ¢(z,0). If we
define a smooth ®(x) = ¢(x,0), then X N W =graph of ® = {(z,®(x)) : z €
W NR*™ x 0}.

Smooth chart (X NW,my), m1(x, ®(x)) = a.

Suppose (W, ) is another chart produced in this way. The transition func-
tion mp o Mt = mo(x, ®(x)) = mo(tr,...,tn) = (ti,...,t;,), this is clearly
smooth. to see ¢ : X — R™ is smooth, we notice that it is true if and only if
vory Hx) = (z,®(x)) € R™ is smooth, which is clear. O

Corollary 2.7. Under the same assumption, Ya € X, 3 smooth chart (W, g) of
R™ such that g(W NX) CR™ ™ x 0

Proof. g = G. remark: the last condition is called “smooth submanifold”. [



EXAMPLE ABOUT FRACTAL KNOT

Corollary 2.8. If W open in R¥ and h : W — R"™ smooth so that h(W) C X,
then h : W — X 1is smooth.

Proof. By previous corollary, we may assume X = R"™™ x 0 C R". h(z) =
(h1(2), ..., hp—m(x),0,...,0) smooth iff smooth Vi. O

Definition 2.8 (Lie Group). A Lie Group G is a group with multiplication
m:G X G — G and inverse i : G — G so that G is also a smooth manifold and
both m and i are smooth.

Example: GL(n,R),SL(n,R),O(n), GL(n,C),SL(n,C),U(n) are Lie groups.
SU(n) is a Lie Group

Definition 2.9 (Complex Analytic Manifolds). M™ is a complex manifold if it
has smooth charts {(Uqy, ¢o) : @ € I} such that ¢, (Uy) is open in C", Uper =
M™ and ¢ 0 (;551 is complex analytic.

S? is a complex manifold with stereographic projection {(Uy, ¢n), (Us, ¢5),
but it is not complex analytic with these charts. However, it is with the charts

{(UNvaN)a (Unv (bS)}

Definition 2.10 (Riemann Surface). A Riemann Surface is a one dimensional
complex analytic manifold.

Conjecture 2.3. Does S have a complex analytic structure? Conjecture is no.
Known: $?7, n # 1,3 does not have complex structure.

Theorem 2.9 (Inverse Function Theorem). U open in C" and f : U — C" is
complex analytic such that Df(a) : C* — C" is nonsingular, then 3 a neigh-
borhood W of a and W of f(a) such that f : W — W is a diffeomorphism with
f~t complex analytic.

This implies the implicit function theorem for complex analytic maps.

D(f)(y) = (Df(x)) "} =invoDfo f1, D(f 1) = invo Df o {1,

Suppose U open in C*, f : U — C continuous, f is complex analytic iff
Va € U, f(z1,..,2n) = . Chy ..ok (2 — a1)* ... (2 — a,)F" is convergent in a
neighborhood of a

Theorem 2.10 (Osgood). Suppose U open in C™ and F : U — C™ continuous.
Then F is complex analytic (componentwise) iff Ya € U, DF(a) exists and
DF(a) : C" — C™ is complex linear.

This implies the inverse function theorem, since inv(A) € GL(n,C) if A €
GL(n,C).

Proof. = is trivial
<: The condition implies that F(z1,...,2,) is complex analytic in z; when
all other coordinates z; # z; are fixed.
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So F(z1 + hy29,...,2,) = F(z1,...,2n) + A(h,0,...,0) + e(h,0,...,0) and
A=Df(z).

= F(z) + ha + e(h), limp, 0 |e|(:|)| =0, so % = o exists.

Take a € U choose ¢ > 0 small so that P = {z = (z1,...,2) : |2s — ai] <
o,Vi} CU.

In P, consider f(z1,...,2n), analytic in z;, and so by the Cauchy Integral,

f(z1,.00,20) =

1 f(’wl,ZQ,...,Zn)
— — = —Zdun
211 |wi—ay|=6 w1, — 21
_ 1 fwi,w2,25,...,2n) :
flwy, 22,000 20) = 55 ws—as| =5 P dws. Tterating, we get

1\" flwy, ... wy)
f(z,...,zn):(_) / / dws ... dw,
' 2mi |wi—a1]|=d |wn—an|=6 (w1 —2z1) ... (wn — 2n) !

Each term above can be transformed into power series for § small enough,
and so we obtain out result. O

Example: U open in C. f : U — C, Df : C — C is R-linear if Df =
a b
¢ a)

But if L : C — C is complex liner, then L must be [ _ab Z } .

So we let f(z) = (u(z,y),v(z,y)) where z = z+iy. Then Df = [ o Uy ],

Uy Uy
which gives the Cauchy-Riemann Equations.

So Osgood’s Theorem gives us Cauchy-Riemann equations in higher dimen-
sions.

Definition 2.11 (Holomorphic Map). If M, N are complex analytic and F :
M — N continuous, then F is holomorphic if ¥V complex charts (Uy, o) for M
and (Vg,1g) for N we have g o F o ¢ ' is holomorphic Vo, 3.

Example: The Hyper-Elliptic Riemann Surface: Take aq,...,a, € C, a; #
aj. Then ¥ = {(z,w) € C? : 22 = [['_,(w — a;)} is a Riemann Surface.
So P(z,w) = 2 — [[_,(w — a;), ¥ = p~*(0). Use the Implicit Function
Theorem, we must show that 0 is a regular value. If not, then (z,w) €

p~1(0), such that 28 = 22 = 0, that is, 22 = 0 and 22 = [[",(w — @)

and Z;LZI (Hi#(w — ai)) = 0. By the second one, w = aj for some k, say
w = ay. Put into the third and we get [];_, (a1 — a;) = 0, which is impossible
due to a; # a;.

Example: Projective Space RP™. This is the space of all lines in R**!
through the origin. (CP" is similarly defined). We can define charts (U;, ¢;)
for RP™. U; will be the set of all points whose " homogeneous coordinate is

— a Aj—1 Qi1 An+1
nonzero, and define ¢;([a1, ..., ant1]) = ((71’ R 271)

11



The transition maps ¢ 0 ¢~ (z1,...,2,) = ( Lo, 22 ‘”—")

P R T 51
But what is the topology? It is the quotient topology of R"+!/R*.
Example: CP! = C?/C* has two charts, (Uy, ¢1), (Us, ¢2). The transition
map is %, and each map is a homeomorphism onto C. So CP' = S? complex
analytically.

Definition 2.12 (Biholomorphic). M, N are complex analytic. Then f: M —
N is biholomorphic if f is a homeomorphism such that f, f~1 holomorphic.

Proposition 2.11. RP" ~ S" /¢ ~ —x, ¥V € S™.
CP" ~ S27*1 /2 ~ Az, A € St

Proof. Consider ¢ : S™ — RP" : z — the 1-dimensional subspace containing z.
¢ is onto, and ¢ is continuous, so ¢ induces a 1 — 1 and onto map P : S™jx ~
—x — RP", with the domain compact and the codomain Hausdorff, so it is a
homeomorphism.

The other is similar. O

Fact: U open in C, and f : U — C complex analytic and non-constant, then
f is an open mapping.

Corollary 2.12. If M, N are Riemann Surfaces and f: M — N is a noncon-
stant holomorphic map, then f sends open sets to open sets.

Example: Suppose p(z) = 2" +a,,_12" "' +...+ag is a polynomial from C to
C. CP" = CU{oo}. Wedefinep : CP' — CP' by p([2, w]) = [37_, aj2/w" 7, w"],
p(z) = z for z € C and p(o0) = co. Claim: p is analytic. With this, we obtain
the fundamental theorem of algebra.

Tangent Spaces

Warm up: U is open in R™ and 7 : (—¢,¢) — U a smooth path, v(0) = p.
Then the derivative %v(tﬂt:o = v € R" is a tangent vector of U at p. Question,
v(t) = [t,t2+1,¢],t € [-1,1], v : (—1,1) — RP? is smooth. What is 2~(t)|;=0?
Does this make sense?

The intrinsic definition of %|,—oy(t) = u. If u acts on smooth functions on
U. If f: U — R! smooth, then u(f) = 4 f(v(t))|io is a directional derivative
and is equal to D f|,q) - .

It satisfies u(f + kg) = u(f) + ku(g) an u(fg) = u(f)g + fu(g). evaluated
at p.

U open in R and a smooth path y(¢) : (—e,e) — U, v(0) = p.

Tangent vector V = 4|,_y(t) = +/(0) € R"

Notation: M™ a smooth manifold, C>°(M) is the space of all smooth func-
tions on M. If f € C>°(V) where p € V open U, then v(f) = Lo f(¥(1) =
D(f),(0) directional derivative.

It satisfies the Leibnitz rule v(fg)v(f)g(p) + f(p)v(g), linearity v(f + kg) =
v(f) + kv(g) and locality if f,g are the same on an open neighborhood of p,

then v(f) = v(g).

12



M™ a smooth manifold, p € M". C*(M) = {(f,U) : f € C*({U),p €

U opcen M
(f,U)+ (g,V) = (f + g,U NV) gives this a vector space structure, and
(f,U)(g,V)=(fg,UNV) makes it an algebra.

Definition 2.13 (Tangent Vector). A tangent vector v to M at p is a map
v: Cp°(M) — R satisfying the Leibnitz condition, linearity and locality.

Let T,M be the space of all tangent vectors to M at p. We claim that
T,M is a vector space. Let u,v € T,M, then (u+ v)f = u(f) + v(f) and
(ku)(v) = ku(v) gives it this structure.

eg: M"™ open in R", v = %|t:07(t) with v a smooth path in M", then
v(f) =tangent vector at (0). Question: Are these all?

Lemma 2.13. If A € T,M™, M™ C R" open, then A = t|t 0Y(t) for some
smooth path v with v(0) =

In particular, T,M"™ ~ R” with basis 6%1,...,% where B%i = %(p +
t(0,...,1,...,0))|=0-

Proof. Without loss of generality, assume p = 0. « = (z1,...,z,) € R", z
R™ — R smooth. z;|p € C°(M).
Let a; = A(x;) € R, and let v(t) = t(a1,...,an). (O) =0=p.
Claim: Vf € C*°(M), 0 € U C M", then A(f) = 4|,_ of(’y(t))
Choose § > 0 such that Bg(()) C U for x € Bs(0), g(t) = f(tx), t € (—1,1),

f(x) — f(0) = g(l) fo f’ t)dt. By the chain rule, ¢'(t) = Y, 1,98;:

Thus, [, f'(t) fo z w2l (tx)dt = Y1y @y [y 2L (te)dt = S wihy(x),

for all x € Bg(O), where h; € COO(B[s( )) and so h;(0) = gjl (0).

So A(f(x)) = A(f(z)=f(0)) = AQC zihi(x)) = X A(zihi(x)) = 32 A(wi)hi(0) =

> aigh(0) = &limof (a1, an)t) m
The standard basis of T,U is 0%1-‘1"

Definition 2.14. If M, N are smooth and F : U — V smooth where U C M,
V' C N open, then it’s derivative, DF : T,M — Tp,)N is defined by sending
veT,M, DF(v)(f) =v(foF) where f € C®(V).

Proposition 2.14 (Chain Rule). DF o DG = D(F o G) when M ENSEL
are smooth maps and D(id) = id

Proof. h € Cg g, (L) and v € T, M.
D(F o G)( )(h) = v(h(F o G)) = v((hoF)oG) = (DG(v))(hoF)) =
DF(DG(v))(h) = (DF o DF)(v)(g). O

Corollary 2.15. If F: M — N is smooth and a local diffeomorphism from a
neighborhood of p to a neighborhood of F(p), then DF : T,M — Tpy)N is a
linear isomorphism.
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Proposition 2.16. If M"™ is an n-dimensional manifold, then T,M™ ~ R™ as
an n-dimensional vector space.

