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LARGE-TIME DECAY OF THE SOFT POTENTIAL
RELATIVISTIC BOLTZMANN EQUATION IN R?

ROBERT M. STRAIN AND KEYA ZHU

ABSTRACT. For the relativistic Boltzmann equation in R3, this work proves the
global existence, uniqueness, positivity, and optimal time convergence rates to
the relativistic Maxwellian for solutions which start out sufficiently close under
the general physical soft potential assumption proposed in 1988 [13].

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the study of fast moving particles the relativistic Boltzmann equation is a fun-
damental physical model [BLEL21]. In early work of Glassey & Strauss [23H25] from
1991, 1993, and 1995 global existence and uniqueness of nearby equilibrium solu-
tions, and their large time convergence rates were shown in the torus (T2) and also
in the whole space (R2). On the torus the convergence rates are exponentially fast,
and in the whole space the convergence rates are polynomial. Their assumptions on
the differential cross-section, o(g, ), fell into the regime of hard potentials. Further
results for the hard potential case can be found in [I9]. However, for relativistic
interactions, when one considers particles that are fast moving, a very important
physical regime is the soft potential case; see [12] for a physical point of view.
In recent work [46], the global existence, uniqueness, and rapid time convergence
rates for nearby equilibrium solutions to the soft potential relativistic Boltzmann
equation was shown on the torus (T2). However the difficult whole space case has
remained a challenging open problem. In this work we prove the global existence,
uniqueness, and optimal time convergence rates for nearby equilibrium solutions to
the relativistic Boltzmann equation in R2 under the general physical soft potential
assumption proposed in 1988 by [13].

The relativistic Boltzmann equation is given by
(1.1) WF +p-V.F=Q(FF).

The solution, F' = F(t,x,p), is a function of time t € [0,00), space z € R3 and
momentum p € R3. It is conventional to denote the normalized velocity as
(1.2) p=2 =L

P 1+

Steady states of the relativistic Boltzmann equation are the Jiittner solutions, which
are commonly called relativistic Maxwellians. They are given by

(1.3) J(p) =
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The collision operator, Q(F, F), is defined in (). For the sake of simplicity but
without loss of generality we have normalized the physical constants to be one.
The entropy of the relativistic Boltzmann equation is physically defined as

H(t) < —/ dx / dp F(t,z,p)In F(t,z,p).
R3 R3

Boltzmann’s H-Theorem then corresponds to the formal differential inequality
d
—H(t) >0,
SH()
which predicts that the entropy of solutions will be non-decreasing as time passes.
It is well known that the steady state relativistic Maxwellians ([3]) maximize the
entropy which grants the intuition of convergence to ([3)) in large time.

It is this physical reasoning that our main results, as stated below, make mathe-

matically rigorous in the context of perturbations of the relativistic Maxwellian for
a general class of soft potential cross-sections in the whole space R3.

1.1. Notation. In this section we define several notations which will be used
throughout the article. We first introduce the center of momentum expression
for the collision operator, as presented in [47]. In particular we have

a8 o= [ di [ o oto.0) 16k - fIha)L

where vy = v4(p, q) is the Mgller velocity given by

(1.5) vy = Uy(P; ) d—ef\/ = :
oo P ¢ P p%°

Here a relativistic particle has momentum p = (p!,p?,p3) € R3, with its energy

defined by p° = /1 + [p|? where |p|? 4 . p. The post-collisional momentum in
the expression ([4) can then be written as:

2 2
P q P al _9vs

r_Pta g w - w
P AL O

where v = (p° + ¢")/+/s. These will satisfy (7). The angle further satisfies
cosf = k- w with k = k(p,q) and |k| = 1. The unit vector, k, has a complicated
expression as given in [47, Eq. (14)] but its precise form will be inessential.

Now conservation of momentum and energy is given as

20+ q° = 0+ ¢,

1.7
4o p+a=p+d.
Furthermore, the relative momentum, g, is denoted
def
(1.8) 9= V20°¢° —p-q—1).
Then the quantity “s” is defined as
(1.9) s = 2% —p-q+1) >0.

Notice that s = g2 + 4. Also o(g,0) is the differential cross-section or scattering
kernel; it is designed to measure the interactions between particles. We give a
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standard warning to the reader that this notation, which is used in [6], sometimes
differs from other authors notation by a constant factor.
For an integrable function g : R3 — R, its Fourier transform is defined by

a0 = Foi) ™ |

3
e mwkg(x)dr, -k &of ijkj, k € R3,
R3 —
where ¢ = v/—1 € C is the imaginary unit. For two complex vectors a,b € C3,
(a | b) = a-b denotes the dot product over the complex field, where b is the
ordinary complex conjugate of b.

