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Abstract

We consider both soft potentials with angular cutoff and Landau collision ker-
nels in the Boltzmann theory inside a periodic box. We prove that any smooth
perturbation near a given Maxwellian approaches zero at the rate of e " for
some A > 0 and 0 < p < 1. Our method is based on an unified energy estimate
with appropriate exponential velocity weight. Our results extend the classical result
CAFLISCH of [2] to the case of very soft potential and Coulomb interactions, and
also improve the recent “almost exponential” decay results by [5, 14].

1. Introduction

In this article, we are concerned with soft potentials and Landau collision ker-
nels in the Boltzmann theory for dynamics of dilute particles in a periodic box.
Recall the Boltzmann equation as

F+v-ViF=Q(F,F), F(,x,v)=Fy(x,v), (1)

where F(t, x, v) is the spatially periodic distribution function for the particles at
time 7 = 0, position x = (xy, x2, x3) € T3 and velocity v = (vy, v2, 13) € R3. The
left-hand side of this equation models the transport of particles and the operator on
the right-hand side models the effect of collisions on the transport

O(F,G) = /3 =" BOIF)GW) — F)Gw))dudow.
R3xS

Here F(u) = F(t,x,u) etc. The exponentis y = 1 — % with 1 < s < 4; we
assume
-3 <y <0,
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(soft potentials) and B(6) satisfies the Grad angular cutoff assumption
0 < B(®) < C|cos0|. 2)
Moreover, the post-collisional velocities satisfy
V=v+[u—)- oo, W =u—[(u—v)- oo, 3)
Jul® + v = Ju |+ o' )
and 6 is defined by cos @ = [u — v] - w/|u — v|.
On the other hand, the Landau equation is formally obtained in a singular limit

of the Boltzmann equation. It can also be written as (1) but the collision operator
is given by

O(F,G) =V, - [/3 $( —u)[Fu)VyGv) — G(v)VuF(u)]du]
R
3
= Z E)i/3¢ij(v —w)[Fw)d;G() — G(v)d; F(u)ldu,
ij=1 YR

where 9; = 9,; etc. The non-negative matrix ¢ is given by

97 () = [ai,- - ﬂ} uf*.

|v]?

We assume soft potentials, which means —3 < y < —2 in this case. The original
Landau collision operator with Coulombic interactions corresponds to y = —3.
Denote the steady state Maxwellian by

() = @m) e 2,
We perturb around the Maxwellian as

F(t,x,v) = pn@) +/u@)f, x,v).

Then the initial value problem (1) can be rewritten as

[0 +v-Vilf + Lf =TLf, f1. f0,x,v) = folx,v), &)

where L is the linear part of the collision operator, Q, and I" is the nonlinear part.
For the Boltzmann equation, the standard linear operator [6] is

Lg=v(v)g—Kg, (6)
where the collision frequency is
v(v) = / B@®)|v — u|” p(u)dudw. @)

The operators K and I, in the Boltzmann case, are defined in (19), (20) and (34).
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For the Landau equation, the linear operator [9] is
Lg=—-Ag - Kg, ®)

with A, K and I" defined in (47), (48) and (49 ). The Landau collision frequency is
oV () =Y % p = / ¢Y (v — ) (u)du. ©)
R3

We remark that o/ (v) is a positive self-adjoint matrix [4].

Notation: Let (-, -) denote the standard LZ(R3) inner product. We also use (-, -)
to denote the standard L>(T> x R3) inner product with corresponding L? norm
| - ||. Define a weight function in v by

w = w(t, »)®) = (1 + [v) ™ exp (%(1 n |v|2)%) . (10)

Here 1 < 0,£ €R,0 < g and 0 < ¢ < 2. Denote weighted L? norms as

1817 z/ w (e, Mgl*dv. 118117 z/ 1817 pdx.
R3 T3

For the Boltzmann equation, define the weighted dissipation norm as
181500 = /R3 w (¢, 9 ()|g ) Pdv, (11)

2 _ 2
glly.0.9 =/ 18150, pdx.
T3 '

For the Landau equation, define the weighted dissipation norm as

3
.. A JE
8lais= D, /R3 w2(l, 9) {Guaigajgjugu?l?qgg}dv, (12)

i,j=1
2 _ 2
g1l ¢.0 =/ 1815.¢,9dx.
’]T3

Since our proof of decay does not depend upon detailed properties which are spe-
cific to either dissipation norm, sometimes we unify the notation as ||g|| p.¢,s, which
denotes either ||g||v.¢.5 Or ||g]lg.¢.5. If = O then we drop the index, for example
llgllp.e.0 = |lg||Ip,¢ and the same for the other norms.
Next define a high order derivative
oy = 0% 9% 8% 02 f 9 ol

x1 Yx2 Yx3 Yvp Yvp Yv3 0

where ¢ = [ao, al, az, a3] is the multi-index related to the space-time derivative

and g = [B', B2, B3] is the multi-index related to the velocity derivatives. If each
component of B is not greater than that of 8;’s, we denote by 8 < B1; 8 < Bi

means 8 < B; and |B| < |B1|. We also denote (/’;31) by Cgl.
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Fix N =2 8 and [ = 0. An “instant energy functional” satisfies

1
E&,a(g)(t)i Z IIBE‘g(t)IIfm_,,ﬁéC&,ﬁ(g)(t). (13)
le|+1BISN

If g is independent of ¢ = 0, then the temporal derivatives are defined through

equation (5). Further, the “dissipation rate” is given by

Dio@® = D 052D, p-1.5- (14)
la|+IBIEN

We will also write & ¢(g) (1) = & (g)(t) and D; 0(g)(#) = D;(g)(t). We note from
(10) that for / > 0 these norms contain a polynomial factor (1 + |v|?)~7/2. The
weight factor (1 + |v|?)?!#1/2 (dependent on the number of velocity derivatives) is
designed to control the streaming term v - Vi f.

If initially Fy(x, v) = u(v) + /(@) fo(x, v) has the same mass, momentum
and total energy as the Maxwellian , then formally for any ¢ = 0 we have

Lo rou?= [ wrou?= [ plrow? o as)
T3 xR3 T3 xR3 T3 xR3
We are now ready to state the main result.

Theorem 1. Let N 2 8,1 20,0 < 9 < 2and 0 < q. If 9 = 2, then further
assume q < 1. Choose initial data Fo(x,v) = pn() + /() fo(x, v) such that
Jfo(x, v) satisfies (15). In (10), for the Boltzmann case assume T < y and for the
Landau case assume v < —1.

Then there exists an instant energy functional & » (f)(t) such that if & » (fo)
is sufficiently small, then the unique global solution to (1) in both the Boltzmann
case and the Landau case satisfies

d
Egl,ﬂ(f)(t) + Dip (1) = 0. (16)
In particular,
sup &9 (f)(s) = &1y (fo)- (17)
0<S5<c0

Moreover, if O > 0, then there exists .. > 0 such that
E(H@) £ Ce™" &5 (fo),

where in the Boltzmann case

— W y) = —2
P=pOy) =5,

and in the Landau case

p=p@y)= m
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In the second authors papers [9, 10], (16) was established with T = y in the
Boltzmann case, T = 2 + y in the Landau case and ¢ = [ = 0. We extended (16)
to the case [ = 0 in [14]. There we used (16) and (17) to establish the following
theorem via direct interpolation for ¥ = 0.

Theorem 2. Assume everything from Theorem I and fix k > 0. In addition, if
El+k.0 (fo) is sufficiently small then

—k
Eo(f)) = Cr (1 + é) Eri,o (fo).

For ¥ > 0, the proof of Theorem 2 is exactly the same as in [14]. Even though,
in [14], Coulomb interactions (y = —3) are assumed for the Landau case the proof
of Theorem 2 works exactly the same for t < —1 and —3 < y < —2. However
we remark that for t < 2 + y in the Laudau case, the interpolations used to prove
Theorem 2 are not optimal.