Proof. Vp € M, take a smooth chart (U, ¢) at p. Then D¢ : T,M — Ty p(U) =
Ty R™ is an isomorphism by the corollary. O

Proposition 2.17. U is open in R", F = (F,...,F,) : U — R™ smooth.
Then DF( -|p) = Z;"Zl %(p)%\p(p), the coefficient matriz is the Jaco-
i J
bian matriz.

Proof Take a smooth u(z1, . . ., %) defined in a neighborhood of F(p). DF (2 -)(u) =

81 (u(Fy, ..., F,)), and the chain rule gives Z] 1 {;9;‘9 gi (p) = (Z;ﬂ 1 gfl (p)ai( ))
O

Tangent Bundle:

Let M = M" a smooth manifold. TM = UpepT,M be the set of all the
tangent vectors in M. w: TM — M : T,M + p.

eg: U openin R", TU ~U x R™, 31" | aia%i\p = (pyat, ... an).

Suppose F : U — V C R™ is open. Then DF : TU — TV by the identifica-
tion U x R".

Definition 2.15. Suppose M™ is smooth. Then TM is a smooth 2n-manifold
such that m: TM — M™ is smooth and i : T,M — TM is smooth Vp € M.

Proof. For a smooth chart (U, ¢) of M, produce a smooth chart for TM as
(TU,D¢). D¢ : TU — TV is a one to one and onto map V = ¢(U) in R™.
The transition D¢ o (D)™t = Dpo D(1p~1) = D(¢ o 9p~1) is a diffeomor-
phism, by Prop 4.
In terms of (U, ¢) and (TU, D¢) the map 7 becomes ¢pomo(D¢)~t(p,a) =p
The rest is easy. O

Definition 2.16 (Smooth Vector Field). M™ is smooth, then a smooth vector
field X on M™ is a smooth map X : M — TM such that m o X = id. ie,
Vpe M, X(p) =X, € T,M.

Eg U open in R" a vector field X on U, X(p) = i, ai(p)a%ih, where
a; € C(U) for all i.
Eg. Y(z,y) = —yai: + xaau defines a nowhere 0 vector field on S?!.

We let 2 be the standard vector field on R'. Define f : R — S smooth
map by f(t) = (cost,smt). Claim: Df : TR! — TS' produce a well defined
vector field Df(d ) on S* which is equal to Y.

Indeed, Df(p)(Z|,) = D(f(p+ 2mn)) (% |pt2nn) for all n € Z.

D(f)(£) = (—sint,cost) = —sint 2|, —l—costa%|p = -y —l—:ca%.

eg. If F M — N diffeomorphism, each vector field X on M produces a
vector field DF(X) on N.

Consider f(x) = 2% : Ryg — Rsq. Diffeomorphism. X = —x is the standard

vector field. DF(|,) =2z-L|,2. So DF(X) = 2\/z 4.
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eg. X =a(t)d on RL. Xy = a(0)2 # 0 for a(0) # 0.

Claim: 3 smooth chart (U, ¢) near 0 such that (D¢)(4) = X near 0, ie.
(D~)(X o) = -

d

So (D6)(;) = “G hlow) = & (Do) = Xow) = a(6(0) oo

So we have ¢'(t) = a(¢(¢)) and ¢(0) = 0. By Picard’s Theorem, we can solve
this in (—e, €) for some € > 0. Also ¢/'(0) = a(¢(0)) = a(0) # 0, so (¢, (—4,0)) is
a diffeomorphism by the Inverse Function Theorem.

Computation: U C C is open, z = (x,y) = x + iy. F(z) : U — C holomor-

phic. F'(z) = §& +i5% = §& —iGL.

Theorem 2.18 (Poincare-Hopf). There are no smooth vector fields on S? such
that X, # 0 for all p € S2.

Proof. Suppose not. Say, X is a vector field such that X, # 0,Vp € S2. Specif-
ically, Xn # 0.

Consider the vector field Y = D¢y (X|[s2\yn}) is a vector field on C which
is nowhere vanishing.

Take a large ball B, (0) with v >> 1. Then Y,|sp, (o) looks like FIGURE
ONE by Picard’s Theorem. So Yp_ () is a nowhere vanishing vector field on
B,(0). Near 0B,(0) it looks like the above picture.

So we can define a map f : B,(0) — ST Cc C*:p— Y, /||V, .

The winding number of f on dBg(0) for R < v is 2%” faBR(O) %. It is equal
to +2 by figure and is continuous in R by complex analysis.

But the winding number is equal to zero for R — 0, since Y|y are parallel.

Thus we get a contradiction. O
Corollary 2.19. T'S% # S? x R?

Corollary 2.20. There is a vector field X on S? such that Don(X|s2\ny) =
9
%.

The Lie Bracket

Suppose X is a vector field on M™, then X : C*(M) — C>*(M) : f — X(f)
where X (f)(p) = X,(f). X satisfies the following:

L X(f+kg)=X(f)+kX(9)
2. X(fg)=X(fg+ fX(9)

If X,Y are vector fields on M, then Vf € C(M), [X,Y](f) = X(Y(f)) —
Y (X(f)) is a vector field. We call this the Lie Bracket of X and Y.

Proposition 2.21. For XY, Z wvector fields on M", then [X,Y] = —[Y, X],
[X,Y] is bilinear in X,Y and it satisfies the Jacobi Identity.

Theorem 2.22. If F': U — V is a diffeomorphism and X,Y are vector fields
on U, then [DF(X),DF(Y)] = DF([X,Y]).

Proof. By diagram chasing. Diagram omitted. O
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Left Invariant Vector Fields on Lie Groups

Definition 2.17 (Left Invariant). G is a Lie Group. Vg € G let £, : G — G :
x +— gx, then €, is a diffeomorphism with inverse (€g)~! = lg='. A vector field
X is left invariant if we have Dly(X) =X

eg. G = GL(n,R). X left invariant and X;q = v € T;yGL = R™*™. What is
X4 for A e GL(n,R)?

The solution is X4 = A-v € Ta(GL). As GL(n,R) C R™*"™ we identify
TGL ~ GL x R™™ in a natural way.

Proposition 2.23. The space of all left-invariant vector fields on G is linearly
isomorphic to T;qG, where the isomorphism 7 sends X — Xiq.

Proof. m is onto: Let v € T;4G. Define a vector field (not yet smooth) X, =
(D4,)(v). We must verify that this is left invariant and smooth. Smoothness is
trivial. Suppose g € G, then (D¢,)(X,) = X4, = D({yp)v by the chain rule and
the definition of a Lie Group. O

Definition 2.18 (Lie Algebra). (T;4G,|]) is defined to be the Lie Algebra of G.

Theorem 2.24. T;;GL(n,R) = R™*" then [A, B] = AB — BA matriz multi-
plication.

T;aSL(n,R) ={A € R™"™ :tr A = 0}

T:aO(n,R) = {A € R™*" : A+ AT = 0}.
Proof. GL(n,R) C R™*™ open, T;yGL C T;gR™ ™, basis %. x = (x55) €
Rnxn.

Given A € R™™" = T;4GL, let A be the left invariant vector field on GL
with de = A, AX = XA e TxGL =TxR"*",

Take B € T;q, Bx = X B the left invariant vector field. Choose f = f (Nw) S
C=(GL). [A, BI(f) = [A, Bl(f)lia = Alia(Bf)—Blia(Af) = A(B(f))—B(A(f))

B(f) = Bx(f), to ﬁndA = [aij] and B = [bij], let BX =XB= [ZZ:I $ikbkj]n><n

So A(B(f)) = X, arsgie(BU)|xzia = Xy trsgoby; sl (id) +
2

1o}
Oy s 0T i (f e )

This is the same as >, . . arsbi; 2 %%{j(id) + g—g. Thus,

[4, Blia(f) = 32, ;  ainbrj oo (id)+55. So = 32, ;1 (ainbj—birar;) g (id) =
[A,B](f) by definition. [A, B]ij = Ek(aijbkj — bikakj).

To see T;4SL(n,R)... O

Lemma 2.25. If U open in R™ and F : U — R with reqular value p, then
v : F7Y(p) — U inclusion Di : T,F~Y(p) — T,U is injective and has image
ker(DF : T,U — Tu)R).

Proof. F o1 =constant= p. So DF o Dt = 0, so Im(D¢) C ker(DF). After

a change of coordinates ¢ : (1,...,Zn—m) — (Z1,...,Tn—m,0,...,0) so D¢ is
injective.

But dimIm(D¢) = dim F~!(p) = n — m, and also dimker(DF) = n —m, so
ker(DF') = Im(Du). O
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eg. S"=f1(1) c R for f(x) =a-2:R"™ - R. DF, :y+ 2x-y. So
T,5" ={y e R"" :y.2 =0}.

eg. f:R"™ - R:Aw detA. So Df(id) : TiuR™™ — TR, Df(id) :
B —trB.

Df(id)(B) = %|i=o(f(I+tB)) = L|i—odet(I+tB) = L]mo ([T, (L +tby) +12...) =
b11+...+bnn:trB.

This shows, b Lemma 3, that T3¢SL(n,R) = {A € R"*" : tr A = 0}

3 Riemannian Geometry

Tensors

V' a vector space over R with basis vq,...,v,. V* = hom(V,R) the dual
vector space of all linear functionals on V' with dual basis v7,..., v} where
v (v5) = 4.

e.g. The dual space of T,U is T;U, the cotangent space. The dual basis of
8%1- is dx;, and dx; (a%) = ;5.
Definition 3.1 (k-linear functions). A k-linear function f:V x ... xV — R
with k copies of V', f(x1,...,24,...,&y) is linear in x; when other variables are
fized.

f is called symmetric if foo = f for all o € Sy.

f is called alternating if f = sign(o)foo.

Alternating k-linear functions are sometimes called k-forms.

®@FV* =vector space of all k-linear functions on V. (f+g)(a) = f(a)+g(a).
/\k V* =vector space of all alternating k-forms on V.
The tensor product ® : @FV* x @V* — @F V> (a, B) — af.
(@@ B) (@1, s Ty Y1y Ye) = (@1, o, k) B(Y1, - - - Ye)-
e.g. V = R", then det(vy,...,v,) = detlvy,...,v,], and det € A" (R™)*.
b:V x V — R is called bilinear, and it is the same as b € ®2V*.
Lemma 3.1. dim®*(V*) = nk.

Proof. f € @*V* = f is determined by f(vi,,...,v;,) where i; € {1,...,n} by

linearity, so dim ®*V* < n* the number of possible choices of i1, ...,47;. But

(v} ®...®@v} ) (vj,,...,v5,) is Lif all the i, = jr and 0 else. So dim@*V* >
E

n. O

Suppose U, V are vector spaces and F : U — V is linear. Then it induces a
linear map F* : @*V* — @kU* : a > a(F, F,..., F) = F*(a), F* is linear and
satisfies (id)* = id and F*(a® 8) = F*(o) ® F*(8) and (F o G)* = G* o F™*.

Lemma 3.2. U has basis u, . .., Uy and U* has dual basis ui, ..., uk,. F(u;) =
D ko1 @ijv; then F*(vi) = 3310 ajjuf
Proof. F*(v})(ux) = v} (F(uy)) = vi(3 7 akivi) = 3, akidij = ar; O
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e.g. F:R" — R™ smooth with F = (Fy,...,F,,). We have DF,(52-) =
n OF; o
> =1 Bar By | F(@)-

Notation, F* is defined yo be (DF)*. So F*(dy;) = Y -, g—gdazi = d(F;).
Sodf =Y g—idxi, just as in calculus.