For a function f(t,z,p) with z € R}, p € R}, t € [0,00), we define the norm

1
€ r "3
Il 2 { (/Rg (L oo dp) !

Here r; € [1,00). In the above expression, it is understood that if r; = oo for some
i, then the expression is modified accordingly by replacing the L™ norm by the L>
norm as usual. In particular for any r; € [1, 00] we have

HfHL:1L£2L;3 = HH”f”L“(Ri)‘ L2 R || 1 r1 (j0,00)) |

The norm || f|[ 72175 is defined similarly (and it is a function in ¢). The norm || f|[ ;s
is also defined similarly (and it is analogously function in ¢ and p).
To study the linear and non-linear time decay rates we introduce o, ,, as

3 /1 1 m
1.10 SO () I > 0.
(1.10) ar, 2(1" 2)+2 =

Above the parameter r satisfies r € [1,2]. This o, ,, is the standard notation for
studying time decay rates for kinetic equations in the whole space.
We also use the norms || - || 12z and [| - || 22(zp) with m > 0. In this definition
P x x

H™ = H™(R3) is the standard homogeneous L2 based Sobolev space. The L? (R?)
inner product in the momentum variable p is denoted (-,-). Now, for £ € R, we
define the following weight function

(1.11) wy = wy(p) et (po)gbﬂ.

The constant b > 0 is defined for the soft-potentials in (LI8) below. For the soft
potentials, we will observe later on that w;(p) ~ 1/v(p) (Lemma 22)).
We also define the important temporal weight:

(1.12) o, =wp(t) £ (1+0)F, k>0

Lastly, the notation A < B will imply that a positive constant C' exists such that
A < CB holds uniformly over the range of parameters which are present in the
inequality and moreover that the precise magnitude of the constant is unimpor-
tant. The notation B 2 A is equivalent to A < B, and A ~ B means that both
inequalities A < B and B < A hold simultaneously.

Throughout this paper, furthermore C' denotes some positive (generally large)
constant and ¢ denotes some positive (generally small) constant, where both C' and
¢ may take different values in different places.
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1.2. Perturbation equation and statement of the main results. We will now
explain in detail the main results of this paper. We define the standard perturbation
f(t, z,p) to the relativistic Maxwellian (L3)) as

FEJT+VIF.
With (7)) we observe that the quadratic collision operator (L4 satisfies
Q(J,J)=0.

Then the relativistic Boltzmann equation (II]) which will be satisfied by the per-
turbation f = f(¢,z,p) is given by

The linear operator L(f) is defined in (II4). And the non-linear operator I'(f, f) is
defined in (LIT). They are derived from an expansion of the relativistic Boltzmann
collision operator (I4). In particular, the linearized collision operator is given by

(1.14) L(h) = —J=Y2Q(J,VIh) — JV2Q(\Jh, J)
— v(p)h — K(h).
Above the multiplication operator takes the form

(1.15) v(p) & / dg /S de vy 9(0,6) J(a).

The remaining integral operator is

K™ [ da [ v alo.0)0v/Ta) {V/T@) hof) + VT ha))}
(1.16) - [ da [ oo ola0) VIDIG) ho

= Ks(h) — K1(h).
The non-linear part of the collision operator is defined as

(1.17)  T(hy, he) & T YV2Q(Thy, V' Jhs)
= [ da [ de v o0.0) VT@I @A) ~ b ha(a)]

For these operators, we use the following general conditions on the kernel.

Hypothesis on the collision kernel: For soft potentials we assume the collision
kernel in ([L4) satisfies the following growth/decay estimates

o(9,0) S 97" 00(0),

1.18
(118) o(9.0) = (%) g o0(0).

We consider angular factors 0 < oo(0) < sin” 6 with v > —2. Additionally oo(0)
should be non-zero on a set of positive measure. We suppose 0 < b < min(4,4+ 7).
For hard potentials we make the assumption

L19)  o(g.0) < (6" + 9 o0l). o(g,mz(%)g“ 50 (6).