The main difficulty in proving any kind of decay for soft potentials is caused
by the lack of a spectral gap for both linear operators (6) and (8). In the Boltzmann
case, the dominant part of the linear operator (6) is of the form

1
E(1 +P? <vw) SCU+ Y%, C>0, fory <0.  (18)

From another point of view, at high velocities the dissipation is much weaker than
the instant energy. However, Theorem 1 and Theorem 2 show that given explicit
control over f (¢, x, v) at high velocities, no matter how weak, we can obtain a pre-
cise decay rate. On the other hand, it is difficult to construct solutions with a weight
stronger than (10) with ¢ = 2. From this point of view, Theorem 1 and Theorem 2
together form a rather satisfactory theory of convergence rates to Maxwellian for
soft potentials and Landau operators, in a context close to equilibrium.

The constants in our estimates are certainly not optimal or explicit in all cases.
However, p = —2— comes from the following simplification of the Boltzmann

v—y
equation [1]:
o f@, v+ |V f@, |v) =0, -3 <y <0, |v]>0.
Consider initial data with rapid decay as required by our norms
£, ) = e’ c50, 0<w <2.
Then the solution to this system is exactly
e ]y = el =l
By splitting into {|v| = P/} and {|v| < tP/?} one can show that

coe=1” < / £t oD do] € e
lv]>0

withe; >0 (0 =0,1,2,3).
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The study of trend to Maxwellians is important in kinetic theory both from phys-
ical and mathematical standpoints. In a periodic box, it was UkAI [17] who obtained
exponential convergence (with p = 1), and hence constructed the first global in
time solutions in the spatially inhomogeneous Boltzmann theory. He treated the
case of a cutoff hard potential. In 1980, CAFLISCH [1, 2] established exponential
decay (with the same p(2, y)) as well as global in time solutions for the Boltzmann
equation with potentials which are not too soft ( —1 < y < 0). About the same
time, in the whole space setting, also for cutoff soft potentials with y > —1, UKAI
and Guo [18] obtained the rate O(t~*) with 0 < o < 1; their optimal case in
R3 yields o« = 3/4. In these early investigations, a sufficiently fast time decay of
the linearized Boltzmann equation around a Maxwellian played the crucial role in
bootstrapping to the full nonlinear dynamics. For the soft potentials, such linear
decay estimates can be very difficult and delicate. It has thus been an open problem
to study the decay property as well as to construct global in time smooth solutions
for very soft potentials with y near —3.

Recently, a nonlinear energy method for constructing global solutions was
developed by Guo to avoid using the linear decay. Indeed, by showing the lin-
earized collision operator was always positive definite along the full nonlinear
dynamics, global in time smooth solutions near Maxwellians were constructed for
all cutoff soft potentials of —3 < y < 0 [10], even for the Landau equation with
Coulomb interaction [9]. However, the time decay of such solutions was left open.
See [8, 11-13, 15, 16] for more applications of such a method.

From a completely different approach, DESVILLETTES and VILLANI [5] have
recently developed a framework to study the trend to Maxwellians for general
smooth solutions, not necessarily near any Maxwellian. As an application, their
method leads to the almost exponential decay rates (i.e., faster than any given poly-
nomial) for smooth solutions constructed earlier by the for all cutoff soft potentials
and the Landau equation.

Inspired by such a striking result, in [14] we re-examined and improved the
energy method to give a more direct proof of such almost exponential decay in the
close to Maxwellian setting. We introduced a family of polynomial velocity weight
functions and used some simple interpolation techniques. It is interesting to note
that our decay estimate is a consequence of the weighted energy estimate for the
global nonlinear solution, not the other way around as in earlier methods [1, 2, 17,
18]. It is clear from our analysis that a stronger velocity weight yields faster time
decay. On the other hand, the time decay rate could be very slow without additional
velocity weight, as seen in [3].

It is thus very natural to try to use exponential velocity weight functions to get
exponential time decay, which is the main purpose of our current investigation. The
key is to show that the new energy with an exponential velocity weight is bounded
for all time. In order to carry out such an energy estimate, we follow the general
framework and strategy in [10, 9, 14]. However, many new analytical difficulties
arise and we have to develop new techniques accordingly. The main difficulty lies in
the estimates for linearized collision operators around Maxwellians. The presence
of the exponential weight factor exp{%(l + [v|%)?/2} in (10) requires much more
precise estimates at almost all levels. In the case of a cutoff soft potential, a careful
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application of the Caflisch estimate (Lemma 1) is combined with the splitting trick
in [10] to treat the very soft potential of —3 < y < —1. Furthermore, to estimate the
trickiest terms in Lemma 2, we found a version of energy conservation (4) for the
variables (23) in the Hilbert—Schmidt form for K in (31). On the other hand, in the
Landau case, an extra v factor from the derivative of the weight exp{ % (1+|v]?»)?/%
creates the most challenging difficulty to close the estimate in the same norm. We
have to use different weight functions (that appeared in the norm (12)), very pre-
cisely to balance between the derivative part o/ 9; gd ;¢ and the no derivative part
aij%%|g|2 in Lemma 8. Thus T £ —1 is assumed. Moreover, in Lemma 9, we
have to introduce a new splitting of the linear Landau operator in the ¢ = 2 case
where g < 1 is crucially used.

The paper is organized as follows. In Section 2, we establish the estimates
with the exponential weight (10) for the Boltzmann equation. In Section 3, we
establish estimates with weight (10) for the Landau equation. Finally, in Section 4
we establish the crucial energy estimate uniformly for both cases. Some details
are exactly the same as in [9, 10, 14]. We will sketch these details which can be
found elsewhere. Finally, we prove exponential decay in Section 5 using the global
bound (17).

2. Boltzmann Estimates

In this section, we will prove the basic estimates used to obtain global existence
of solutions with an exponential weight in the Boltzmann case. These estimates
are similar to those in [10], but here the exponential weight which was not present
earlier forces us to modify the proofs and some of the estimates. We will use the
classical soft potential estimate of CAFLISCH [1] (Lemma 1) with v derivatives to
estimate the linear operator (Lemma 2). We discuss the new features of each proof
after the statement of each Lemma.

Recall K and I' from (6) and (5). K = K» — K is defined as [6, 7]:

[Kigl(w) = /R . BOW =l u P PW)gdudo, —(19)

[K281(v) = / B@O)|u —v|” 1Py (') g (v)dudw
R3xS2
(20)
4 / BO)lu — v’ 12w 2 (g () dudeo.
R3x S2

Consider a smooth cutoff function 0 < y,,, < 1 such that (for m > 0)
xm(s) =1, fors =2 2m; x,u(s) =0, fors < m. 2D

Then define X = 1 — xm. Use x to split Ko = K5 + KZI_X, where
Kjg = /R BO)u— vl 1) g (ju = v P g (v)dudeo
Ix S

+ / BO)u — ol 1)yl — v)pe (0 g )dudow.
R3x $2



ROBERT M. STRAIN & YAN Guo

After removing the singularity at u = v, following the procedure in [6, 7] (see also
equations. (35) and (36) in [10]), we can write

Kg = /]R k5 (v, §)g(v +£)de,

where

“LEp—lig
e~ §IEP=31g X ( |s|2+|§¢ et BO)

K (v, §) =
’ VT2 TR (g2 e ) | cos 6]

dt |

(22)
The integration variables are d§; = d&ldéi but&, = $J_$ T4 éié 2 € R? where

(€1, €2, £/)£|} is an orthonormal basis for R3. Also

(v-E)E e
B 5 L=V TR

This formulation is well suited for taking high order v-derivatives. CAFLISCH [1]
proved Lemma 1 below with no derivatives. In contrast, we have already removed
the singularity in Kﬁ(. We extend the estimate from —1 < y < 0 to the full range
—3 < y < 0. As in [10], we will see in Lemma 2 that the singular part of K>,
K zlfx, has stronger decay.

= =@-eHel +w-£HE%  (23)

Lemma 1. For any multi-index f and any 0 < 51 < 52 < 1,

exp (—%1&17 — 31g1%})

X <
[9pk3 . §)] = I+l +E+o

Here C > 0 will depend on s1, so and B.