Dual of DF' by the Substitution Rule.

eg. F(z) =1 F(z,y) = wzi}ﬂﬁ(x, —y) = (u,v). What is F*(du)? It is

2_ 2

F*(du) =d (ng_y2> = (;’2+y2)2 dr — (wi‘f;’%g dy. It is discontinuous at 0.

Corollary 3.3. There are no smooth 1-forms w on the Riemann Sphere such
that w|52\{N} = (b}kv(dl’)

e.g. If a,8 € V* then a A [ is a 2-form and it is given by a ® f — 0 ® «.

e.g. The standard symplectic 2-forms w on R®" > (21,y1,%2,...,Yn) w =
S day Ady; € N2(R2)*

w is nonsingular, that is, [w(e;, €;)]2nx2n has nonzero determinant for a basis
{61, ey egn} Of R2n.

The wedge product A : A V* x A°V* — A" V* We must define a
projection A : @FV* — /\k V*.

A(f)(xh v ,$k;) = desk Sign(a)f(xa(l)a ve axa(n))

Definition 3.2 (Wedge Product). If o € /\k V*pB e /\l V*, then a A (B :=
fArAa® B).

Definition 3.3 (Pullback). If f : U — V, then f* : @*V* — @FU*, f*(a)(uy,...,ux) =
al(f(ur), ..., f(ug)). If k =1, then f : U — V, then f* : V* — U*, so

flui) =30 aijvy = f*(v]) = 3002, aju;.

Proposition 3.4. If a € A" V* and 3 € N'V*, then
1. aAB=(-D*BAa
2. (aNB)Ay=aA(BAY).
3. f:U —V linear, then f*(a AB) = f*an f*5.

PT’OOf. f*(a/\ﬁ) = f* (ﬁ ZUGSk+g Sign(a)(a ® ﬁ) . 0) = ﬁ ZUESk+g f*((a®
B) )= f*(a) A f*(B)

aAB =gz sign(o)(a®p) -0, BAa = 77> (B® ) -0, so the first
conclusion holds. O

Example: suppose f: V — V linear. f*(vi A...Av}) =det(f)vj A... Av).
We sometimes call vi A ... A v}, the volume form.

Definition 3.4 (Tensor Bundle). M™ a smooth manifold. Then we let T M =
Upenm Q" (T, M)* be the (0,7) tensor bundle.

T s the cotangent bundle.

N M = Upen N (T; M) C TODM.
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Definition 3.5 (Smooth (0,7) Tensor). A smooth (0,r) tensor on M™ is a
map t : M — TOTM such that ¥p € M, t, = t(p) € @Iy M and varying
smoothly in p. If (U, @) is a smooth chart of M at p, then (D(¢p~1))*(t|ly) =
daiy, . (x)dr,, @ ... dx;, in an open set ¢(U) € R so that a;,, . i €
C>=(s(U))

e.g. Q C R™ open, then TQ ~ Q x ®"(T,R")*.

Lemma 3.5. If f : Q — Q is a smooth function, then D : TPQ — T2 gives
(D) : T,y Q= Ty for t =3 aqy . (2)dag, ® ... @ dai, .

(D) (6) = 220, iy G, () fi, (W)@ @i, (u) where f(u) = (fi(w),. . fa(w)),
ueQCR”.

Substitution: x; = f;(u) just replace it in the formula for t.

Proof. Use (Df)* is linear and (Df)*(a ® 8) = (Df)*(u)) ® (Df)*p). It
suffices to show: (Df)*(dz;) = df;(u). We’ve done this previously. O

Corollary 3.6. If f is smooth, then (Df)*(t) is again smooth. Thus, the
smoothness of (0,r1) tensor in M™ is well-defined.

Definition 3.6 (Riemannian Metric). M™ a smooth manifold. A smooth r-
form w on M™ is a (0,r) smooth tensor such that ¥p € M", w, € N\ Ty M.
A Riemannian metric g on M™ is a smooth (0,2) tensor such that Vp € M™,
gp € ®2T;M and satisfies the following:

1. gp(u,v) = gp(v,u)Vu,v € T,M (symmetric)
2. gp(u,u) >0 for all w € T,M \ {0}
That is, gp is a positive definite symmetric bilinear form on T, M.

Notation: «,3 € V* we use o - § := %(a ® B+ 0 ® a), and notice that
a-f=0a.

In R", we use dz;dz; = 3(dv; ® dzj + dz; @ dx;).

If Q@ C R™ is open, a Riemannian metric g can be written g(z) = " a;;(z)dz;dz;
where a;j(z) = aj;(z) = g (a%ih;, 6%ju) such that the matrix [a;;(x)]nxn is
positive definite Va € Q.

e.g. if E" is euclidean n-space, then g = > (dx;)%.

Basic: If U open in R™, F : U — RM is smooth (y1, ..., ym) = (F1(2), ..., Fn(x)),
and call F* = (DF)* the pullback.

F*(a(y)dyi, ® ... Qy;,,) = a(F(2))dF;, () ® ... F;, (x) and F*(a(y)dy;, N
o ANY) = a(F(z)dE () A A Fy ()

Recall a Riemannian Metric (M™, g) g is a symmetric positive definite (0, 2)
tensor on M™.

e.g. 1: Classical Differential Geometry:

S a smooth submanifold in E*, and i : S — E™, S = {(z,y, f(z,y)) : (x,y) €
U open in R3}
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(i)*(3_dx3) gives a Riemannian Metric on S. F : U — § — E?, so
F* (3 da) = d2® +dy® + (df (z,9))* = (1+ fo)?d2® + (1+ f,)2dy? + 2 fa fydady.

e.g. 2: S! with standard metric g = (df)?, the invariant vector field is 2.

i:St — E2 by 0 — (cosf,sin8). i*(dz? + dy?) = do>.

However, if ¢ is a (0,2) symmetric tensor on M™ which is nondegenerate at
each point p € M, then (M",t) is a semi-Riemannian metric.

e.g. Killing form on GL(n,R).

TiaGL ~ R™ " s0 ag : TlqGL x TiqGL — R by ag(A, B) = tr(A, B) sym-
metric bilinear form. It is nondegenerate iff YA # 0 there is a B such that
tr(AB) # 0. We can achieve this by taking B = A".

This is not positive definite, since tr(4%) < 0 can occur.

Produce a left invariant (0,2) tensor « such that (¢;)*a = « at g € GL by
Qg = (fg—l)*ao.

Proposition 3.7. « is also right-invariant, ie, « is bi-invariant.

Proof. (Ry)*a = a where Ry : © — xg
F,:GL — GL: x+— g 'zg, and (DF,)*ay = ap. So this is what we need
to prove.
Take A, B € TGL, F; (a0)(A, B) = ap(A, B) = tr(AB). We know F; (ap)(A, B) =
ao(DFy(A), DF,(B)) = tr(DF,(A),DF4(B)). But what is DF,(A)? It is
g tAg. So =tr(g ' Agg ' Bg) = tr(¢g ' ABg) = tr(AB). O

The same expression is bi-invariant (0,2) forms on SL(n,R) and O(n), that
is, tr(AB).

e.g. Killing form is negative definite on O(n), because the Lie Algebra is
given by {A € R"*" : A = —A'}, and here tr(AA) = tr(A(—A4%)) = —tr(44") <
0.

Killing form is then the BEST Riemannian metric on O(n). For n = 2, this
is d6?.

Homework: Show that there are no Riemannian Metrics g on SL(2,R) which
is bi-invariant. Q: What is the signature of tr(A4, B) on R"*"?

Differential Forms:

Suppose V' is an n-dimensional vector space with basis vq,...,v,. Then

N V*is (r) dimensional with a basis v} A ... Av} where i} <iz <... <ip.

Proof. If f € \" V*, then f is determined by f(vi,,...,v;, ), and sodim \" V* <

: - And (vi AL A ) (Vg 5,) = 01if 4y, # j,, for some p and 1 otherwise.
This implies that {v}, A...Av] } linearly independent, so dim N VE> <:) . O

Suppose U open in R". Then A\"U =U x \"(R")*. >
VAN dxir‘p (g (p, Zaih”_,irdlﬂil AN dZL'ZT)

A smooth r-form Q in U, Q = > @iy, ()dziy AL A dxg, where
ail,,,,’ir(x) S COO<U)

i1<ennyipe a117---7i7~dzi1 A
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e.g. 4. If f € C*°(U), then what is df? A (0,1)-form= (0, 1)—tensor.
flz1,...,2,), so df = Y1 1( )dxl by either f : U — R then df =

(Df)Y*(dt) = f*(dt) or If X is a vector field on U, then (df)(X) = X(f).
Let T'(A\" M) be the vector space of all smooth r-forms on M™.

Theorem 3.8. For smooth M™, 3 linear map d : T(\" M) — D(\"T" M) the
exterior derivative, such that

1. dod=0

2. feT(N" M) = C=(M), df = (Df)"(dt)

3. dlaAp)=daA B+ (-1)"aAdB, with a and r-form

4. If F: N — M smooth, then F*(da) = d(F*(a))

This was motivated by integration and partly due to Cartan.

Proof. Part 2 has been checked.
Case 1: M™ open in R". w = a(x)d;; A...Adz;., r-form on M™. Define

dw =" ( ) dz; Ndzg, Ao Ndag,..

Jj=1
dod(w) =Y, X0 1<3rjazk)(dxk/\dmj)/\dm“ . Adz;, =0
Now we move on to 3, and take n = b(z )da:]1 A dz;, = blx)dxy.

Then d(w A n) = d(a(x)b(m)dml Ndzy) = Yr_, 3 (ab)d:ck ANdxp Ndxy =

ZZ:1 (C%lkdxk A dl’[) (bd$J>+ZZ:1 (amdl‘k ANdzxr A d.TJ) = dw/\n—l—(— ) WA
dn.

For part 4, F(u1,...,um) = (F1(u),..., Fpo(u)) : U - R". a = a(x)dz; A

. Adz;, € T(\"R")

F*(da) = F* (E? | 28 da; A dx,) = S0, 2o (F(u)dF;(u) AdFy, A A
dF; (u).

And this is 33, 22 5 duy, A dFy, A AdE, = 3 52 (a(F(u))dug) A
dF;, A...NdF; =d(a ( (W) ANdFy, Ao A dF“) =d(F*(a)).

Case 2: Any manifold M™. Suppose that a € T'(\" M). We define da locally
as follows. Take a chart (U, ¢), then da|y = ¢*(a(¢™1)* ().

Claim: da is independent of the choice of charts.

Suppose (V, 1)) is another chart with U NV 75 0.

We want to have that ¢*d(¢~1)*a = *d(¢ 1) *ain UNV. We apply (o~ 1),
that is, d(¢™!)"a = (¢*)"'*d(¢™ ) Oé*(cb Dtd(y ) o= (Yo ) (v 1)

= a(e ) (1) (@) = (¥~ D)o 1) (a) = d(o~1)* (a) 0

Q: Does every smooth manifold M™ have a Riemannian Metric? Vector
Field? Smooth Forms?

Definition 3.7. f € C°°(M) has suppose supp(f) = {z : f(x) # 0}.
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Theorem 3.9 (Partition of Unity). If {U, : o € I} is an open cover of M™,
then there exists a partition of unity subordinate to {Uy : a € I}, Ay € C°(M) :
a € I} such that

1. supp(Ay) is compact and supp(Ay) C U,

2. ¥z € M, 3 a neighborhood V' of x such that {a : supp(A,) NV # 0} is
finite

8. Y ner Aalx) =1 on M™.

Corollary 3.10. Every smooth manifold M™ has a Riemannian Metric, and
nonzero vector field, and a non-zero k-form for k < n.