In addition to the previous parameter ranges we consider 0 < a < 2+ v and also
0<b<min(4,4+~) (in this case we allow the possibility of b=10).
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This hypothesis contains the general physical assumption on the kernel which
was introduced in [I3] (and we add the corresponding necessary lower bounds).
We are now ready to state our main result:

Theorem 1.1. Choose £ > max{0,3/b— 1}, r € [1,6/5) and k € (1/2,0, ] where
oro is giwen by (LI0). Consider initial data fo = fo(x,p) € LZL, N Lo* (L3 NLY).
There is an n > 0 such that if | follzzry + llwerkfollLee(rznre) < n, then there

exists a unique global in time mild solution (&), f = f(t,x,p), to the relativistic
Boltzmann equation [(LI3) with a soft potential kernel (LIX) which satisfies

lwefllLoez2nreey () < Cop(l+)7F (||f0||LgL; + ||we+kfo||L;o(Lgngo)) :

These solutions are continuous if it is so initially. We furthermore have the posi-
tiity, in other words I' = p+ \/uf >0, if Fo = p+ \/info > 0.

In the next sub-section we will discuss some historical results related to our
main theorem to explain what has been done in the past in connection with our
result. Explanations about why the convergence rates in Theorem [[LT] are said to
be optimal can be found for instance in [I0L[48].

1.3. Historical discussion. The relativistic Boltzmann equation is the primary
model in relativistic collisional Kinetic theory. In the next few paragraphs, we will
provide a short review of the mathematical theory of this equation. We mention a
few books on relativistic Kinetic theory as for instance [5[6121].

In 1988, Dudyniski and Ekiel-Jezewska [13] proved that the linear relativistic
Boltzmann equation admits unique solutions in L?. Afterwards, Dudynski [1]
studied the long time and small-mean-free-path limits of these solutions.

In the context of large data global in time weak solutions, the theory of DiPerna-
Lions [§] renormalized solutions was extended to the relativistic Boltzmann equation
in 1992 also by Dudyriski and Ekiel-Jezewska [14]. This result uses the causality of
the relativistic Boltzmann equation [I5L[16]. Results on the regularity of the gain
term are given in [I51]; the strong L' compactness is studied by Andréasson [I].
These are generalizations of Lions [37] result in the non-relativistic case. Further
developments on renormalized weak solutions can be found in [34L35].

Notice also the studies of the Newtonian limit [4,[45] for the Boltzmann equation.
We further mention theories of unique global in time solutions with initial data that
is near Vacuum as in Glassey [22] and [22/[45].

Note further the study of the collision map and the pre-post collisional change
of variables from [23]. Then [I8] provides uniform LZ2-stability estimates for the
relativistic Boltzmann equation. Now there is a mathematically rigorous result
connecting the relativistic Euler equations to the relativistic Boltzmann equation
via the Hilbert expansion as in [41].

We point out results on global existence of unique smooth solutions which are
initially close to the relativistic Maxwellian for the relativistic Landau-Maxwell
system [42], and then for the relativistic Landau [20] equation as well. Further
[53] proves the smoothing effects for relativistic Landau-Maxwell system. And [52]
proves time decay rates in whole space for the relativistic Boltzmann equation (with
certain hard potentials) and the relativistic Landau equation as well.

Further previous results for unique strong solutions to the hard potential rela-
tivistic Boltzmann equation are as follows. In 1993 Glassey and Strauss [24] proved
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asymptotic stability similar to Theorem [Tl in Ly with £ > 3/2 in T2. They con-
sider collisional cross-sections which satisfy (I.I9) for the parameters b € [0,1/2),
a € 10,2 — 2b) and either v > 0 or

1 2—2b—a
i 2 _qg. - —p—— -
|”y|<m1n{ a,2 , 3 },

which restricts to v > —% if b = 0 say. They further assume a related growth

g‘; . In [19] this growth bound was

removed while the rest of the assumptions on the cross-section from [24] remained
the same. These results also sometimes work in smoother function spaces, and
we note that we could also include space-time regularity to our solutions spaces.
For the Cauchy problem, under similar assumptions on the collisional cross section,
Glassey & Strauss [25] in 1995 proved the global existence and uniqueness of nearby
equilibrium solutions, and their large time polynomial convergence rates.

However, it has been noted that for relativistic interactions, when one considers
particles that are fast moving, a very important physical regime is the soft po-
tential case [I2]. Recently [46], the global existence, uniqueness, and rapid time
convergence rates for nearby equilibrium solutions to the soft potential relativistic
Boltzmann equation was shown on the torus (T2). However the difficult problem
of determining the optimal convergence rates in the whole space case under the full
soft potential assumption from ([CI8)) remained an open problem open prior to the
main theorem of this paper. We also believe that the methods used in this paper
can be used to to treat the full hard potential assumption from ([I9)), however we
consider it to be worthwhile to carry out this extension.