Proof. Fix 0 < s1 < 57 < 1. If | 8] > 0, from (22) and (23) we have

1 2
Dokl (0, 8) = X'”(V"SP“L'E{V) (e-Heraar=tiar)
EVT3/2 TR (12 4 g, 2) 2
5O e,
| cos 0|

Recalling (23) and by a simple induction, for any 0 < ¢’ < 1, we have

|ap (e e+ P319F) | < C1p1, ghem S Hr TP,

Further restrict ¢’ > s1. For || = 0, using the last display and (2) we have

e—§|s|2/ Yo ( |§|2+|& ) o T IEL+ELP-

m“zd&_.
51 (612 +1£L2) 7

|9gkz (v, &) = €
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Notice that from (23), ¢, is independent of the integration variable &, . Change
variables £| — & — ¢, on the right-hand side to obtain

'*@“—?Mzg/ o EFH L= CLP) o

€11 dg | .
&1 (612 + leL —c12) 7

Using (21), then, we have

(24)

|96k (0. £)] < Com)°

-y *

L4162 + 160 —¢u?) 2

—§|5|2—‘12’|;|2/ TP g
1€ (

In the rest of the proof, we will refine this estimate by further splitting the integration
region.

Choose any ¢” > 0 with ¢”” < s and then define 7, = ;’,,_sl, < 1. Split the

—q
integration region as follows

{1611 > e P ULIEL] = Telgu ]}
Further split the right-hand side of (24) into k; o1 (v, E)—l—k; 2 (v, &), where k%( )1 w, &)

is restricted to the region {|£€1 | > 7.|¢1 |}:

K (v, &) = C(m)

e_zlséz—qz,ﬁlz/ e_%/lmzdél
— 1y~
€] BEL=mlerl (14 62 + 6L — ¢1]?) 2

For k%’ ! (v, &) we will observe exponential decay. And for k% 2 (v, &) we can extract
from the denominator on the right-hand side of (24) the exact decay stated in
Lemma 1.

First consider k%(‘l (v, &). Since {|&1| > t«|¢1 |} and ¢’ — g > 0 we have

LeRr—% 1gl L P— L5 e
‘kﬁ(’l(v,é)‘ < Ce—/ ¢ —d&L
&1 {IEL1>TxlL] (1+|§|2+|§J_—§J_|2)T

o SER—L g2 o= G EL =TT 2
C——————/ .
i Uel>wlecl (14 52 + |6, — £,[2) 2

A

By (23),
12+ 1601 = 1gy + ¢l = v+ £/21%

Splitting ¢’ = 51 + (¢’ — s1) we have
—qTH\SJ_\z—q/%VI(ICJ_IZHQH )

Lig2_5 2 e
‘k;l( ‘5)‘ < | | e slEP=F1gl / dg,
USLI>TleLly (1 4 (&2 4 €L — ¢4 | )

C —leP—FiaP-L52 re2l
€]

A
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This will be more than enough decay. We expand

ot E/2P = o2+ NP v g = e 2P du e
- 4 T4 4 2

1 3 1 1
2_ 2 - 2__ 2__ 2 25
_4|v+$| + T =zl 4Iél (25)
_1 2 1 2 1 2
= g+ &+ S" = 7181

Plug the last display into the one above it to obtain

C 1 sty 4= 2 4 =sp 2y 4 s g2
‘k;*l(v,g)‘ < Ee*gm =152 o= L o+ P - L P+ S g

K 1—¢' K /s /s
_ G e - L e R L
Given s, with s; < s < 1, we can always choose ¢’, restricted by s; < g’ < 1,

such that s, = 51 + 1 — ¢’. This completes the estimate for kﬁ(’l(v, &).

On {|&1] = wl¢ul} 16 — &1l 2 [gul =161l 2 (I = w)|¢u] (0 < 7 < 1)
Hence (24) over this region is bounded as

Lig2_d 1,12
Ce—gm —51gl ! 2
e—%lﬂl dé|

k2.6 <
EL(1+ 12+ (1= 2l ?) 2 JHEsd=nled

Ce—$EP=Flg P

A

1—y

(1 + 1612+ 12012+ 1g)1%) 2
Ce—slEP=F1g

€] (1+ 612+ v+ &/212)

’

-y
2
where we used s; < ¢’ to absorb some powers of ||, going from the first line to
the second. Now plug (25) into the last display to complete the estimate. O

Next we will prove the energy estimates for the linear operator (6).

Lemma2. Let |B] >0, £ e R 0S99 <2and0 < q. If 9 =2 restrict0 < g < 1.
Then for all n > 03C(n) > 0 such that

(W (. 9)oplvg). 9p2) Z [apsl, oy =1 D [9mi8l5.00 — COD |Reansl -
1B1IZIB1

Furthermore, for any |B| 2 0 we have

[(w?(e, MaglKe1l, el < 4n D |9pei], o5 +COD [ xemenl, | 18206,
1B1ISIBI

where we are using (21).
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Some parts of the proof of Lemma 2 are exactly the same as in [10]. For instance,
the proof of the lower bound for (wz(ﬁ, 1)0glvgl, dgg) is exactly the same. But
the estimate for |(w2(£, 1)0g[K g1], g2)| requires extra care in particular because
g1 in the argument of [Kg;] does not depend only on v. We therefore need to
control the new exponentially growing factor of w(¢, ©)(v). This requires a close
look at the variables from (22) in (23). In particular, we write down the analog of
the conservation of energy (4) in this new coordinate system (31) in order absorb
the exponentially growing weight. For completeness, we present all details of the
proof.

Proof (The First Estimate in the Lemma).
Fix n > 0. Recall

(w?dplvgl. dpg) = (wvdpg. dpg) + . Ch'(w?dp vdp_p 8. pg).
0<p1<p

By Lemma 2 in [9], for |51] > O,
—1
9,0 £ CL+ o) T

We use this estimate (for m is chosen large enough) to obtain (since y < 0)

(w?dg,v8_p g, 0 g):/ +/
B1VOB—PB1 B o< o2

C
= /|v§m +Z ’aﬁ_’glg}v,l,z? |aﬁg}v,£,z9

n
= /Ivfm +§ |8ﬁ_ﬂ1g|"’[ﬂ9 ‘8ﬁg|v,é,0 :

On the other hand, for such m > 0 and 8 — B < B, the first integral over |v| < m
is bounded by a compact Sobolev interpolation

[ 22 3 Jonel+cmzemel, 26)
[v|Sm 2\51|=\m ’ |

This concludes the lower bound for (w? (¢, 1)0glvgl, dpg).

The Second Estimate in the Lemma. The proof of the second estimate is divided
into several parts. Recall K = K| — K».

Step 1: The Estimate for K;.

Next consider K1 from (19). We change variables # — u + v to obtain

[Kig1]1(v) =/3

R3xS

BO)|ul” u*u + v)u'? () g1 (u + v)dudw.
2
Notice that now cos @ = u - w/[u| so that for || > 0, dg[K1g1](v)

=>ch / B(O)|ul” dp_p, (ul/z(u T v),ul/z(v)) 36,81 + v)dudo.
61<p R3x $?
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For any 0 < ¢’ < 1 we have

105—p, {2+ v)p 2 ) £ CUBL ¢ + v)p? P ().

We will use this exponential decay to control half of the exponential growth in the
weight w. If 0 £ ¢ < 2 then

w(l, 9) () @) < Cud’* ).