Proof. Cover M™ by charts {(Ua, ¢a) : o € I}. Let g = > i, dz?, the
standard metric on R™. (¢, )*gst is the pullback and gives us a metric on U,,.

Let {A\q : @ € I} be a partition of unity subordinate to {U,}. Then g =
> acr Aal@a)*gst is a Riemannian Metric. It is well defined, clearly, as it is a
locally finite sum, and it is a symmetric (0, 2) tensor.

It is positive definite because A, > 0. O

Remark: If M? is a Riemann surface, then there is a nonconstant analytic
map ¢ : M? — S2.

We will not prove the theorem on partitions of unity:

We will only prove the result for compact manifolds.

We will need the following lemma

Lemma 3.11. Let C(r) be the cube of half-side length r and center at the origin.
X € C®(R"™) such that A > 0 and Ny =1 and A|g2)e =0
eV x>0 . = .
Proof. Define f(x) = { 0 <0 8 C™ and g(x) = m is also
C®. So h(x) = g(x + 2)g(x — 2) is A on RL.
So A1, ... xn) = h(z1) ... h(xy,). O

Proof. M™ compact implies that there exist finite subcover {U,...,Un} of
{Ua}.

Vo € M, 3 a charge (V,¢,) with € V, and V, C U; for some i and
¢ (Vi) D C(2) with ¢,(x) = 0. Now {¢,1(C(1)) : z € M} is an open cover of
M™. M™ compact implies that 3 finite subcover {(V1, ¢1), ..., (Vin, ém)} such
that M = Ugp; ' (C(1)).

Let v:{1,...,m} — {1,..., N} such that V; C U, for all 4.

| Aoy zeV;

Now define hz{ 0 2 d vV,

hi € C>(M) and supp(h;) C Vi C Uy ).

Claim: > h;(z) > 0 for all z € M. Indeed, YV € M, x € ¢; *(C(1)) for some
i, so hi(z) = 1. Let g(z) = Y. gi(z) € C®(M). g(z) >0s01=>", }A;((;)).
supp(hi/g) C supp h;.
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For Uy, Ai(w) = 325y 2, 50 V; C U;.

For the noncompact case, we note that M™ has a countable basis and is
locally compact, so the proof goes through, just more technically difficult.

M™ is locally compact, so M = U2, N; for N; compact and N; N N; # 0 if
li —jl = 2.

We apply the compact case inductively. O

Orientation on Manifolds
Orientation on a finite dimensional vector space V with basis vy,...,v,:

A nonzero vector in A" V* is called a volume form. Dimension if 0l = 1.

vi A ... Av) is a volume form.
Two volume forms «, 3 € A" V*\ {0} are equivalent if o = kS for k € R~.
The equivalence class of volume forms is an orientation on V.

Definition 3.8 (Orientable Manifold). M™ is orientable if 3 smooth charts
{(Ua, ba) : a € I} covering M™ such that det(D(¢q, o gi)gl)) > 0 for all a, .
(transition functions are orientation preserving).

A volume form w on M™ is a smooth n-form on M"™ such that w, # 0 for
allpe M.

Theorem 3.12. M™ is orientable iff 3 a volume form.

e.g. R" is orientable. U C R™ is orientable. S™ is orientable with {(Un, @), (Us, ¢5)}.

In fact, if M™ is covered by two charts, U,V such that U NV is connected,
then M™ is orientable.

Every Riemann Surface is orientable. This is due to the fact that f: U — C
with U open in C is an analytic homeomorphism, and so det(Df) > 0, due to
the Cauchy Riemann equations.

Homework: If A : C" — C™ is C-linear isomorphism, then detg(A) > 0 for
a real (2n) x (2n) matrix.

Thus, all complex analytic manifolds are orientable.

All Lie Groups are orientable.

We will now prove the theorem:

Proof. Orientable = volume form: Let {(U,, ¢o) : o € I} be the orientable
charts covering M. Let {\, : « € I} be a partition of unity associated to {U, }.

Let w =} c;Aatp(dri A ... Adxy,).

w is well defined n-form.

Claim: wy, # 0 for all p € M. At p, choose an orientable chart (Uy,, ¢ay)
and consider (¢1)*(w) = 3, Aa(Pai)(Dar)* (05)(n) where n = dzy A... Adxy,.
Then this equals 3, Aa(¢ad)(6n 0 6al)" (7).

F : R™ — R"™ is smooth, then F*(dz1A...Adxy,) = det(D(F))dzi A. . . Adx,.

So the above is [}, Aa(dgr) det(da 0 ¢5l)] (n) = pm for p # 0 at p. So
wp # 0.
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Volume Form = Orientable: If M™ has a volume form w, then we construct
charts for M™ as follows:

Vp € M, choose a connected chart (V,¢) at p. Now (¢~1)*(w|y) volume
form ¢(V) C R™ is open, then (¢~ 1)*(w|y) = h(z)dz1 A ... Adxy,.

h € C*, h(x) # 0, and V connected so h(x) > 0 for all x € ¢(V') or h(z) <0
for all x € p(V).

If h > 0 we choose (V, ¢) as an orientable chart. If h < 0 we choose (V, Ao ¢)
as an orientable chart, where A is a reflection.

Claim, these charts satisfy det(D(¢q o gb[;l)) > 0 for all o, 3.

(6a")* (Wha(@)dzy A ... A dzy with by > 0 and (¢5")* (@) = hg(z)dzy A
...Ndx, and hg > 0.

But (¢q 095" )((¢5") w) = (6571)*w, 50 (¢ 0 ¢5")* (ham) = hgn = ho(¢a ©

— _ _ h —
¢5') det(D(da 0 ¢5"))n, s0 det(D(da 0 ¢5')) = 5 5= 0 95') > 0. O
Symplectic Manifolds:
Let V' be a vector space with basis vy, ..., v, and A a non-degenerate 2-form
¢:VxV =R

A = [¢(vi, Vi) mxm satisfies AT = —A and det A # 0.

det(A) = det(AT) = det(—A) = (—1)™det 4, so, as det A is nonzero, m =
2n is even.

Linear Algebra: There exists a basis wy, ..., ws, of V such that [¢(w;, w;)]
is block diagonal with each block 2 x 2 and equal to [ _01 (1) } Now V' =
{v: ¢(v,w1) = Pp(v,we) = 0}. det A # 0 so dimV’' = 2n — 2, and @[y xv
nondegenerate.

ie. g =w Nws+ ...+ w3, | ANws,. There is only one such 2-form.

ONPNA...N¢ n-times gives a 2n-form. This is nonzero, and so we have a
volume form.

Definition 3.9 (Symplectic Manifold). M?" is a symplectic manifold if there
is a 2-form w on M*" such that dw = 0 and w,, is nondegenerate at all p € M.

Theorem 3.13. M?" symplectic= M?" orientable.
Proof. wA ... A\w n-times is a volume form. O

e.g. 1: All orientable surfaces are symplectic.

e.g. 2: M™ a manifold, then T*M is a symplectic manifold.
Homework T'M is diffeomorphic to T* M.

We will now prove the example

U open in R™. Then T*U = U x R™.

S aidzily — (@1, ..., Zny a1, ..., 0,) = (2, a).

We write down the symplectic 2-form wy = Y-, da; A dz;.

Lemma 3.14. If F : U — V, V open in R™ is a diffeomorphism, then F* :
TV — T*U 1is a diffeomorphism.
(F*)"(wr) = wy.
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Proof. Write y = F(x),and y € V. T*V =~V x R"™ : 3 b;dy; — (y,b).
F:U—-V:xw F)and F* : T*V = T*U : (y1,.+-,Yn,b1,...,by) —
(x1,...,Tp,a1,...,0y). And > a;dz; is a 1-form on T*U.
Definition of F*: > b;dy—(F*)*(>_ a;dx;), then apply d to it, do* = ¢*d
implies d(>_ bidy;) = d((F*)*(O_ a;dx;)) = (F*)*(d>_ aidx;) = (F*)*(wy). O

For any smooth manifold M with smooth charts {(U,, ¢« ) : & € I} covering
it, let ¢o(Us) = Vi, open in R™.

04 TV — TV, and (6) 71 = (¢51)".

Define a symplectic 2-form w, on T*U, C T*M by ws = ((¢51)*)* (wv.,)-

Claim wa |1 v,nT*Us = wg|r+v.nT+U, implies that there is a globally well

defined symplectic 2-form.

Proof. Apply wy, = (¢5)"(wa) = (85)"(wp) = (65)7((#5")") (wvs) = ((95)*(85))" (wy,) =
((¢o © ¢El)*)*(wvﬁ), which is the first thing, by the lemma. O

Integration

Definition 3.10 (Haar Measure). If G is a Lie Group, a Haar Measure on G
s a left invariant volume form.

e.g. R has dxy A ... ANdz,.
St has df. GL(n,R) say w is the left invariant volume form wiq = dry; A
ATy wa = ﬁwid.

Indeed, £4-1 : 2 +— A~ 'z sends A toid, so wa = (£4-1)*wiq is left invariant.

The volume form of an oriented Riemannian manifold M™.

Fix a volume form w. Now, Vp € M, choose orthogonal basis of T, M
€1,...,6n such that ef A ... Aey, = Kw, where K > 0.

Chaim @ = e} A ... Ae} is the volume form, independent of the choices of
orthogonal basis.

Proof. Suppose €1, ...,¢€, is a different orthogonal basis. Then ¢; = Zj ai;e;.
Then A = [a;;] is orthogonal, so AAT = id.

Thus, det(A)ef A... A€l =elf A...Ael. As A is orthogonal, det A = +1.
But det A > 0, due to choice of bases, so €] A ... A€ =€l A...Ae. O

The volume forms wy,ws on M™ are equivalent iff wy = h(x)wy for h €
C*°(M) and h(x) > 0.

An orientation on M™ is an equivalence class of a volume form.

Fix an orientation. e.g, on R™, the orientation is [dx1 A ... A dxy].

To integrate on an open set U C R™, we let Cy(M) = the vector space of all
compactly supported continuous functions on M. and To(A" M) = the vector
space of all compactly supported continuous n-forms on M.

IfweTlo(A"U) iffwff( Ydxzi A ... ANdxy, for f e Co(U).

We define [, w to be [, f(x)dxidzs ... dx,, as in calculus.

Theorem 3.15 (Change of Variables). If F': V — U is an orientation preserv-
ing diffeomorphism, where V is open in R", then [, w = [, F*(w).
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F*(w) = f(F(z)F*(dzy A ... Ndxy,) = f(F(z))det(DF (z))dzy A ... A da,.

Now we suppose that M™ is an oriented manifold and and w € To(A" M).
Compactly supported n-form on M™.

We choose oriented charts {(Uqa, ¢o) @ @ € I} covering M such that ¢, :
Uy — ¢0(U,) C R™ is orientation preserving.

Let {A\p: €1} bea partltlon of 1 associated to {Uy}. Let V,, = ¢a(Uy).

We define [, w=73", [, (¢51)" (Naw).

Proposition 3.16. This is well-defined and independent of the choices.

Proof. Suppose {(Wg,¢g) : § € B} is another set of charts and {ug : 5 € B} is
an associated partition of unity.