We reference other related and important previous work such as [2[3l[7L2T123]24]
[26H28/[30L3TL331B8HA0, 43441 [46,48-50]. We refer the reader to the discussions in [9
[T0L48] for more detailed explanations of historical developments and mathematical
methods used. We will discuss key new ideas and approaches during the course of
the paper at the appropriate mathematical places below.

The remainder of this article is organized as follows. In Section 2] we give the
proof of L2L2 decay for solutions to the linearized equation (Z.5). Then in Section
we prove the linear LgOLi time decay. Section[]briefly explains the linear L Ly
time decay. Lastly, in Section [o] we use the results from the previous sections to
establish the non-linear time decay rates and the global existence of solutions.

bound on the derivative of the cross-section

2. LINEAR DECAY THEORY IN L2L2

Our main goal in this section is to prove time decay of solutions to the linearized
relativistic Boltzmann equation with the soft potentials (LI])) in L]%Li. We consider
the linearized equation with a microscopic source g = g(t, z, p):

Of +5-Vaof +Lf =g,
21) { Flizo = fo.

For the nonlinear system ([LI3]), the non-homogeneous source takes the form of

(2.2) g=T(. /)
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In this case g = {I— P}y, is microscopic as in ([Z9]). Then it is standard to observe
that solutions of (2I)) formally take the following form

(2.3) f(t)=U®)fo +/0 ds Ut — s) g(s), U(t) & e tLApVe),

Here U(t) is the linear solution operator for the Cauchy problem corresponding to
1) with g = 0. The main result of this section is stated as follows.

Theorem 2.1. Fizx 1 <r <2, m >0, and £ € R. Consider the Cauchy problem
@I) with ¢ = 0. For the soft potentials (LI8) with j > 0, the solution of the

linearized homogeneous system satisfies the following time decay estimate
(2:4) [lweU @) foll 2y S (1+f)_0””||we+5fo||LgL;+(1+f)_j/2||wé+jf0|\Lg(H;n)=
for any § > 20, ,,. Recall that oy, is given by (LI0).

We will prove this main theorem in the following few sub-sections. In Section
2.1 we develop the theory of the different components of the solution to the linear
equation ([Z). The main point of this section is to derive a collection balance law
equations and high-order moment equations for the coefficients of the different com-
ponents of the linear solution to the relativistic Kinetic equation. Section then
provides the relevant weighted instantaneous time-frequency Lyapunov inequality.
Finally Section 23] contains the proof of the time decay of solutions to the linear
equation as stated in Theorem 2.1l using the previous developments combined with
an interpolation technique and the standard Holder and Hausdorff-Young argument.

2.1. Linear L? Bounds and Decay. We consider ([2.I]) with g = 0 as

For the relativistic Maxwellian, .J, we have the normalization fR3 J(p)dp = 1. Ini-
tially, we introduce the notation for some integrals as follows

def def def
(0 :/ p°Jdp, p® :/ (p°)%Jdp, p* :/ piJdp,
R3 R3 R3

11 def p% 1122 def p%p% 1111 def pil
Ko = / —=Jdp, py” = / Jdp,  poo T = / Jdp,
s PO grs (pY)? rs (p°)?

11 def i
Hoo = / 5z Jdp.
rs (P°)?
Note that the constants introduced above can be expressed in terms of the Bessel
functions but, since we have no need to explore the delicate properties of Bessel
functions, we will only utilize the expressions above.

We list some of the results in [46], which will be useful below.
Lemma 2.2. [46]. Consider ([LIHl) with the soft potential kernel (LIR)). Then
v(p) ~ (p°) "2
More generally, [os dq [ dw vs o(g,0) J*(q) = (p°)=°/2 for any o > 0.

Given a small € > 0, choose a smooth cut-off function x = x(g) satisfying

(1 ifg> 2
(26) o={ 4 §iz7
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Now with (Z8) and (IIB) we define

KX [ g [ de (1= x0) v ol0.0)VT@VT@) 1)
(2.7) +/Rs dQ/S2 dw (1= x(9)) va 09,0/ T(@)V/ I @) h(d).

Define K| X(h) similarly. We use the splitting K & KX 4 KX, The following
representation is derived in the Appendix of [46]:

KX (h) :/ dq kX(p,q) h(q), i=1,2.
]RS

Here is an estimate of kX(p, ¢):

Lemma 2.3. [46]. For the soft potentials (LIS, the kernel enjoys the estimate
0 < kY (p,q) < Oy (1°¢°) " (° +¢°) P eclrmal Oy e >0,
with ¢ % min {2—1|7|,4—0,2} /4> 0. This estimate also holds for k.