If 9 = 2 then, for given 0 < g < 1 in w, we choose ¢’ so that g < ¢’ < 1. And in
this case

w(l, )@u! ) = (1 + ) el et s P ) £ cplt 0B w),
Choosing 0 < ¢” < min{lg’ — q|/4,q'/4}, we can always write (w?(£, ¥)
ds[K181], g2)
=> / w(C, Nl n? o)t W) g, v, v)dp, g1 (U+v)g2(v)dudv,
prsp’ O

where g, (u + v, v) is a collection of smooth functions satisfying
(0121t + 0, 0)| < C(UBL g, a' a").
Change variables u — u — v back to obtain
> / w(l, ) W)u — v’ 1 @t W)pp, (., v)dp, g1 (1) g2 (v)dudv.
= 5/ RIXR3
B1=p
Now further split
1—
(w? (€, )dp[K 181l 82) = (w> (€. )d[K{ g11. 82) + (W (L, D)3pLK, " g1l. g2)
1—
=K +K; %
Using (21) we have
l_ - " "
KI 7 = [ w00 (= ol = vl
x (W), (u, v)9p, g1(u)g2(v)dudv,

where X, = 1 — x», and we implicitly sum over ; < B. Then
l 4 4 1/2
K| =c [/uﬂ(z, )W) (1 —vD|u—v]” 1 () (v) |gz(v)|2dudv]

4 " 1/2
x> [/Xm(lu —vD]u =" pu? @p? (v) |3,31g1(u)|2dudv] .
BB

3ty 3ty
SCEM T gl D, 2m) 77 [ 81lve
BB

n
Sl82lv.ew > 19pgilv.e-
BI=p

A
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The last step follows by choosing m small enough.
Further,

K{ = [ (0@ = bl = ol n? @n?’
x (Vg (u, v)0g, g1(u)g2(v)dudv,
where we again implicitly sum over 8; < B. After an integration by parts
Kf = 3 0P [ e 900038, [ = oDl = o 1t s . )
BB
! ()1 () g2 (v)dudv.

Since |u — v| is bounded now, from (21), choosing another m’ > 0 large enough
we have

[Kf| < c(Bl.m) / w(, ») ) 2wyt ) g1 (u)g2(v)| dudv

e,
\ulém’ |u|>m’

=C / w(l, 9) () X (u)p? @) > () |g1 () g2 (v)| dudv
— 4" 14y 4 2
+Ce s / w(l, M) > () 181 Wg2 ()| dudv
n _
< {31811.c + COD g lv,e} 1g21v,t0-

This completes the estimate for (wz(é, 1)0g[K1g1], g2) and step one.
Step 2: The Estimate for K5.
We turn to K, from (20). Split K, = K% + K217X and consider K% in (22).
Step (2a): The Estimate of K21 X,

X

Now consider Kzl_ = K, — K5 which is given by

1— -
Ky e1= /R L O A U DR CRLICRE
X
+/R3 o BOW =" w260 7 (1 = 0D ()51 W) dudo.
X

Here j» = 1 — xm and y, is defined in (21). Equation (3) and {|u — v| < 2m}
imply

| =lv+u—v—[u-v) ol | -2u—v| v -4m,

W =lv+[u—v)- olol 2 v —|u—uv] 2] -2m.
Therefore for any 0 < ¢’ < 1 we have

7 2 i
w2y Py + p Py ) £ SO Py Py, (@27)
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This will be the key point in estimating the K, * part.

First we take a look at 8/3[1(217)( g1]. Change variables u — v — u to obtain

Ky g1 = /R o BOW 12w+ 0 Fn (D0 +u)g1 @ + updude
o X

+/W BOW 1w 02 (i + g1 0+ w1 dudo,
Ox S

Note that u|] and u | are defined using notation from [10]:
u)=u-wlo, uy =u-—[u-olo. (28)

Now derivatives will not hit the singular kernel. dg [K217X g1]is
cf [ BO 53,
R3x 52
{2 (u 4+ o) P v 4+ u1))dp, 1 (v + uy)dude
[ BOW T (D3
R3x$2

{2 + ) + up))ag g1 (v + ui)dudo,
where we implicitly sum over multi-indices 8; < B. Therefore, forany 0 < ¢” < 1,
195K, * g1 is bounded by

C/Re il X Qa2 4 0) a0 + )19, 81 (0 + ) ldud o

Ox S

e /]R3 . ul? Ton (e @+ ) 0 + )9, 81 (v + u 1) ldudoo.
xS

We change variables # — u — v back again to see that |8,3[K21_Xg1]| is bounded
by

C / = vl X (e — v])? )t (V') |0, g1 (') | dudeo
R3x 52

+C / = 0] X (e — vt Py '), g1 ()| dudo.
R3xS2
Use (27) for any 0 < ¢’ < ¢” to say this is bounded above by
c /R =l R (= oD 2ot 2 ) {10g, 8100 + [8p, 8100} dudo.
Ix S

We remark that this last bound is true (and trivial) when |8] = 0 in which case
dg, = dp = 1 by convention. Thus, (w2 (L, z?)B,g{Kzl_Xgl}, g2)| s

= C/ lu — v|” Fom (It — vDw2E, D)t 2 @)pd 2 v)
R3xR3x $2
x |9p,81(11g2(V)],
+ C/ |l — v Ym (Ju — U|)w2(£, ﬂ)(v)uq”/Z(u)Mq//z(v)
R3xR3x 2

x [0, 81(u")]1g2(v)].
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Here again we need to control the large exponentially growing factor w (¢, ¥)(v)
by the strong exponential decay of the Maxwellians.
We will control this growth in these cases. If 0 £ ¢ < 2 then ¢’ > 0 means

w(t, 9)()ud 2 @w) < cu?’* ).

Alternatively, if ¥ = 2 with 0 < g < 1 then we can choose ¢’ and ¢” such that
g <q' <q”. Then

w(t, )t @) < Cw(E, 0)()n' 2wy < Cp'a' =94 w).

In either case, choose ¢q; = min{q” /2, q'/4,|q’ — q|/4} > 0. Then we have the
upper bound of

C/ |t = 1" Jon (I — vDw (€, N @) @ (V)35 81 (V)|g2(V)|dvdudw

+C/ |t — 0" Yo (e — vDw(C, )W) W) (v)13p, 81| g2(v)|dvdudw.
Further note that

/ Ju = 0" Fon(l = v w)du < Cm>*7,
Apply Cauchy—Schwartz and the last display to obtain the upper bound

3+

172
<cmz [/ = v|” Yom (Ju—v))p?" (u)uq‘(v)Iaﬁlgl(v’)lzdvdudw] 1g21v.e.9

3+

1/2
+Cm 2 ’/ =" Ym (| — vl),uq‘(u)uq‘(v)laﬁlgl(u’)lzdvdudw} 1g2lv.e.0-

Now apply the change of variables (1, v) — (u’, v') using |u — v| = |u’ — v/| and
(4) to see that [(w2(¢, ﬂ)Bﬁ{Kzl_Xgl }, g2)| is bounded by

1/2
Cm>tY [/ lu — ] Jom (lu — v))u! (u)qu'(v)|8/31g1(v)|2dvdu] 1g2lv,6,-
Hence,

1—
[(w?(L, M)plK, * g1}, 82)l < Cm" Plealoes D 19p811w.e.
1B1IZIBI

For m > 0 small enough, we have completed the estimate of K 217)( , step (2a).
Step (2b): Estimate of K.
For some large but fixed m’ > 0 we define the smooth cutoff function

Tm’ = Tm’(vv g) = Xm’(\/l + |U|2 + |U + $|2)v Ym’ =1- Tm/(U, E)y

where y,, is defined in (21). Now split again Kﬁ( = K;r + KZI_T, where

Kf g = /R T, O 0,21 0+ ).



ROBERT M. STRAIN & YAN Guo

We will estimate this term first. Taking derivatives

KT 1= 3 Cff [ 03 0 K 0, £0105 100+ ).
1<

Using Lemma 1, with 0 < 51 < s2 < 1, [{w 2(¢, 19)8,3[1(2 g1], g2)| is bounded by

c Z/ Wil D) (W)195-p 81 (0 + g2 _gpep- LI ge g,

pi<p IOFHvFEL=m 11+ vl + v+ &Y

(29)
By (10) we expand

w(l, ﬁ)(v)e—%zlélz—%\(mz =+ |U|2)r€/26%(1+\v|2)0/26—%2|§\2—571|§H|2_ (30)
If we can control (30) by w(£, ¥)(v + &) times decay in other directions then we

can estimate (29). To do this, we look for an analog of (4) in the variables (23).
Using (23) we have

2
WP+ v+E—ciP=w+EP+ -l = |v+5|2+(v~%). 31
Since 0 £ ¢ < 2 we have
|v|1’§(|v+s|+( |$|)) §|v+s|”+vﬁ

Thus,

i‘”
&l

q
HUH < G 407 < h g, ! (32)

Further, from (23) notice that

= (o5 ) 23 )b

Therefore with 0 < 51 < 5o we have

2
0TS g2 51 (. £
e—%lélz—%lfu\z <o % 1§17 =3 (” SI) .