;/wﬁ(% () Z/QU(, (Aot

Note that det(D(¢aO¢,§l)) >0s0), f%(UQ)(Q/’(;l)*()‘aW) = Za,ﬁ f%(U&)(@b;l)*(AaHﬂw)

Applying similar identities, the change rule, and the change of variables
theorem, we obtain the desired result. O

Proposition 3.17. 1. F : N — M orientation preserving diffeomorphim
implies that [, w = [y [*(w)
2. ki1,ky € R Zmplzes fM(klwl + kg&)g) =k fM w1 + ko fM wo

8. —M™ the negatively oriented manifold (—n) gives [, w=— [}, w

e.g., the area of (52, g5;) under stereographic projection ¢N, (gZ)j\,l)*(gst) =

4(dz*+dy?) 4dxAdy } __dxNdy
(12 +y2)2> (Tta2ty2)2 50 Area(S?) =4 ff]}p (A+z2+y?)

fo (fo 11% 2) df = 4m

Stokes’ Theorem

and the volume form then is

Definition 3.11 (Smooth Function). X C R™ closed, F' : X — R™ is called
smooth if 3 open set U D X and smooth f : U — R™ such that f|x = F

Definition 3.12 (Smooth Manifold with Boundary). M™ is a smooth manifold
with boundary if it is Hausdorff with a countable basis and covered by charts
{(Ua, ¢a) : @ € A} such that ¢o : Uy — Vo C R X Rsq an open subset is a
homeomorphism with ¢, o gbgl s smooth.

We define OM™ = {z € M : ¢o(x) € R"L x 0 for some a}.

Lemma 3.18. M is a smooth (n — 1)-manifold with *M = 0.

Proof. Define smooth charts for OM: (U, N OM, pr o ¢o) where pr : R*~1 x
RZO — R L
Verifying (pr o ¢a) o (pro ¢g)™! =pro (¢s o0 qbgl), which is smooth. O
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e.g. D? = {z]||z]| < 1} is a smooth manifold with boundary. One chart
(int(D") = {z||z|] < 1},id). Take a € S"~! = dD", a # 0. So say a,, # 0.

F(z) = (z1,...,2p-1,1 — >, x7) defined near 0 is in R"™' x R>y. So
det DF'(a) # 0, and so it is a local diffeomorphism at a.

eg. If f: R® — R! with regular value b € R!. Then {z|f(x) < b} is a
smooth manifold with boundary f~1(b).

e.g. Take any closed orientable surface ¥, = 0H, is he boundary of an
orientable compact 3-manifold.

Lemma 3.19. If M™ is a manifold with boundary and M™ is orientable (i.e.
there exist charts (Uy, ¢o) covering M™ such that det(D(¢pq o gbgl)) > 0 for all
a, 3), then OM™ is orientable.

Proof. Take p € OM™. ¢o 0 ¢5' (1, ,an) = (f(@1,...,20), h(21, ..., 2n)) €
R”~1 x R! where h > 0. (prgba)(pr(bg)*l(:cl, cos@p—1) = f(x1,...,2p_1,0).

_1 Df *
Also, h(z1,...,2,-1,0) = 0, 50 D(¢pa0dz") = | on on |. At
0z 1<i<n—1 Ozn
the boundary, h(z1,...,2,-1,0) =0 = g—;(xl, ceyTp—1,0) =0 for i < n.
Also, h(z) > 0, and h(z1,...,2,-1,0) =0, so 8‘1—’; > 0. Thus, D(¢ao¢51) =
D
{ Of i ] , which means that their determinant is det(D f)aaTh > 0, and so
Oxn, "
det(Df) > 0. O

Convention: The standard orientation on R", dzi A ... Adz,. (2 open in R™
has standard orientation dxi A ... A dx,.

The induced orientation of dzy A ... A dx,, in R*! x R>¢ on R 1 x 0 is
(=D)"dzy A ... ANdzp_1.

Suppose that M"™ is an oriented manifold with M and orientation given
by n-form w. Let n be the (n — 1)-form on M corresponding to the induced
orientation. Then w = —dh A n near OM. Where h : M — R>¢ is a smooth
function with h=1(0) = OM.

Lemma 3.20. If F' : N — M is an orientation preserving diffeomorphism,
then [, dw = [y, (w) iff [ dF*(w) = [55 i (f*w).

Theorem 3.21 (Stokes’ Theorem). Let M™ be an oriented n-manifold such
that OM™ has the induced orientation. Then for any (n—1)-form w on M with

compact support,
/ dw:/ i*(w):/ w\aM:/ w
M M M M

where i : OM — M 1is the inclusion.

Proof. Case 1: M = R"™1 x R>¢ with the standard orientation, and oM =
R"~! x 0 has the induced orientation. R
w is a finite sum of I: f(z)dz1A.. . Adzp_1 and IT: f(x)dziA. . Adx;A. . Adx,.
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If w is type I, the dw = idgcn ANdxiA.. . Ndxp_1 = (—1)"‘1ﬂd$1 AN

dey,and [}, dw = (=1)""" [o.- I XRso af dziA. . Ady, = (1)1 [o, (fooo dzn) dzi A
..ANdxp_1. f is on compact support, so this gives

0 [ S, O de = [

If wis type II, then wlpM = 0, so [,,,i*(w) = 0. Now dw = %di A
dey A ... ANdxi A ... Adz, = (—1)i*1%da¢1 Ao Ndzy., SO [ s dw =

XRZO
(—1)=1 fRn ) (fooo g—id:co dz,, = 0.

_Oooo gg (1,...,Zi...,xn)dz; = 0 due to compact support.

Case 2: General. Take orientation preserving charts {(Uy, ¢ )| € A} cov-
ering M and a partition of unity {\,} associated to {U,}

/M = za: /M HAatw) = ; /U(, Hhat?) = ; /uamaM()\aw) B za: /azw()\aw) B /aM ¢

O

(=D)"f(z1, ..., @pn_1,0)dz1A. . NdTp_1 = / 7 (c

M oM

In particular, if 9M = (), then [, dw = 0.
e.g. Gauss-Bonnet for H?2.
A hyperbolic triangle in H? = {2|3z > 0}. We have metric %, and

area form is % =d (%“7) And so we have

Theorem 3.22. Area(Q) = — 6, — 0 — 63, where Q is a hyperbolic triangle.

Proof.
dx Nd
Area(Q):/ il 5 y:j{ / / /
Q Y o Y
And so we have [ 4 fﬂ d('ywciltjA fﬁ dt = a— 3, and so the theorem
holds. ]

eg Ifw=3" a;(x)dz; is a closed 1-form in R3.

dw=0=73",daj(z) Ndz; =3, ; 99i s A day = 0 iff 9% = %”f for all 4, j.
) J Zj i

Fix 0 € R3. If a : [0,1] — R? is a smooth path from o to z, then define

)= [ w
Lemma 3.23. F,(z) = Fs(z) if 3: ([0,1],0,1) — (R3,0,z).
Proof. Let H(s,t) = (1 — t)a(s) + tﬂ(s) smooth. H(s,0) = a(s) and H(s,1) =
B(s), H(0,t) =0 and H(1,t) =

By Stokes’ Theorem, [}, d( = [ H (dw) =0 = [, Hw = [ w—

fg“*

Definition 3.13 (Exact Form). M™ a smooth manifold. An i-form w is called
exact if w = dn where n is an (i — 1)-form.
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4 Algebraic Topology

Definition 4.1 (de Rham Cohomology). The n'* de Rham cohomology of M
is Hjp(M) =the quotient of the smooth closed n-forms with the smooth exact
n-forms.

See Topic 1: Chain Complexes, in Homological Algebra notes.

The de Rham Cohomology assigns each smooth M a vector space for each
1, HQR(M) and assigns each smooth map F': M — N, a linear transformation
F*:H!,(N) — Hip(M) such that (id)* = id and (F o G)* = G* o F'*.

Theorem 4.1. If F : M — N s a diffeomorphism, then F* : Hip(N) —
H!,(M) is an isomorphism.

Easy fact: Hp(M) =0 for i > n, as there are no forms at all.
Lemma 4.2. If M" is connected, then Hn(M) =R
Lemma 4.3 (Poincare’s Lemma). H’p(R") is R if i =0 and 0 fori > 0.

Proof. We will perform induction on n. n =1 is ok from the above.

If it holds for n, then we let 7 : R® x R — R"™ be the canonical projection
map.

Then 7* : H)p(R™) — H)n(R™ x R) is an isomorphism. O

There is a linear map, integration, K : Q/(R™ x R) — Q~}(R™ x R) such
that id —(som)* = dK + Kd on Q/(R" x R).

If we assume this, and take cohomology classes [w] € H(R" xR), dw = 0 adn
aply it, we get w — (som)*w = dKw+ Kdw = d(Kw), and so [w] = [(so7)*w] =
(s om)*[w], done.

Take w € QR x R).

Notation: J = (i1,...,4) with 1 < j < n, then dz; = dz;, A ... ANdz;,.
w is a finite linear combination of f(z,t)dz; with f(x,t) € C*°(R™ x R) and
flz, t)dt Aday.

We define K(f(z,t)dxy) = 0 and K(f(x,t)dt Adxy) = (fg f(m,s)ds) dxz,

and we can extend K linearly to Q'(R" x R).
Remark: If M™ is closed and orientable, then HJp(M™) # 0.

Theorem 4.4. If 7 : M x R — M is the projection map, then 7* : H\pn (M) —
Hin(M x R) is an isomorphism.

Definition 4.2 (Homotopic Maps). Two smooth maps F,G : M — N are
homotopic if 3 smooth map H : M x I — N such that H(z,0) = F(x) and
H(z,1) = G(z).

Theorem 4.5 (Homotopy Invariance). If F,G : M — N are homotopic, then
F*=G*: H;p(N) — Hjp(M).

29



Proof. Let H : M x I — N be a homotopy from F' to G, let s; and ss be the
inclusions, F' = H o 57 and G = H o sy, then F* = s} o H* and G* = s3 0 H*
but s} = s = (7*)~!, where 7 is the projection. O

Theorem 4.6. M™ any smooth manifold I C R an interval, then the projection
m: M x I — M induces 7 : Hip(M) — Hip(M x I), an isomorphism.

Proof. Let s : M — M x I, s(x) = (z,¢) for ¢ € I fixed. Then 7o s = id implies
that s* o m* = id, and so 7* is 1-1.

We claim that 7 is onto. There exists K : Q/(M x I) — Q=Y(M x I)
integrading along a fiber which is linear such that id —(som)* = dK + Kd which
implies that (som)* =id" in Hjp.

Poincare’s Lemma states that this condition holds for M = R".

Let {(Uy, o) : @ € A} smooth charts convering M such that ¢, (U,) = R™.
Let {\q : @ € A} partition of unity associated to {U, : @ € A}. For each a, we
we can define K, : Q4(U, x I) — Q=1 (U, x I).

Now, on R™ x I, we have id —(7 0 s)* = dK — Kd by Poincare’s Lemma and
30 (6o X 1)*((Ba % 1)) = (B0 x 1)* (705)* (6 X 1)*) " = (0 X 1) dK (0 X
D)7+ (B0 x 1) Kd((6 x 1)),

Thus, id —(7 0 §)* = dK, + K,d.

For w € QY(M x I) define K(w) = >, Ko(Aqw) Now dK (w) + Kd(w)
Yoo(dKq + Kod)(Aqw) =3 (Aaw — (T 0 5)*(Aaw)) =w — (T 0 5)*w.

Corollary 4.7. If f~g: M — N then f* =g*: H.n(N) — Hip(M).

oo

Definition 4.3 (Homotopic Equivalent). Two smooth manifolds M, N are smooth
homotopic equivalent (M ~ N) if 3F : M — N, G : N — M smooth such that
FoG~idy and Go F ~idy,.

e.g. M =R™and N is a point, then R™ ~point as F' : R" — {0} by F(x) =0
and G : {0} — R™ by G(0) = 0.