We will also use the following estimate:
Lemma 2.4. [46]. Fiz any small n > 0, we may decompose K from ([LI0) as
K =K.+ K.
Here, for any ¢ > 0, and for some R = R(n) > 0 sufficiently large we have
[(w} Kcha, ho)| < CyllL<rhallrz | 1<rho| L2,

where 1<g is the indicator function of the ball of radius R centered at zero. We
furthermore have the following estimate for the small part

|(wE K sh, ha)| < nllwehiv? | 2 [ wehav? | 2.

For every fixed (t,z) the null space of L from (I.I4)) is given by the five dimen-
sional space [21]:

(2.8) NdZCfspan{ﬁ,pl\/j,pz\/japs\/j,po\/j}-

We define the orthogonal projection from L*(R3) onto the null space N by P.
Further expand Ph as a linear combination of the basis in (Z8):

3
(2.9) Ph & a" () + )bt @)p; + () 5 VT

=1
where

a :/ h Jdp — P,
R3

yr — Jis W0V Tdp
- ptl ’
o Jps hVT = pOT)dp
LR VO
We can then decompose f(t,z,p) as
(2.10) f=Pf+{I-P}f.

With this decomposition we have the coercive estimate:
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Lemma 2.5. [46]. L > 0. Lh =0 if and only if h = Ph. And 359 > 0 such that
Re(Lh, h) > bo[|v"/*{T = P}hl|7..

We will see that for a solution to ([23]) the coefficients of P f satisfy balance laws:

(/140)2 ulluo
(2.11) Oy’ (1—W + Vb pdt = 0

0

) + ) OmAn({T-P}f) =0,

3
(2.12) Ol ptt + 050 gt + 9T ' 4+ 0O ({T-P}f) =0, 1< <3,

m=1

3
P O o (B O ({T=P}f) =
(213) el (=S5 ) + Ve b (! - £ + Y OnAn({I-P}f) =0.
m=1

These will be derived in the following developments.
Now we are using the notation 0, = Bzi' The high order moment functions,
O, (h), which are included in the above balance laws, are given by

(2.14) O (h) & /RB (p’;fj - al) VI (p)h(p)dp,

for 1 <m,j <3, and «a; satisfies

215) Lt = )~ 7 ! =0,

Our choice of «; is for a simpler expression in ([2:25). Furthermore A, (h) is
(2.16) M) [ (55— ) VI

11
for 1 <m < 3, and ay = 29, Our choice of ay is for a simpler expression in ([Z.27).
We apply the decomposition (Z9) and (ZI0) to the equation (23). Multiplying
@3) by VJ, piv/J, p°V/J for 1 <i < 3 and integrating over R3, one can get

(2.17) O /R fVJdp + /R p-VafVJdp =0,
(2.18) O /Rs f\/jpz-dp+/wﬁ-vmf\/7pidp =0, 1<i<3,
(2.19) 0y /W fVIpdp + /RBﬁ Vo fVIp'dp =0,
Using ([Z.10) and plugging (29) into the above equation ([Z19) gives
(2.20) oral pu° + 0ycf 10 + v, - b ptt = 0.

Plugging ([229) and ([ZI0)) into the above equation (ZI8)) gives (ZI2)) using (Z20).
Plugging ([29)) into the above equation [ZI7) gives

3
(2.21) dal +0rcfp° + Vo b gt + Y 0 An({I-PYf) =0,
m=1

where recall A, (h) from (ZI6). Then combining (Z2I) and Z20) gives ZII)).
Similarly, combining ([2.I1)) with ([220) grants (2.13). This completes our derivation

of the balance laws.
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To continue, we rewrite (25 as

(2.22) Of +p-Va(Pf) = —L{I-P}f) —p- V.({I-P}f) <R
Using (2.22)), we get
90;;({I-P}f)=0,;(R—p-Vi(Pf)—9(Pf))

2

= 0;,(R) - / 3 (& - a1> VI (5 Va(PS) + 0:(PS)) dp

0
) )= S OB — ) — 0] (b — )
k#j
— 0al (! — o) — Ot (M — arp®).
From (Z20), we have
j’NOO(M(lJl_al) fﬂll(ﬂ(lJl_al)
0 + Vm : b 70
1 1

Combining [2:23), (224) and 213), we get
00
(2:25) 9,:0;;({I = P}f) = ©(R) + 9 (IL—O(MF —a1) = ptt 4 0<1uo)

+ 0] (5 — ).