Combine the above with (32), to obtain

3 q
e H A+ —Z1EP =g > < e%e%|v+sv’ez\"'\? TIEP=F1g1?

qly. £]" _nm gL (v :
éce%lv%l”ea&‘” &l e 6= (v )

DA 2
$o+el? 2L 6l 4o | 3 (o)
— Cet e~ Il a vl —TlvE)
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If0 <9 < 2then
At -He8) < o F0)

Andif 9 = 2,then 0 < ¢ < 1 and we can choose s1 with 1 > s; > ¢ so that

K

Hoh) <o 0h)

In either case, choosing s3 = min{|s; —¢q|, s1/2} > 0 and plugging these estimates
into (30), we conclude that

2
q &
1‘”'?‘ -

e

w(’, ﬁ)(v)e‘%'g‘z—%lfulz

§y =5 S 2
< (1 + ) et 02 = 6P () (33)

Next, we estimate (1 + |v]?)™¢/2 with 7 < 0 and £ € R. If £7 > 0 then (31) yields

S o\ T4/2
A+ P2 < (1 +lv+EP+ (u : E) )

S o\ T¢/2
§C(l+|v+§|2)d/2(1+(v-g)) .

Conversely if £t < 0 then we split the region into
{lv+&1 > 2P} Uflv+&] = 2]}
On {|v +&| £ 2|v|} and £t < 0 then
(L+ )™ S+ v +§H™2%
Alternatively, if {|v + &| > 2|v]|} then
&l 2 v+ &l — vl > [v+&l/2.
We therefore have

(1 + )T 2e= 27 1R < o= 2561 < o= Pt = Zert lo+el?

In any of these last few cases, since s» > s1 > ¢, from (33) we can conclude

K s 52— s £ 2

w(l, ﬁ)(v)e—%\é\z—%lfulz <C(l+ |v|2)r£/26%(1+|v+¥|2)ﬁ/ze_ 2 \Elz—%(”'ﬁ)
59 —§ 3 £ 2
< C(1 + o+ £ Pyrt/2 e =it 165 (v )

§p—s s 2
— Cu(l, 9) (v + £)e PR (v )"
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Plug this into (29) to obtain the following upper bound for (29) of

C/ (W, 9)(w+8)[0p—p,81 (v + E)) (W, D) (V)|g2(v)])
[v]-+lv-+E | >m’ IEI(L+ v + v+ &Y

xe 6t |’3|2d§dv,

where we implicitly sum over 8; < B. Using Cauchy—Schwartz and translation
invariance this is

g/ (Wt DO +8)19p-p 810 +§) WE N @Ig2)D =
’ E1CL+ o] + v+ )77

C w2, ) +E)dp_p g1V +E)* _n-s
<= ‘ w5 ded
= m/|82|v,€,19/ IEI(1+ v+ &Y e Edv

< w5 g g

m

[IA

C
o Z 10g—p, 81 lv,e,91821v,0,-
B8

This completes the estimate for K.
We now estimate K 217T. Taking derivatives

K T = 3 [0 T 0 O 0 105 10+ €0
B8
Also,

(w?dp[K, g1l g2) = / w? (¢, $)dp[K,~ T g1lg2(v)dv.

By Cauchy—Schwartz and the compact support of K 214( we have

172
2
|w?oplk] g1l g2)] < C(m/)[ /| PCTLEnE) du} 1821h.0-

With Lemma 1 we established that 8,3[K21_T g1] is compact from H k'to H*. Then
by the general interpolation for compact operators from H* to H* we have

_ n
‘(w23ﬂ[K21 T81Lg2)‘§ 1 Z |3ﬂ181|v,£+C(77,m/)|g1|v,z lg21v.e-
|B11=I8I

This completes the estimate for K zl_Y and thus for K % , step (2b). We have therefore
finished the whole proof. O

The following Corollary is used to prove existence of global solutions.

Corollary 1. Let |B] > 0, £ € R0 < 9 < 2and0 < q. If 9 = 2 restrict
0 < g < 1. Then for all n > O there exists C(n) > 0 such that

(w?dplLgl. 9pg) = |0pgl2 5 — 1 D |9gle, s — COD [Xewmsg
1B11=18]

2
l°

where xc () is from (21).
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The rest of this section is devoted to estimates for the nonlinear collision term
I'[g1,82], with g; (x, v) (i = 1, 2).In(5), the (nonsymmetric) bilinear formI'[g1, g2]
in the Boltzmann case is

Tlg1.g2] = =" 2() Q' % g1, 1'% 2] = Twainlg1. 821 — Tiossl g1, 821,
= / lu — vl 12 w) [ / i B(e))gl(u’)gz(v’)dw} du, (34)
S

) / ol 1) [ / B(@dw} o1,
SZ

The change of variables u — v — u gives
05T L81.821 = 8 Jul” 122 + )81 (v + ug2(v + ur) BO)dudo |
B Pl Jrs /s

= [/ / lul” 12 (u + v)g1 (v + u)gz(v)B(G)dudw] :
_ Zcﬂoﬁlﬂz Coqaz Fo[ao‘lgl 3 gz]

where the summation is over Bp + 1 + B2 = Band o) +ap = «. Alsou |, u are
given by (28). By the product rule and the reverse change of variables we have

T, 1,95, 821, E/Rg/szm—vvaﬂom”%u)]a 21" g2 (V) B(O)

—0g, 82(v) /R /S lu— v]” O[> ()195) g1 (u) B(O)
= Tguin — loss- (35)

gain
With these formulas, we have the following nonlinear estimate:
Lemma 3. Recall (35) and let By + B1 + B2 = B, a1 +az = a. Say 0 < % < 2,

0 <q.If =2 restrict0 < q < 1. Let £ = |B|—1withl = 0. If |a1|+|B1] < N/2,
then

|(w? (€, T[0! 81,952 2], 95 g3)| < Cgm(gl)ll8 28211y, 1821—1,0 1105 831 v, 0,9

Alternatively, if |az| + |B2] < N/2, then

(w6, 015 61,052 821, 9583)] < ClIOS g1llvipi 11,06 5 (118583 l1v.c.0-

The proof of Lemma 3 is more or less the same as in [10]. However, small mod-
ifications are needed to facilitate the exponentially growing weight. In (39) we need
to use (4) to properly distribute the exponentially growing factor in w? (£, 9)(v).

Proof.
Case 1: The Loss Term Estimate

First consider the second term I'?__in ( 35). Note that

loss

2
18, [ 2 ()] £ Ce™ 173,



ROBERT M. STRAIN & YAN Guo

With |aq| + |81] £ N/2 and y > —3 we have

/RS lu— v|” 13y [/ )13 g1 (x, w)|du

1/2 12
§ C 1/3 lu — Ulye_|bt|2/8|agllgl(x’ u)|2du] |\/le3 lu — U|V€_|u2/8du]
R 3
‘Ml /16aalgl(x I,t)‘ [/ |M _ U|ye|u2/16du]

<&l + vl

Since N = 8, we have used the embedding H*(T? x R3) c L* to argue that

sup e/ 1, u)| < €& (g0), (36)

xX,u

where &, 12 (g1) is defined in (13). Hence ‘(wz(ﬂ z?)FlOSS[B g1, 8ﬁ2 221, ngg) is
bounded by

C51/2(g1)/[1 + [Vl w (€, 9) () |05 82 (v)95 g3 (v) |dvdx

< €I85 allv.e.01105 831 v, .0

This completes the estimate for Floss when |a1| + |B1] £ N/2.
Now consider FI%SS with |az| +]82] £ N/2. Here the (u, v) integration domain
is split into three parts

{lv—ul = l/2}U {lv—ul 2 vl/2, | 2 BU{lv—ul 2 v|/2, |v] =1}

In the first region, |u| is comparable to |v| and thus we can use exponential decay
in both variables to get the estimate. In the second and third regions, |u| is not com-
parable to |v| but we exploit the largeness or smallness of |v| to get the estimate.
Case (1a): The Loss Term in the First Region {|v — u| < |v|/2}.
For the first part, {|v — u| < |v|/2}, we have

lul 2 o] = v —u| = [v]/2.