Theorem 4.8. If M,N smooth manifolds and M ~ N, then H'n(M) ~
Hip(N).

Application:

Theorem 4.9 (Brouwer Fixed Point Theorem). If f : D™ — D" is a smooth
map, then 3p € D™ such that f(p) = p.

Proof. If not, then f(x) # « for all z € D™. Let g(z) be the intersection of the
ray from f(z) to x with D" = S"~1.

Claim: g(x) is smooth in x.

Assuming this, then we look at ¢ : 9D™ — D" inclusion i(x) = z, then
goi(z) =u=x.

H=Y(oD") & HI-1(D™) & H"=1(9D"), but the middle term is zero and
the composition is the identity, and as 9D = S"~! is orientable, H/};; ' (S"~1) #
0, contradiction. O
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Poincare Duality:

Deﬁnition 4.4 (Cup Product). Let M™ be smooth. Then the cup product is a
map Hyp(M) x Hjp(M) — Hy (M) by [w] x [n] = [w An] = [w] U [].

It is well defined, and also bilinear.
Furthermore, if F : M — N is smooth, then F*([w] U [n]) = F*([w]) U
(F*([n])), due to F*(w A n) = F*(w) A F*(n) on forms.

Theorem 4.10 (Poincare Duality). Suppose that M™ is a closed orientable and
connected n-manifold (compact and no boundary). Then:

1. dim Hp(M) < 00
2. The integration [ H}p(M) — R : [w] — [,,w is an isomorphism

3. The cup product Hipy(M) x Hin (M) — H3(M) ~ R is nondegenerate.
In particular, dim H) (M) = dim H}5 ' (M).

e.g. define b; = dim Hp(M™) and the Euler characteristic of M is (M) =

bo — by + by — ...+ (—=1)"b, is a topological invariant.
Consequence: If M?"*! is a closed orientable connected manifold, then
x (M2t = 0.

And now we will lead geometry behind and do more general algebraic topol-
ogy:

Definition 4.5 (Homotopic). If f,g: X — Y are tow continuous maps, then
they are homotopic if there exists a continuous map H : X x I — 'Y such that
H(z,0) = f(z), H(z,1) = g(z).

We can define the continuous homotopy equivalences of two topological spaces
by X~Y iff f: X —>Y andg:Y — X such that fog~idy and go f ~idx.

Classifying Spaces Up to Homotopy Equivalence:
Sn=1t ~R™\ {0}.

Proposition 4.11. O(n) ~ GL(n,R).

Proof. Let f(z) = z is a map from O(n) — GL(n,R) be the inclusion. Let
g : GL(n,R) — O(n) by the Gram-Schmidt Process. Take A € GL(n,R). Then
A =[v1,...,v,] such that {vy,...,v,} is a basis of R™.

Use Gram-Schmidt to take {vy,...,v,} to {w,...,w,} an orthonormal ba-
sis and then set A — B = [wy,...,w,] € O(n).

So g(A) is smooth in A.

go f=idowm)-

Now we must show that f o g(A) = B is homotopic to idgn,r). We define
H(A,t) = (1 —t)A+tB. This is smooth such that H(A4,0) = A and H(A,1) =
fg(A). Claim det(H(A,t)) # 0.

Gram-Schmidt says that u; = ngi a;jvj, andsoary = 1,s0 w; = Z;Zl bijv;
where b;; > 0. So H(w,t) = [wi(t),...,wa(t)] where wi(t) = Y75, bi;(t)vy,
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bii(t) = (1 —t) +tbi; > 0, and so w;(t) = (1 — t)v; + tw;, giving us (1 — t)v; +
tzz‘:l biﬂ}j.
And so det H(z,t) > 0. O

Fundamental Group:

Let X,Y be topological spaces. f: X — Y be a map, we will always assume
that maps are continous.

A path in X is a : [0,1] — X such that a(0) = p, a(1) = q.

a:([0,1],0,1) — (X, p,q).

Definition 4.6 (Path Homotopic). Two paths a,b : ([0,1],0,1) — (X, p,q)
are path homotopic, a ~, b if 3 a cont map H : [0,1] x [0,1] — X such that
H(s,0) =a(s), H(s,1) =b(s), H(0,t) =p and H(1,t) = q.

[a] is the path homotopy class of a.
Lemma 4.12. ~, is an equivalence relation.

Lemma 4.13 (Gluing Lemma). If a topological space X = AU B where A, B
are closed and f : A — Z, g : B — Z are two continuous maps such that

flane = glans, then h(z) = f(z) on A and g(x) on B is continuous from X
to Z.

Proof. h is well defined. Take any closed set ¢ C Z. Then h~!(c) = f~!(c) U
g~ %(c) which are each closed in A. O

Definition 4.7 (Loops). If p = ¢, then a: ([0,1],0,1) — (X,p) is a loop based
at p. [a] is the homotopy class of a loop.

Definition 4.8 (Composition of Paths). Suppose a : [0,1] — X andb:[0,1] —

X such that a(l) = b(0). Then axb : [0,1] — X is the path (a * b)(t) =
a(2s) 0<s<1/2

{ b(2s—1) 1/2<s<1

By the Gluing Lemma, a * b is continuous.
Lemma 4.14. Ifa ~, d’, b~, b’ and a(1) = b(0), then ax b~y a’ x V.
Corollary 4.15. [a] * [b] = [a * b] where a(1) = b(0) is a well defined operation.

Theorem 4.16. The operation * on the set of path homotopy classes of loops
based at p satisfies:

1. Associative: [a] * ([b] * [c]) = ([a] * [b]) * []
2. Identity: e = [p|, p:[0,1] — X constant. Then [a] *x e = [a] = e * [a].

3. [Inijf]rsef ]Deﬁne a=t:]0,1] — X by a='(s) =a(l —s). Then [a] x[a™'] =

That is, these classes form a group.
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Before we prove this, we will need a lemma:

Lemma 4.17. Ifa:I — X and ¢ : I — I, $(0) = 0,¢(1) =1, then a ~, ao ¢.
Thus, if a ~p b, then ao ¢ ~, bo ¢.

Proof. H(s,t) = a(ts + (1 — t)¢(s)) clearly continuous. H(s,0) = a(¢p(s)),
H(s,1) =a(s), H(0,t) = a(0) and H(1,t) = a(1). O

We can now prove the theorem:

Proof. The proof goes easily, and includes messy formulas. Thus, it is left to
the reader. O

Definition 4.9 (Fundamental Group). X is a topological space, p € X. The
fundamental group of X at p is denoted by m(X,p) = {[a] : a : ([0,1],0,1) —
(X, p)} with multiplication given by .

e.g. X is convex in R"™ then m (X, p) = 1.

Lemma 4.18. If p,q are in the same path component of X, then there is an
isomorphism ¢ : m (X, p) — m1 (X, q).

Functorial Property:
Suppose that f : (X,p) — (Y,q) is continuous. Then f induces a group
homomorphism f, : m1(X,p) — m (Y, q) where f.([a]) = [f o al.

Lemma 4.19. 1. Ifa~,b, then foa~, fob.
2. flaxb) = f(a)* F(b).

Definition 4.10 (Covering Space). A covering space map p : X — Y satisfies
the following conditions:

1. p(X)=Y.

2. For any y € Y, there exists open set U containing y (small) such that
p 1 (U) = Huea Va is a disjoint union of oepn sets Vo, such that ply, (U)
s a homeomorphism.

Definition 4.11 (Elementary Neighborhood). The U’s defined above are the
elementary neighborhoods forp: X — Y.

Lemma 4.20. 1. If p: E — B is a covering map and Y C B, then p| :
p~ YY) — Y is a covering map.

2. If p; - E; — B;, i = 1,2 are covering maps, then p1 X ps : By X Ey —
B1 X By is a covering map.

Proof. 1. Clearly, p| is onto. The elementary naighborhoods for p| : p~1(YV) —
Y are UNY, where U is elementary for p.
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2. Definition! Elementary neighborhoods are products of elementary neigh-
borhoods.
O

Proposition 4.21. If p(z) : C — C is a nonconstant polynomial and B = {z :
p'(2) = 0}, the set of branch points, then p : C\p~1(A) — C\ A where A = p(B)
1S a covering map.

Proof. Take w € C\ A, let z1,...,z, € C such that p(z;)w, degp = n. Since
w ¢ A, we have z; ¢ B, so p/(z;) # 0 for all .

By inverse function theorem, there exist small neighborhood W of w and U;
of z; such that p| : U; — W is a diffeomorphism for all i.

Claim: W is an elementary neighborhood for p. p~!(W) contains the V; by
definition.

Let z € p7 (W) iff p(z) =a € W. p~Ha)NV; # 0 = p~!(a) contains at
least n elements, but deg(p) = n, so p~1(a) C [[ Vi, so we are done. O

Definition 4.12. Suppose T is a countable group acting on a topological space
X is called properly discontinuous if T' acts properly discontinuously, that is,
Vo € X Anbhd U of x such that v(U)NU =0 for all v € T\ {id}.

Proposition 4.22. IfT" acts properly discontinuously on X, then the quotient
map, p: X — X/T is a covering map.

Proof. p is cont by deiniton, and onto.
The elementary neighborhood of a point [z] in X/T" is p(U) where U satisfies

p ' (p(U)) =11 er1U- O

Proposition 4.23. Suppose G is a topological group and I' < G a discrete
subgroup. Then T acts on G by left multiplication properly discontinuously.

Proof. T discrete <= there exists a nbhd W of id in G such that TNW = {id}.

The map F : G x G — G : (z,y) — zy ! is continuous, so F~1(W) is a
neighborhood of (id,id) in G.

Then there is another nbhd U of id such that U x U € F~1(W).

This is true iff Vuy,us € U, ulugl ew.

Claim: if v(U)NU # 0, then v = id.

Indeed, v(u1) = ug, then yu; = uy iff v = uguy’ € W, but WNT = {id},
so v = id. O

Definition 4.13. If p: E — B is a covering map and f : X — B continuous
then a lifting of f is a continuous map f: X — E such that po f = f.
E

/ p

X — B
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Theorem 4.24. If X is connected and fl,fg : X — FE are two liftings of
f:X — B wrt a cover p: E — B such that fi1(xg) = f2(zo)

Proof. Let W ={z € X : fi(z) = fo(z)} # 0.

Claim: W is open and closed (so W = X since X is connected).

W open, take x € W, we wil find an open nbhd V of x € X such that
V c W. Consider p(fi(z)) = p(fao(x)) = y in B. let U be an elementary
neighborhood of y such that p “1U) = ]_[ Va, p| : Vo — U homeo.

Say fi(z) = (f)a(x 1) € Voo V = FT (Vi) N f5 (V) is open and contains
. VCW. zeV = fi(z 2), f2(2) € Va,.

p(f1(2)) = p(f2(2)) = f1(2) = fa(2), z € W.

Proof that W is closed is homework. O

Theorem 4.25 (Path-Lifting). Supposep : E — B is a covering map p(ep) = bo
and a : ([0,1],0) — (B,by) is a path in B. Then there exists a unique lifting
a: ([0,1]0) — (F,eq) such that poa = a.

Proof. Uniqueness is clear by the previous theorem.
NEXT TIME O

Uniqueness of Lifting

Suppose p : £ — B is a covering map, X is connected and fl, f2 X - F
so that po Fy =po fg and fl(ato) fg(xo) for one zg € X, then f; = fo.

Theorem 4.26 (Path-Lifting Theorem). Suppose p : (E,e) — (B,b) is a cov-
ering map p(e) = b and a : ([0,1],0) — (B,b) is a path in B. Then 3! lifting
a: ([0,1],0) — (E,e) such that po a = a.