(224) Btaf(uél — 041) + 8tc =0.

For j # m, using (222]), we get
01Om;({I=P}f) = Omj(R —p- Vu(P[) = 0:(P))

= omm) - | (pﬂ‘pm - a1> VI (5 Va(Pf) +0(PS)) dp

pO

3
(2.26) = i (R) = (Omb] + ;b)) 6™ — a1 Y kM ({T— P} ).

k=1
Again using (Z22), (ZI9) and our choice of as, we get
6tAm({I - P}f) = Am(R —p- vm(Pf) - at(Pf))
~Anl8) = [ o (55 2) VI (- V(RS + (P ) a
= A (R) = Oma? (g — aapg') = Ome’ (ng' — aop't)
— Oib, (" — aap)
(2.27) = A (R) — Oaf (8} — apid).
By (I?:IZI) and (28], we have
Zata 0,;{I-P}f) = / ('%' —3a1) VJ8,0,, ({1 =P} f)dp

j=1
(2.28) -/ 3;—§¢7<{1—P}atamf>dp

With this calculation in mind, we introduce the definition:

A( ) def \/

R3p
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On the other hand, by [228]), we have

> 0:0m0;;,{1-P}f)

j=1

3 00
= Zam@jj (R) + 30,,0;¢’ (Z—O(uél —aq) —ptt 4+ a1u0>
j=1
(2.29) + 0V - b (,uéém — ,uééu) )

Combining ([2:28)) and ([229)) gives

3 00
W
(2.30) E 9m 0, (R) + 30,,0,c” (F(Mél —oq) —ptt aluo)

Jj=1

+ 0V 0 (pg6™ = ng'!) = —A{I - P}0Dn f) .-

By ([Z28) and ([224]), for any constant 5 we have

3

90y 050 ({I = P}f) + 00O ({I — P}f)

j=1
3 .
- Z 90 jm(R) + BOmOmm(R) — Aﬂﬁbicn,“(l)(l)22 — OV - b ,LL(l)(lJ22

j=1

00
+(0+ D000! (Lt = an) =t + )

+(B8 + 1)6mamb'r]; (N(1)(1J22 - N(l)(lJll)

3
(2.31) +20mOmbl 0> — 01 Y Y 0;0,A({I - P}S).

Jj#m k=1
Choose [ such that
BH1_ —plg
R T

Then ([Z3T]) becomes

3
00y 0;0;m({T = P}f) + 0,0, Omm ({1 - P}f)

j=1
3
= 0i0jm(R) + B0 Omm(R) — Aublo156™ — 0V - b 15
j=1
,UOO
+(04 D0,00! (L ! = an) =t + )

3
(2.32) —Om Ombl, 1622 — 01 Y Y 906 A({T - P} ).
Jj#m k=1
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Also ([Z30) implies
(2.33) % Zg;amejj(m + (B4 1)0m0rc’ (‘L—?(ugl —ay) —ptt+ aluo)
e
0,V Wy = - A - P

Combining ([Z33) and (Z3I) gives

i@‘@jm({l —P}f)+ B0mOmm({I-P}f)

<

A1 PYo.)

—A, bf uéé” OmOmb uéé”

(234) ﬂ + ! Z 0 6]] Z 0; Gm] Bamgmm(R)

+or Yy ZajakAk({I - P}f).

Jj#m k=1

We are now ready to prove the following lemma. This lemma is a key step in
creating a time-frequency Lyapunov function later on.

o~

Lemma 2.6. There is a free energy functional Epree(f(t,k)) which is local in the
time and frequency variables, and takes the form of

Erec(FltR) % mz ZH'kPem({I—P}fn—bﬁ

# Y (57O (L= P1D) | 0] )
3 <B AL TRYY S SN —bf;)

14 |k|?
k —~

for some constant k1 > 0, such that one has
OiRe Epree (F(t, K)) + A LIk
t free ) 1+ |k|2

(2.36) < C|{1-P}fv2|3,

for any t >0 and k € R3.

~12
)

Proof. The proof of this Lemma 3.1 uses the overall strategy in [9], even though
significant new difficulties arise because we are incorporating the effects of special
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relativity. We shall make estimates on b , af and uélaf + ullcf individually and
then take the proper linear combination to deduce the desired free energy inequality
[@34). Firstly, notice that

]-—af:a}-f:af, ]-"bf:b]:f:bf, fcj':cff:cf,
and likewise for the high-order moment functions ©;.,(-), A;(-) and A(-).