So that
e IuP/8 < g lul/16 =017 /64.

Then the integral of w? 10Ss[8 g1, 8 gz]aﬁ g3 over {|lu — v| < |v|/2} is bounded
by

c / ju = v]? e HE16e /082 0, 9) ()0 g1 ()02 82(1)0f 83(v)|dudvdx

172
<c [/ Ju— vf? e WP 161004 51 o (1) Pdudvdx

1/2
[/|u—v|V /16 =05yt 0, 9) ()05 g2 (V)] |aﬂg3<v>|2dudvdx] :
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Integrating over dv, the first factor is bounded by C| |8§1' g1llv.¢. Integrating first
over u variables in the second factor yields an upper bound

1/2
C[/ (/|M—U|Ve_|u2/16du) _|U| /64 4|aﬁt2g2| |35g3|2dvdx]

1/2
< C{// —|v|2/64 4(6 z?)(v)[1+|v|]7/|3 g2| Iaﬂgzlzdvdx} '

And as in (36), since N = 8 and |az| + |B2] £ N/2, by (13), we have

1/2

2
supw (L, ») (e VP00 gr(x, v)| £ CE 5 (82). (37)
X,V

We thus conclude the estimate over the first region.
Case (1b): The Loss Term in the Second Region {|v — u| = |v|/2, |v| < 1}.
Next consider Fﬁm over the second region {|v — u| = |v|/2, |v| = 1}. Since
y < 0, we have

lu—v|” = C[1+ [v]]”.

Then the integral of w?(¢, 9)I'"
by

[8 |81, 8 gz]aﬂ g3 over this region is bounded

loss

C/[1+|v|]y WE w2 e, 9)[85 810352 g2(1)35 83(v)|dudvd.x

< C/ i/e—'"'z/gm,‘;‘;gl(undu]

I/[1+|vl]’” 2, 00y gz(v)a,ggz(v)ldv]dx

1/2 172
<c [ gm[/w o g2|2dv] [/[1+|v|1”w2|8§g3|2dv] dx.

Since |az| + |B2] £ N/2, N = 8 and H*(T?) c L>®(T?), we have
sup/w (£, 9) ()95, g2(x, v)2dv £ C& Ly (82). (38)
X

Thus, by the Cauchy—Schwartz 1nequahty, the Floss termover {|v—u| = [v|/2, |v| =
1} is bounded by C||8/31 g1||v,55,’19 (821195 83llv,e,9-

Case (1c): The Loss Term in the Third Region {|v — u| = |v|/2, |v| < 1}.
For the last region, {|v — u| = |v|/2, |v| £ 1}, we have

lu—v” = Chl”, w(, M) = C.
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Then the integral of w2, !
by

[8 181, 8 gz]aﬂ g3 over this region is bounded

loss

c / ju = vl” eI 561 ¢y (1) 82105 g3 (v) | dudvdx
{lv—uZvl/2, [vIZ1)

< c/[/|u—vWe—”'2/8|a§;g1<u)|du}

x[/ o[58 gz(v)aﬁgswndv]dx
lv|<

Using the Cauchy—Schwartz inequality a few times we have

) 1/2 5 1/2

= C/ {/Iu — ]V el /8du] [/e”' /Slagl'gl(u)lzdu}
1/2 1/2
X / |U|y|a gzlzdv / |8/‘§’g3|2dv dx
o< W<
1/2 1/2
<C/|a gilv.e [/ |v|y|a,‘;‘§gz|2dv] U |a,3g3|2dv] dx.
vl

By loa| + [B2] £ N/2,y > =3 and HY(T® x R?) C L™,

/ I 0522 Pdv = C sup [9g2eal” < CE(g).
LIS [v|<1,xeT3

Hence, by Cauchy—Schwartz, the last part is bounded by

Cllag! g1ll, &% (821105 831 lv.e-

This concludes the desired estimate for Flogg

Case 2: The Gain Term Estimate.
The next step is to estimate the gain term I'?
integration domain is split into two parts

in ( 35), for which the (u, v)

gain

{lul = 1vl/2} U {lul < Jv/2}.

Case (2a) The Gain Term over {|u| = |v|/2}.
For the first region {|u| = |v|/2},

eTIulP/8 < pmlul?/16,—[v?/64



Exponential Decay for Soft Potentials near Maxwellian

Then the integral of w?(¢, z?)Fgam[Bﬂ] g1, 8‘)‘2g2]8}sz g3 over {|u| = |v|/2} is thus
bounded by

/ o e S 2, ) )35 1 )0
lulZlv]/2

xgz(v/)Bg‘g3 () |dwdudvdx

1/2
<c[/|u—vv /1602 0 g (') 2o gz<v>|2dwdudvdx]
) ) 1/2
x [/ lu — v|V e M7 /16= 10l /64w2|8gg3(v)|2dudvdx]
1 72 712 1/2
gc[/m/—v/ve—m(”' W)l g1 )Pl g2 }
x[105 g3llv,e,0-
In the first factor we have used (4) and |’ — v'| = |u — v|. By (4),
eFAHPD2 < GFAHVPH D < GG A+ G A+ )72 (39)

Using this, (10) and (4) we have
emwt (U PHYD 2 (0, 9) () < P2 0, 9) 0w (e, 9) ).
So that the factor in braces is

<C/|u—v |7 e~ s (/P 1?) 2(u)|a°“g1(u)|2 2(v)|a gz(v)lzdwdudvdx

The change of variables (u, v) — («/, v") implies

12
_C[/W—We s (101 2 w)05! &1 () Pw? (v)[952 g2(v)|*dudvdx

Assume |a(| + |B1] £ N/2. Asin (37),

sup fw (e, »)awe 5 o5 g1(x, )1} < €& (g0,

xX,u

Integrate first over du to obtain

/ i — v| e~ T (e, 9)()]95! g1 () Pdu < cgl{{f(gl)/ i — v]? e~ 1P ay

§C51/2

(gD + [v[]”.
If |an| + |B2] £ N/2 use this last argument but switch E)gl‘ g1 with 8;;22 2.

Then the bound for the gain term over {|u| = |v|/2}, if |a1| + |B1] £ N /2, is

1/2
/ <cg) (8011357 8211v.e.0 1105831 lv. .-
lul Zv]/2
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And the bound for the gain term over {|u| = |v|/2}, if |az| + |B2] S N/2,is
< Clia 12 o
/ < Cllog, g1llv,e0E) 5 (82)11058311v,e.0-
lu|2]v]/2

This completes the estimate for the gain term over {|u| = |v|/2}.

Case (2b): The Gain Term over {|u| < |v|/2, |v] £ 1}.
Now consider {|u| £ |v|/2}. Since [v—u| < |v|/2 implies |u| = |v|—|v—u| >
|v|/2, we obtain

{lul = v1/2} = {lul = vI/2} N {lv —ul 2 [v]/2}.