Proof. Let U = {all elementary neighborhoods in B}. This is an open cover of
B.

Thus, V = {a~!(u) : u € U} forms an open cover of I.

By Lebesgue lemma, there exists a partition 0 =ty < t; < ... < t, = 1 such
that a([ti,ti+1]) C U; for U; € U for all i.

Construct a inductively on [to, t,].

Step 1: aljgyt,)- allto,t1]) € Ur, p~'(U1) = I1, Via, the disjoint union of
Vias Plvi., : Via — U homeo.

Say e € ‘/1,3 = d‘[to,tl] = (p|V1B)_1a|[0’t1]-

Clearly, alf, +,] is continuous, po @ = a on [tg, 1], a(0) = e.

Step 2: Suppose @ has been defined on [tg,t;—1]. Now a([t;_1,t;]) C U; -
elementary neighborhood.

Let p ' (Uy) = L1, Via- alti1) € Uy and p(ati 1)) = a(t;_
and os we have a(t;—1) € Vi for some 3. Define a|, , ;) = (p

By the gluing lemma, a on [tg, t;] is continuous and po a

by induction,

Al[t;_1,t]-

1)
ﬁ)

Theorem 4.27 (Homotopy Lifting). Suppose p : E — B is a covering map,
ple) = b and H : [0,1] x [0,1] — B is contiuous so that H(0,0) = b, then 3!
lifting H : [0,1] x [0,1] — E such that po H = H, H(0,0) =e
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Proof. U is the set of all elementary neighborhoods in B, and it is an open cover
of B. Thus, V. = {HY(U) : U € U} forms an open cover I x I. Lebesgue’s
Lemma gives a partition of I such that H([t;—1,t;] x [tj_1,t;]) C U;; where
Uij cu.

Let order those small sequences as Q) where k € [n?] such that Q; =
[0,21] x [0,¢1] and @Q; N (Q1 U ... UQ;_1) is connected. Say H(Qy) C Uy.

Define H on Q1 U...UQy inductively as follows:

Step 1: I~{|Q1. H(Q1) C Uy, s0p~H(Uy) =11, Via- € € Vi for some (3, since
beUis H(0,0).

Define H|q, = (plv,) " o H|o, -

Step 2: Suppose H has been defined on Q; U ... U Q;_1. Take v; € Qi N
(QuU...UQi—1). Then, as H(Q;) C Uy and p~'(U;) = [, Via, p(H(vi)) =
H(v;) € Uy, and so, H(v;) € Vi for some £.

Now we define g|g, = (plv,,) "' o H|qg,-

glg, cont, pog=H|g,.

Claim: g|g,n(Q,u..uQ;_1) = H Q:N(Q1U...uQ;_,)- indeed, both are liftings of
H|g,nQ,u...uq;_,) by definition, and they take the same value at v;. Further-
more, Q; N (Q1 U...UQ;_1) is connected, and so by the uniqueness of lifting,
we are done proving the claim.

Now define H on Q1 U. ..U Q; by gluing, and so done. O

Corollary 4.28. If H : I xI — B is a path homotopy, H(0,t) = by, H(1,t) =b
Jor allt, and H : I x I — E s a lifting of H with respect to a covering map
p: E — B, thenm H(0,t) = yo and H(1,t) = y; for all t.

Proof. po H(0,t) = bg, poyo = by, so H(0,t) = yo by uniqueness of lifting. [
Theorem 4.29. (S, b) ~Z.

Proof. Calculate b = 1. Let p(x) = > : R! — S* be the covering, p(0) = 1.
For any loop a : [0,1] — S, a(0) = a(1) = 1. Let a: [0,1] — R! be the lifting
of a with a(0) = 0. By the corollary, if @ ~, b, then @ ~, b. In particular,
a(1) = b(1) € Z.

Define @ : 71(S1,1) — Z. ®([a]) = a(1).

Claim: ® is a 1-1, onto, group homomorphism. ~

® is 1-1: Suppose ®([a]) = ®([b]) Then a(l) = b(1). a,b : ([0,1],0,1) —
(R,0,a(1)), which implies that a =, b, and so poa >~ p o b and thus, a ~, b

® is onto: suppose that a(1) = n,b(1) = m. ®([a][b]) = ®([ab]). Then
ab(1) = a(1) + b(1) = n +m. O

Theorem 4.30. Suppose I' is a countable group active properly discontinuously
on a simply connected manifold Q. Then 7 (/T') ~T.

Proof. p: Q — /T, the quotient map is taken to be the covering map. The
rest is homework. O
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Corollary 4.31. If E is path connected and p : E — B is a covering map, then
the cardinality of p=1(b1),p~1(ba) are the same.
If the cardinality is finite, we say that p is an n-fold covering.

Proof. E path connected and p onto implies that B is path connected.

In particular, 3 a path a in B from b; to bs.

If x € p~1(by), let a, be the lifting of @ with @,(0) = z. (path lifting) Since
a(1l) = by = p(a, (1)) = by = a,(1) € p~1(b).

Let ® : p=1(bl) — p~1(ba) : @ — a,(1).

Claim: & is 1-1, onto.

® is one to one: we take ¢(x1) = ¢(x2). Take a,, and a,, are the two
liftings of a such that a,, (1) = @,,(1). By the uniqueness of lifting, a,, = a,,
SO X1 = T2.

® is onto: Vy € p~1(by), let b be the lifting of a~! with initial point b(0) = y.
Then b(1) = x € p~1(b1), then a, = b~! satisfies ¢(z) = y. O

Definition 4.14 (Locally Path Connected). X is locally path connected if Va €
X and any nbhd U of x, 3 a path connected nbhd V' of x such that x € V C
UCX.

Theorem 4.32 (General Lifting). Suppose p : E — B is a covering map,
pleg) = by and f : X — B continuous with f(xg) = by and X is path con-
nected and locally path connected. Then f has a lifting f : (X,20) — (F,e0) iff
fe(m(X, 20)) C pu(mi(E, €0)).

Proof. If f exists, then po f = f, so p.(f(m1 (X, 20))) = fu(m1(X,20)), which
must be contained in p. (71 (E, ep)).

That the condition is sufficient: take x € X, let a be a path in X from
2o to x. Then the path f o a in B has a lifting f oa starting at eg. Define

f(2) = foa(1). Clearly po f = f. f(z0) = bo.

Claim 1: f is well defined. B

Proof of Claim 1: Suppose a,b are paths from zg to = so that foa(l) #
fo b(1). Then, Zf o ba~1t) lifts to a path with distinct endpoints.

But [f o (ab™1)] € pu(m1(E,€0)) says that the lifting of f o (ab™1) is a loop
at eg. Contradiction.

Claim 2: f is continuous.

Take open W C E. Say f(x) € W. There exists a nbhd W' of z in X such
that f(W’') C W.

p is a local homeomorphism as it is a covering map, and so p(W) is an open
set containing f(z). Now f is continuous implies that f~2(p(W)) is an open set
containing x.

X is locally path connected, and so 3 path connected nbhd W’ of z such
that z € W’ C f~H(p(W)).

Claim: f(W’') Cc W.

p is a covering map, and so 3 an elementary neighborhood U of f(z) such
that p~*(U) = ][, Va and one Vg C W.
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Now, z € W’. Let b be a path in W’ form z to z, and let a be a path from
xo to x.

¢ = ab is a path from zq to z. ~

bC W' = fobCU, so there is a lifting § of f o b starting at f(x) lying in

. —1
Vs 5= (olv,) " (Fob). ) )

Then f o (ab) = (f o a)og by the gluing lemma. And so f(z) = f o (ab)(1) =
g(1) e Vg C W. O

Applications: Assume all spaces are path connected and locally path con-
nected:

Definition 4.15 (Equivalent Covering Maps). Two covering maps p1 : B1 — B
and pa : Es — B are equivalent iff there 3 homeomorphism h : E1 — FEo such
that P1© h = P2-

Corollary 4.33. py: (E1,e1) — (B,bo) and ps : (Ea,e3) — (B,bg) are equiva-
lent iff (p1)«m1(E1, e1) = (p2)«m1(Ea, e2)

Proof. By the general lifting theorem, 3h : (Es,e2) — (E1,e1) with py o h = py
and 3h : (E1,e1) — (E2,e2) such that p,, o g = p;.

Claim: hog=1id, go h =id. That is, h is a homeomorphism.

hog(eir) =h(e2) = e1. pi(hog) =prohog=pyog=p =pioid

So both h o g and id are liftings of p; and h o g(e;) = id(e1). Uniqueness
implies that h o g = id. O

Classification of Covering Spaces:
All spaces are path connected and locally path connected.

Theorem 4.34. Suppose M is a connected manifold with ' = 7T1(M, xg). Then
M has a universal cover M which is simply connected and p : M — M such
that T' acts properly discontinuously on M with p(x1) = p(x2) iff 1 = yaa for
v el.

This theorem actually holds for any space that is path-connected, locally
path-connected and semi-locally simply connected. This last condition is that
Vx € M, 3 a path connected nieghborhood U of x such that i, : m (U,x) —
m1 (M, z) is trivial where ¢ : U — M is the inclusion.

Proof. M = {[a] : a is a path in M with a(0) = z¢}.

p: M — M by p([a]) = a(1).

I'={[p] : paloop in M p(0) = zo}.

Let T act on M by [p][a] = [p * a]. By definition of multiplication of paths,
this is a group actions.

Claim: p([a1]) = p([a2]) <= [a1] = [p]laz] for [p] € m1 (M, z0).

< is clear, and so we will focus on =. a1(1) = az(1) = a1 = (a1*az) 'xaz =
p*aa.

We must now define the topology. [a] € M and a simply connectd open set
U containing a(1). [a] € U} = {[ab] : b a path in U with b(1) = a(1)}.
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Claim: {Up,} form a basis.

M = UUp). If [¢] € U NV we wnat an open simnply connected W
containing ¢(1) and Wiy C Ul N V).

[c] € Upy) implies that ¢ ~, aa’ ~ bb" and ¢(1) € UNV. W open coordinate
chart with ¢(1) € W. 71 (W) = 1 such that W CUNV.

Then V[f] € Wy we have f = ¢’ ~ ad'c’ ~ a(d’c), and so [f] € Upy.
Similarly, [f] € Vi

Claim: p : M — M is continuous and Plu, : Uja) — U is a homeomorphism.

p| : Uy — U is 1-1, p([ad’]) = a'(1). p([aa’]) = p([ab]) so a/(1) = ¥'(1). U
simply connected implies that a’ ~, V/, and so aa’ ~ ab’.

It is onto as U is path connected.

p continuous because we cna take an oepn simply connected set U, and then
p~H(U) = UyerUya)-

D is clear as [b] € U,|q imples that b(1) € U and so p([b]) = b(1) € U. C
is because we take [b] € p~1(U) and so p([b]) € U. Thus, b(1) € U. Since U is
path connected, let ¢ be a path in U from a(1) to b(1). (a*c)(1) = b(1) and so
[b] = ~[ac], v € 71 (M, x0). Thus [b] € U,[q. Thus, p is continuous.

Since p(Ujq)) = U, p sends open sets to open sets, thus, (p|v, )~ is contin-
uous.

Claim: p~}(U) = H’yEF U,q) for open simply connected sets U C M.

Indeed, U, (q) NU/(q) # 0 implies [b] € U,1q) Uy [q)- b = pac where p € v and
¢ is a path in U, and also ~, p’ac’ where ¢(1) = ¢/(1). U is simply-connected,
and so ¢ ~, . pac ~ pac’ and so pacc™ ~ p'ac’c™!, thus, pa ~ p'a and so
p~p, thus, vy =~+. And so p : M — M is a covering map with elementary
open sets U are open and simply connected.