Estimate on bf. We claim that for any 0 < 01 < pdd??, it holds that

8tReZ zzk O ({T = PYf) + Bikyn© m ({1 - P} )

B+
3

v ikmA({I—P}f)l—bﬁ) + (bt = ool

-~ —~12 ~12
< &y |k|? }u})la-f + u”cf} + 61 |k|? }af}

c ~ 1
(2.37) +s5, 0+ [EI)I{T —P}frz|2,.

In fact, the Fourier transform of [234)) gives

~01 |3 ik ({1 = P}J) + Bikn© ({1 — P}J)
J
B+1

3

O AqT- P}f)} (P, + k200 ke

3
= 1 Z Z kjklAl({I - P}f)

j#£m =1
1
+—ﬁ;r > ikn©;(R) = kO jm(R) = BikimOmm(R).
Jj#m j

Taking further the complex inner product with b{; gives

6,5 Z ijgjm({l — P}]/[\) + ﬁlkmgmm({l - P}f)
B+1
3
(238) - Il + 127

+

ikm A{I—P}) | —b?n) + (|k[2+ K2) ‘bf } 1122
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where

L= () Zk kA ({I—P}f)+ ﬂ“ > ikn©;(R)

Jj#Em =1 Jj#m

_sz Ojm(R) — BikyOmm(R) | L, |,

I, = ZZkJ@Jm({I —P}f) +Blkm®mm({I_P}f)
B+1
3

Then I; is bounded by

+

ikm AT — P}f) | —atb,f;) .

3
< alke)pl| ?Zm Oum(B[ + £ 3 1+ ) (T - PY).
For I, one can use the Fourier transforms of (Z12):
(2.39) bl + iy (ol il + )+ ik O ({1 - PY) =0,
to estimate it as

L] < 61]k? \ug'al + p

+%|k|2 Z‘ejm( P}f\ }A{I—P}f)

On the other hand, notice from (Z22]) that
R=—p-ik{I—P}f+ L{I- P}J,
which implies

Y [Oim(B] +[AB| < cO+AIT-PHE,

Thus we see that (Z31) follows from taking the real part of ([238]) and plugging
the estimates for I; and Is into that.

Estimate on af. We claim that for any 0 < 0y < pjd — aopg!, it holds that

e (A (L= PY) | iyl ) + (udd — copd? — 52) k2|7

(240) < Golk[? ‘bf‘ + (L [KP){E ~ P .
In fact, similarly as before, from the Fourier transform of (227

A ({T=PY) + ikja (b — oapid!) = A5(R),
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one can get

~

0 (ML= PYD) | ikjal) + [hyf? o | (udd — conpd?)
41) = (8B | ikjal) + (AT -PL) | iksoral) = I + L.
Now I3 is bounded by

~2 C ~ |2
L] < bk o] +g;]AJ—<R>

and from the Fourier transform of (ZIT])

11,,00 11,,0 N 00
8af—|—zk be+ ikiA;({I-P “7:07
¢ 1100 — (40)2 Z }f)Moo_ L

where I, is bounded by

APyl

2 C
L] < Sk o)+ = (1+ kP
12| < ol +52(+||);

Notice that similar to ©j,,, it holds that

12 -
AR < O+ BRI - Py |3,

Then, (Z40) follows from (Z4I]) by taking summation over i, taking the real part
and then applying the estimates of I3 and Iy.

Estimate on ullaf + ullcf We notice that ¢/ is a linear combination of us af—i—

ullcf and af. So our estimates on ullaf + ullcf and af imply the estimate of el
We claim that for any 0 < d3 < 11 , it holds that

—~ ) —~ 1 —~ 2
(2.42) ORe (b-j; | ik (bl —i—ullcf)) + (F - 53) |k|? ‘M}Jla-f + ptte!
~2 ~
< Ol [of| + S RPIT = PLvE |2,
3 P

In fact, by taking the complex inner product with ikj(uélaf + ullcf ) and then
taking summation over 1 < j < n, it follows from ([Z39]) that

7 Y Py |k|2 —~
S D AR Ry R R
J

= 52 (S PID | ytuital + ') )
+Z(bf| k0, (1§ o’ + p'le f))

(2.43) =15 + Is.