Since |v| £ 1, then |u| £ 1/2 and the gain term is bounded by

/< ) |u—vlye_|”|2/8w2|8gllg1(u’)agjgz(v/)ag&(v)|dwdudvdx
IS ul<pol/2

§C/ sz/ i — v]? 271 5% gy ()32 62 () [deod
lv|=1 lu|<1/2

X |8gg3 (v)|dvdx

1/2
x £C / vl” / 0! g1 (u")1?1052 22 (V") P dwwdu
=1 lu|<1/2

172
X / lu — v|)’67|“|2/4du 105 g3(v)|dvdx
<172

A

12
c / o] / |0 &1 () *1052 g2 (") Pdeodu |05 g3(v)|dvdx
wI<1 TSV :

A

12

c / 017 195! ¢1(u)? 1052 g2 (V) Pdwdudvdx - (195 g3llv.e-
ISLul=1/2
(40)
We now estimate the first factor. Since |u| < |v|/2, from (3) we have
|| 4+ '] < 2[u + [v]] = 3v].

Since y < 0, this implies
|7 <377, ol = 377

Thus,

/< _ 2IvlyIB,‘;;g1(u’)|2|ag‘;g2(v/)|2dwdudu
=L lul=1/

A

c / min{[v'". |u'" 118 g1 )19 82(v)) *dewdudvdx.
[v']<3,1u'|<3
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Now change variables (v, u) — (v/, u’) so that the above is
C/ min[|v|”, |u|”1|3g g1 |9 2 g2 (v)|*dwdudvdx.
[vI=3,]ul =3

Assume |a1| + |B1] £ N/2 and majorize the above by

C/[/|u< |M|V|3gllgl(u)|2du] [/|U|< |322282(v)|2dv]dx

= C sup |9 gl(u)l I3, gzIIM—CEI(goIIa 2e0ll5 .-
x,|u| <3

Alternatively, if |az| + |B2] £ N/2 then

C/[/ 135 g1<u>|2du”/ § |v|y|ag§gz(v)|2dv]dx
lu| < [v|<3

< Cllag el sup 05222()[* < Cl19g! g1ll; ,Ei(g2).

x,[v|= <3
Combine this upper bound with (40) to complete the estimate for the gain term over
{lul = v1/2, |v| = 1}.
Case (2¢): The Gain Term over {|u| < |v|/2, |v—ul| = |v|/2,|v] = 1}.
Thelastcaseisthegaintermovertheregion{|u| < l/2, lv—ul = |v|/2, |v] =

1}. The integral of wz(ﬁ z?)l"gam[a g1, 0% 6, g2]3 g3 over such a region is bounded
by

/| T MR )95 81 ()3 82(0)0f 3 () [dwdudvdx
u v v
§C/|<| " |>1[1+|v|]V TR0, 9)]0%1 g1 ()32 82(V)
u v v
X8§g3(v)|da)dudvdx

12
gC[/[1+|v|]Ve—“'2/4w2(z, 995! g1 (w10 gz(v)|2dwdudvdx]
) 12
X [/[1 + |l e 42 e, 0)|agg3(v)|2dwdududx] (41)

12
<c[/[1+|vuyw2w,ﬁ><v>|a oy )P0 gz(v)|2da)dudvdx]
<1125 g3llv.0.0-

We have used [v — u|” < 47Y[1 + |v]]” in the first inequality. If £ < 0, use
|v] 2 2|u| and (4) to establish

(L+ P2 S CA+ P+l )2,
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Conversely, if £T = 0, just use (4) to establish the same inequality. Recall (39) and
M) = exp ($(1 + [v|*)?/?). Thus,

w? (€, )W) £ C+ V[ + /DM YM@W).
Then, since £ = || —land T £ 0, [ = 0, we have
w2 (0, )W) S CA+ PP+ DA+ WP+ 1 HPT M)y M W)
SCA+WAHTA+ 1P+ WP+ 1D M@YM@W).

Assume |az|+|B2] £ N/2.Using this estimate and the change of variable (v, u) —
(v', u') we obtain

/ [1+ Il w?(e, ) ()[95! g1 ()19 g2(v) Pdwdudvd x
< C/[l + (77w Bi] = 1, 9) )9, g1 Pw? (1Ba] = 1, ) (W13 g2 (V)

= c/[l + 7w (Bil — 1, ) @) g1 )P w (B2l — 1, ) (v)

x|57 g2(v) 1>dudvdx

= C/ [/w2<|ﬂz| —Lﬁ)(v)wg;gz(vnzdv]
x [/[1 + w11 =1, z?)(unag;gl(unzdu] dx.
Using the embedding in (38), we see that this is bounded by

Cerae2) [[11-+ w21l — 1. 9) w8 1) Paud

< C&Ly (@) 8115 151110+
Similarly if |a1| + |B1] < N/2 then this is bounded by
ClI9g2 82115 1o 1.9 E19 (81
Combine this with (41) to complete the nonlinear estimate. O
This completes the estimates for the Boltzmann case. In Section 4 we use these

to establish global existence. Then in Section 5 we prove the decay. In the next
section we establish the analogous estimates for the Landau case.
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3. Landau Estimates

In this section, we will prove the basic estimates used to obtain global existence
of solutions with an exponential weight in the Landau case. In this case, the deriva-
tives in the Landau operator cause extra difficulties in particular because d; w (¢, ¥)
can grow faster in v than w (¢, ). This new feature of the exponential weight (10)
forces us to weaken the linear estimate with high order velocity derivatives (Lemma
8) from the analogous estimate [9, Lemma 6, p.403]. A new linear estimate with no
extra derivatives (Lemma 9) is also necessary because of the exponential weight.
It turns out that we need to dig up exact cancellation in order to prove this estimate
in the ¢ = 2 case.

For any vector-valued function g(v) = (g1, g2, g3), we define the projection to

the vector v as
3

Vi vj
Pygi = mZ—g,-. (42)
j=1
Furthermore, in this section we will use the Einstein summation convention over i
and j, for example repeated indices are always summed

3
PN ijenYi_ ij oo\ Ui
o) =W =3 e w7 (43)
Jj=1
With this notation we have
Lemma 4. [4, 9] (v), 6% (v) are smooth functions such that

l8g0™ (v)] + 19g0" (V)| < Cpll + [v]7 2717
and furthermore
o (W) = 1)L 4 aaw) (8 — ). (44)
v]? lv|?
Thus
N 3 3
o (v)gigj = 11) D_{Pugi) + r2) D (I — Pylgi}. (45)
i=1 i=1
Moreover, there are constants ¢\ and ¢y > 0 such that as |v]| — 00
M@ ~all+ I, Aa@) ~ el + o]+,

The estimate of o’/ and o/ with high derivatives was already established in [4].
The computation of the eigenvalues and their convergence rate was already shown
in [9]. We prove the representation (44) below because we will use it in important
places in later proofs and it is not formally written down in the other papers.



ROBERT M. STRAIN & YAN Guo

Proof. Recall from (9) that

o' (v) = (271)_3/2/ (Bij - Wi w0 uj)) v — ul e .
R3

lv—ul?

Changing variables u — v — u we have

ol (v) = (271)_3/2/ (aij - ”’“2]) | H2e—v=ul 2 gy
R3 |ul

Given v € R? define v' = v/|v| and complete an orthonormal basis {v!, v2, v}
where v' - v/ = §;;. Then define the corresponding orthogonal 3 x 3 matrix as

O ="' v? V.

Applying this orthogonal transformation to the integral in o'/ above we obtain

o' (v) = (271)_3/2/ (5,-,- — %) w7 T2V =Oul 2y,
R3 u

Here we have used |Qu| = |u|. Also
(Ou); = ulvi1 + uzviz + ugvl3
and

2

v —Oul® = v —upv' —uv?* —u3v®> = (| —u)* +u3 +u3.  (46)

By symmetry, we have

I
~~
[\
:1
N
&
~
(3]
%\
/N
g
~
|
M w
=I5
S
3
<
\—/
=
=
+
(3]
ml
B —
=
|
=
e
+
<
o
+
N
ey
QU
&

Write (m = 1,2, 3)

Bo(v) = (271)73/2/ |u|y+267%[(|v|7u1)2+u%+u§]du’
R3
3/2 l/tz 2 1 2 2 2
B,(v) = 2n)~ / / _m2|u|7/+ e 2l(vl—u)"+us+usl 4,
RS |ul
Then by symmetry
u% + u%

Y42 = (vl—u) > +ud+u?]
[ul’ e du
2Jul?