Claim: M path connected.

Take [a] € M. The base point yo = [z¢] a constant path. Define b;(s) = a(ts)
for ¢,s € [0,1].

p([be]) = a(t - 1) = a(t), and so t — [b,] is the required path in M.

[b1] = [a] and [bg] = [x0]. So p(a(t)) = a(t), and p a local homeomorphism
implies that «(t) is continuous.

Claim: M is simply connected.

We will show any [a] € m1 (M, o) \ {id} is lifted to a path, not a loop.

By the previous claim, the lifting of a is a(t) = [a(ts)|s¢[0,1)]- Then a(1) =
[a] # [xo] as [a] # [id]. So p, : w1 (M, [zo]) — m1(M,x0) is 1-1. The above
implies that p, (1 (M, [zo])) ~ {id}, and so 71 (M) = 1.

Claim: M is Hausdorff.

Follows from lemma which follows.

We also note that there is a countable basis, as I" is countable, but will not
prove it. O

Lemma 4.35. p: E — B is a covering map and B is Hausdorff. Then E is
Hausdorff.

Proof. Take x1 # x5 in E. If p(z1) # p(z2) then we are done.
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If p(z1) = p(x2), then we let U be an elementary neighborhood of p(z;) with
respect to p. Then p~*(U) =[], Vo = 21 € Bg,, 72 € Vj,. O

Definition 4.16 (Galois Covering). A covering map p : E — B is called Galois
(regular) if 3 a group T' acting properly discontinuously on E such that p(xz,) =
p(xe) iff &1 = yao for some v € T'. (T is the deck-transforamtion of p)

Theorem 4.36. Let B be a path connected manifold, and T = 71(B,x¢). Then

1. { All conected covering spaces E of B, p : (E,y0) — (B,zg) up to
equivalence} is bijective to { all subgroups of T'}.

2. Under the correspondence, Galois covering maps correspond to normal
subgroups of w1 (B, ).

Proof. Define the map ® sending p : E — B with p(yo) = 20 ®(p) = p«(m1(E, 30)) <
71(B, xg). The General Lifting Theorem implies that ® is 1-1.

® is onto, because if we take a subgroup G of 71 (B, z¢) then we let B be
the universal cover of B with deck transformation I' = 71 (B, z).

G < T implies that G act properly discontinuously on B.

Let p: E=B/G — B/T:[2] =G-x—T-z. Letp: B — B/T be the
universal cover.

p is a covering map is clear using p. p, : m (B/G) — w1 (B/T).

By definition the only elements in 71 (B/I") ~ I’ which lifted to loops in B/G
are elements of G. Thus, p.(m) = G. O

Theorem 4.37. B is a connected manifold and G = w1 (B, ).

There exists a bijection ® from the set of all connected covering spaces p :
E — B up to equivalence to the subgroups of G, by ®(p) = p«(m1(E,y0)),
p(yo) = @o.

Furthermore, |p~1(z)| = [G : T] and p : E — B regular iff T a normal
subgroup of G.

Proof. We proved 1-1 and onto before. To see that [p~!(x)| = [G : T], Recall
I < G. The associated covering space p: E — B is E = B/T', B = B/G where
B is the universal cover of B.

p(Tz) = Gz, p~}(Gx) = Hyeqril(92)} Gz =]l e r F(g9z). And so, the
result follows.

To see that p: E — B is regular iff I' < G.

=:p: (E,y0) — (B, zo) is regular, then there is a group H acting properly
discontinuously on F such that p(x;) = p(aq) iff 1 = hay for h € H. Take
[a] € m1(B, z0), [b] € m1(E,y0). [a]™'p.([b])[a] € p«m1(E,yo). Let @ be a lifting
of a with a(0) = to). a ' *bx*a is a loop based at a(1), so p(@a=! xbxa) =
a~poba € [a] 'p.[b][a]. p: E — B regular implies that there is h € H such
that ha(1) = a(0) = yo, and so po(h-(a~1*bxa)) = p(a~'*bxa) € [a] *p.[b][a],
and os [a] 'p. ([b])a] = ps([c]) € p(m1(E,y0)), where c = po (h-(a~" *bxa))
is a loop based at yg.
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<: If I' < G normal with quotient group H = G/T, then construct the
action of H = {Tg:g € G} ={[g] : g € G} on E = B/T by [g](T'z) = I'(gz),
p([9](Txz)) = p(Tx). Also p(Txz1) = p(T'za) so Gxy = Gxy. That is, zo = gr; for
some g € G. H acts properly discontinuously on B/T. Take 'z € B/T, z € B.

G acts properly discontinuously on B, so there exists a neighborhood U of
x such that gUNU =0, g € G\ {id}.

Take V' = T'U to be open neighborhood of I'z. Claim: [¢] € H \ {id}.
[g]V NV =0. If not Iy € U,T'y € V with [g](Ty) = T'(gy) € VNTU. And so
gy =y wherey e T, ¢y €U.

(v loyy =9, (v t9UNU # 0 so v~ tg = id, so g = v € I, contradiction.

O

Computation of 7 (X)

Some algebra: The free group of k generators z1,...,z; will be denoted
Fp,=(x1,...,25) =Zx*...x L.

Given any finitely generated group G with generators gi,...,gg, then @ :
Fy — G by z; — g; is an epimorphism. ker ® is a normal subgroup of F}, which
is normally generated by 71,.... We say G is presented by (z1,..., Tk : y1,...).

Definition 4.17 (Universal Extension). If A, G1,G2 are groups, and i; : A —

G1 and is : A — Ga are two homomrophisms, then there exists a unique, up

to isomorphism, G and homomorphisms j1 : G1 — G, jo : Go — G suc that ¥

groups H and any homomorphisms ¢1 : G1 — H, ¢o : Go — H with ¢1 041 =

@2 019, there exists a unique homomorphism ¢ : G — H such that ¢ = ¢ o ix.
1

21 jl d)l

A ¢--%>n

(2R
ja ¢2

Go
It turns out that this is G1 * Ga/(i1(a)(i2(a)) ™ aca.

Theorem 4.38 (Seifert, Van Kampen). Let X be a topological space, X =
Uy U Us, where Uy,Us, Uy N Uy are open, path connected. Then for any group
H and group homomorphism ¢y, : w1 (Uk, o) — H such that ¢1(i1.) = ¢d2(iox),
there exists a unique homomorphism ¢ : m (X, x9) — H.

Thus, m1(X) = m1(Ur) * m2(Us) /{(i1)«(a) (i2) (™)) aerm: (0rn02) -

Corollary 4.39. Under the same assumptions:

1. If’ITl(Ul ﬂUg) =1, then 7T1(X) ~ 7T1(U1) *7T1(U2)
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2. Ifﬂl(Ug):l, then 7T1(X):Fl(Ul)/<7T1(U1ﬂU2)>.
3. Ifﬂ'l(Ul):ﬂ'l(Ug)Zl, thenm(X)zl.
We will prove this corollary without using Seifert-Van Kampen.

Proof. Part 3: Take a loop a : [0,1] — X, a(0) = a(l) = zy. By Lebesgue
Lemma, there is a partition 0 = ¢tg < t; < ... < t, = 1 of [0,1] such that Vi,
a([t1,tix1]) C Uy or Us. a;(s) = a((1 — s)t; + sti+1) be the path of a from a(t;)
to a(tiy1).

a ~p ag*...xay_1. For each 4, choose a path byi from x to a(t;) as follows:
lfCL( ) € UlmUQ, thenb C U1 NUy and 1fa( ) S Uk\(UlﬂUg) then bz C Uyg.

Let C; = b; CLIL ’L+17 thisis a IOOp at zg. Then ag...apn—-1 =p (aobl)(bflalbg) (b 11an 1) =
CcoC1...Cp—1.-

Claim: ¢; lies in Uy or Us. The claim implies that ¢; ~ 1, and so we are
done.

Say a[t;, tiv1] C Uy, a(t;) € Uy, a(t;y1) € U)k, and so b; C Uy, and b1 C Uy.
Thus, ¢; = biaib;ll C Uyg, and so we are done. O

This proof shows that there is an epimorphism @ : 71 (Uy )*m1 (Uz)/((i1)«(a)(i2); 1 (a)) —
71(X). The difficulty is to show that the kernel is trivial.

Theorem 4.40. Ifn > 3, My, My are connected manifolds, then 1 (M #Mg)

m1(My) * w1 (Ms) where Mi#My = (M;p\ D”) Up (My— D2) where DI is a
smooth n-ball in M; and h: 0Dy — 0BT is a diffeomorphism.

Remark: The diffeomorphism type of M;# M, is independent of the choices
of Dl, DQ and h.

Theorem 4.41 (Gurosh). Subgroups of a free group are free.

Proof. Every connected graph is homotopy equivalent to a wedge of ST A...AS!
with countable many circles.

By S-vK, m (ST A ... A S1) is a free group. Suppose that G is a subgroup
of B, =Zx*...«Z =m(S*AN...ASYp). Let p: E — S A...St be the
covering space with p.(m(E,q)) = G. But E is a graph, and so m(FE,q) is a
free group. O

Proposition 4.42. If X is a compact connected surface with 0X # @), then
m1(X) is a free group.

Theorem 4.43. m1(3,, X) ~ (a1,...,ala1as. .. aggafl e aggl).
Corollary 4.44. If g > 2, then m(¥Xy) is not abelian.

e.g. The 3-Dimensional Lens Space L(p,q) where p,q € Z are relatively
prime integers. Let Z, = () act on S® = {(z2,w) € C? : |2]? + |w|* = 1}
n(z,w) = (€217, 2™/Py). 7, acts freely.

So, L(p,q) = S*/(Z,), and so S? is the universal cover. Thus 71 (L(p, q)) ~
Z,.
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And so, we can construct 3-manifolds with fundamental group the free prod-
uct of any finite number of cyclic groups.

The braid group, B,, n € N

Xn=A(z1,...,2,) €C" 1 x = x;,1 # k}.

The symmetric group on n letters acts on X,, by permuting coordinates and
is properly discontinuous.

We look at Y, = X, /S, = {{z1,...,2n} CC:a; # x;,i # j}.

(@1, oyxn) — {x1,..., 20} p: X, — Y, is a covering map, quotient by
Sn, so Sy, is the deck transformation group.

Take a base point ¢ = (1,...,n) € X,, and §={1,...,n} € Y,,.

Definition 4.18 (Braid Group). B, = 71(Y,,q), and the pure braid group
71—1()(71161)'
P, is a subset of B, by p..

Recall from Homological Algebra:

Suppose C*, D*, E* are cochain complexes and 0 — C* LD L E S 0a
short exct sequence of chain maps.

Theorem 4.45. There is an associated natural long eract sequence ... —
H(Cc*) 5 HY(D*) L& B (BY) & H Y (CY) —

de Rham Cohomology:

Let M be a smooth manifold, Uy, Us open in M such that M = Uy U Us.

ix : U1 NUy — U; and jy : Uy — M be inclusions. Q¢(M) is the space of all
i-forms on M.

Proposition 4.46. The following is an exact sequence:

0 — QM) "2 Qi(Uy) @ Qi) " QUUL N UL) — 0

Mayer-Vietoris for de Rham Cohomology:
If M = U, UU,; where Uy, Uy are open in a smooth manifold M, then 3 a
natural long exact sequence as in theorem 23 and prop 6.

Corollary 4.47. H'(5") =R fori=0,n, 0 else.
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