By(v) = B3(v) = 2m) /2 /
R3
and we have

o' (v) = Bo(v)8ij — Bi(w)vjv| — By(v)(v; v + v}v?).
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Define the orthogonal projections P; = v/ ® v/. Then we have the resolution of
the identity / = P; + P> + P3. In component form this is

ViV
v2v2+v3v3—5 12].
[v]
Then we have

) vivj
o'l (v) = {Bo(v) — Bl(v)}| |2 -+ (Bo(v) = Ba(v)) (5""_W)'

Now the eigenvalues are A1 (v) = Bo(v) — B1(v) and A2(v) = Bo(v) — B2(v) or

2
u 1
J() = @m) =2 /R} |u|y+2(1 - —|u|12)e—z[<'”—"1>2+"%+"%1du

and

24,2
Ko (v) = (271)‘3/2/ w7+ 1 - Uy U3\ - dilun? 3 +adl g,
R3 2|ul?

This completes the derivation of the spectral representation for o'/ (v). O
Next, we write bounds for the o norm.

Lemma 5. [9, Corollary 1, p.399] There exists ¢ > 0 such that
2 4 2
Clgleo 2 [0 +IIF RG]+ [0+ - Rlag]

]
2
+ [[1+[vl] 8,5

Furthermore,
| - v 2
Sgl o S0+ RIF RG]+ [0 - g

P
Floepn e

The upper bound was not written down in [9], but the proof is the same. We write
it down here because we will use it in the nonlinear estimate. Next, the operators
A, K and T from (5) and (8) in the Landau case are defined.

Lemma 6. /9, Lemma 1] We have the following representations for A, K and T'.

.. ..V Vs .

Agr = [0 d; 8] — a'f;’;’gz + 90’ g (47)
.. V;

Kg =—pu~'?; {M [¢” * {Ml/z [3]'81 + 7181]}]} (48)

.. U/.
w2 {u /]R A CERP T Ch |:8jgl(v/) + 7’g1<v’>] dv/},

Pler. g2l = aillg” * 1!l — {87+ [T 2a1 |} 0102

0L+ (10812 + {97+ [ 510,01 ]) g2 (49)
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These representations are different in a few places by a factor of % from those
in [9]. The only reason for this difference is our use of a different normalization for
the Maxwellian in this paper.

Proof. We only reprove A. First notice that for either fixed i or j
D o = ¢ v, =0. (50)
i J

We now take the derivatives inside Agy

Agr =20, 1'% g)

.. r Vi ..
=p 1% {a”ul/z djgr — Tjgz } + w28 {{g" % vl g2)

— 12, {aijul/Z (9,92 — %gz—
1 P19 x v P gn) by (50)
=~ {a""'ul/z (982 + %gz_}
= pu 2o {o n' 0,80} + n29; {aijul/z%gz}
vj

2 gz}

[S——

= ilo" 0821+ u™ Poul o082 + 0y {0
o210 gy
2

= 3ilo"d; 82]—0’2 2g 2+ 0 201 10885 + 0 {0 Lo |

=3[0 d;g] — o g+8{ v'}gz
I 22 2 ’

from (9), where 9;['/?] = 4 u!/2. O
In the rest of this section, we will prove estimates for A, K and I'.

Lemma7.Let0 <9 <2, L cRand0 < q. If ¥ = 2 restrict 0 < g < 1. Then
forany n > 0, there is 0 < C = C(n) < oo such that

[(w?dio' g1, g2) + [(w?Kg1. 82)| £ 11g1lg.0.9 182509 + Clg1Xclelg2kcle.
(51)

where w? = w2 (£, 9) and XC@ is defined in (21).

The estimate for the 9;0' term is exactly the same as in [9]. But, as in the Boltz-
mann case, the estimate for K needs modification. So we need to show that K can
control one exponentially growing factor w (¢, ¢) (v). We remark that, although it is
not used in this paper, the proof clearly shows [(w?K g1, g2)| < 1 lg1 lg.e 1821500+

Clgixclelgaxcle.
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Proof. For m > 0, we split

/wzaiffiglgz =/ +/ .
(ISm}  J{jv|2m}

By Lemma 4, [3;0'| < C[1 + |v]]**!. Thus, the integral over {|v| < m} is <
C(m)|g1Xmlelg2Xm!e- From Lemma 5 and the Cauchy—Schwartz inequality

. C C
/ Wi’ g1 galdv < = / W21+ I lg 6l € S lgily o L2l 0 -
{lv|2m} m m

| (52)
This completes (51) for the d;c* term.
Recalling the linear operator K in (48), we have
.. Vi
w’Kgr = —9; {wzul/z [¢” * {Ml/za/’gl + Tjﬂl/zgl}]}
0, w2 [¢7 ] 120,01 + L' e | (53)
V; .. Vi
+w? Sl [qﬁ” * {M1/28J~g1 + ?Jl/vlﬂgl}] :
The derivative of the weight function is
3w (€, 9)) = w (¢, Mwi (V)v;, (54)
where 5
s
wi(v) = lzzr(l+|v|2>‘1+q5<1+|v|2)2—1]. (55)

After integrating by parts for the first term and collecting terms, we can rewrite
(w?Kg1. g2) as

> / w? ()" (=) 2 ) (W) iy, (v, v) g, 81 (), g2 (v)dV d,
1B1l.1B2] =1
where fig, g, (v, v') is a collection of smooth functions satisfying
Vo figy gy (W V) |+ Vg py (0, V) [y py (0, 0] S CA+ D)2 (1402,
Since either 0 £ <2or =2and 0 < g < 1, there exists 0 < ¢’ < 1 such that
w(e, M) W)p'? ) £ Cul ). (56)

In fact, if 0 £ ¥ < 2 chooseany 0 < ¢’ < 1l andif # =2 choose 0 < ¢’ < 1 —gq.
Therefore, we can rewrite (sz g1, &) as

> / w)$ =)t ) W) g, py (v, v) g, 81(0) 0, g2 (v)dV d,
B11.1B2] =1

where g, g, (v, v') is a different collection of smooth functions satisfying

qd 2 12
IVoitp, g (0, V)] + Vi g, gy (0, V)] + (g gy (0, 0)] S Ce™ 1810 e 161V,
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We have removed an exponentially growing factor w (¢, ¥)(v).
Since ¢/ (v) = O(|v|"*?) € L? (R3)and y > —3, Fubini’s Theorem implies

loc
' (v — )l F )t e LAR? x R?).
Therefore, for any given m > 0, we can choose a CZ° function Wj (v, V) such that

. / . 1
167 @ = ) ) @) = 9 @, V)ll@exes) <
supp{y"/} C {|v'] + [v] £ C(m)} < oc.

We split
Y (W = )t H @A) = YT+ 197 0 = ! ! ) - 9L
Then

(w?Kg1, &) = Jilg1, &21 + hlg1, &1, (57)

where
Ji =/w(v)1/fij(v,v’)uﬁ.ﬂ2(v, v")dp,81(v")dp, g2 (v)dV'dv,

Jh = / w)[¢ (v — v’)uq//4(v)ul/4(v’)
- 1pij],Uvﬂl,Bz (v, U/)aﬁlgl(U/)aﬁng(v)dv/dv'

Above we are implicitly summing over | 8], |82] < 1. We will bound each of these
terms separately.
The J> term is bounded as

1121 S 1187 (v — V)t ) A W) — 9 @, V) 23 e
X lw() g, (v, V)3, 81 (V) 3,820 2R3 R

< < ¢
m

< <
- L9 T m

‘Ml/lﬁaﬁ]gl‘o ‘Mq /16352&‘ 181l ¢ 182l 0. -

Now for the first term J, integrations by parts over v and v’ variables yields

|Ji] = ‘(—1)’3‘+’32 / 3, [w(v)dp, (¥ (v, Vg, g, (v, Vg1 (V) g2 (V)

1/2 1/2
< Cl