Now I5 is bounded similar to previous estimates as

551 < Blkf? |utal + u1el| + P - PY 2
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For I, it holds that
~12 ~
[Is] < CIR[? o] + CIEP {1 - P}k |2,

where we have used the Fourier transform of (ZTIT]) as

7 ; L0 — 110 1100
o’ +ik b = — + ik Aj({T— Pfizo,
' p0 — (u0)? Z « ) (u0)?
and the Fourier transform of (m)
0
fﬂo M in H _
8,50 +’Lk b (lu 00 + Z’Lk A P}f)m = 0.

Therefore, ([230) follows from the proper linear combination of ([237), (2:40) and
[242) by taking 0 < 41, d2, d3 < 1 small enough and also kg > 0 large enough. This
completes the proof of Lemma O

2.2. Weighted time-frequency Lyapunov inequality. In this subsection, we
shall construct the desired time-frequency Lyapunov functional.

2.2.1. Estimate on the microscopic dissipation. The first step in our construction of
the time-frequency Lyapunov functional is to estimate the microscopic dissipation
on the basis of the coercivity property in Lemma of L.

Consider (2], taking the Fourier transform in z grants us

(2.44) of+ip-k f+Lf=0.

Then we multiply equation ([2.44) with ?(t, k) and integrate over Rg to achieve
SO, +Re (L, F) =0

By Lemma 25| one has that

(2.45) OIf 1172 + AP 2T = P72 S 0.

This is the first main estimate which we will use in the following.

2.2.2. Macroscopic time-frequency weighted inequality. In this section we prove the
following instantaneous Lyapunov inequality with a velocity weight ¢ € R:

(246) 5% eI — PHF|Z + Alv w1 - PL |2,
< OAKP 213 + Cll1<c{T - P} fil3s.

We split the solution f to equation (Z3)) into f =P f + {I—P}f, take the Fourier
transform as in ([2.44]), and then apply {I — P} to the resulting equation:

2dt

O{I-PYf+ip-k{I-P}f + L{I—-P}f
= —{I—P}(ip - kPf) +P(ip- k{I — P}f).

Multiply the last equation by we,{I — P}? and integrate in Rf; to obtain

(247) ; S llwe{T = P}f|[Z; + Re(wsy L{I — P}f T~ P}f) =T,
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where
Iy = —Re ({1~ P}(ip- kP ), ws{I - P}f)

+Re <P(ip R{I = P}f), wae{I — P}f> .
As a result of the rapid decay in the coefficients of ([Z9) we obtain
IT2] < pll! Pwe{T = PH 2, + Cylkl? (w5 {1 - PYIZ; + /2P I3 )
which holds for any small n > 0 and any large j > 0.
By (CI4)) and Lemma 24 we have
Re(we L{I—~ P}, {1~ P}f) > Aluwi{I - P}fu |3, — Cll1<c{I- P}f|,.

This holds for a small A > 0 and a large C' > 0. (We have used the fact that Lemma

24 indeed holds for any ¢ € R, as can be seen from the proofs in [46, Lemma 3.3]

and [46, Lemma 3.6].) Plugging the last few estimates into (Z47) proves (2.40).
We furthermore remark, following the same procedure as above, that we obtain

1d A . .
(2.48) S lwef 35 + Mt e fI3; < Cllice I3,

In other words, if we multiply (2.44]) by wﬂf(t,k), integrate in RY and use the
same estimates as in the last case it follows that we obtain ([2:48]).

2.2.3. Derivation of time-frequency Lyapunov inequality. Now we prove

Theorem 2.7. Fiz £ € R. Let f be the solution to the Cauchy problem 21I) with
g = 0. Then there is a time-frequency functional Eo(t, k) such that

(2.49) Eelt, k) = [[wef|Zs,

where for any t > 0 and k € R3 we have

(2.50) OEalt, k) + A (LA LK) [0 2we f3: S 0.
Here 1 A |k|? % min{1, |k}

Proof. We first define

(251) E(t.R) 7123 + Ralpreelt, k),

for a constant k3 > 0 to be determined later, where Eree(t, k) is given in (Z35).
One can fix k3 > 0 small enough such that £(t, k) ~ || f||3..
P
A linear combination of (248) and (236) implies that

R k2 .12
(252)  QE(t k) + A /AT - P}|3, + ﬁ <|@|2 + o + |a|2) <o,

~|2 A
where note further that one has |a* + ‘b’ + e S|P f)2..
p
To do the weighted estimates, in particular for the soft potentials (LI8]), we need
to use the energy splitting as follows. With (2.51]) we define

EQ(t, k) Eipica (E(8F) + mallw (T-PYFIZ; )

£} ) “hppon (£ 8) + msllwefI3,)
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Again k4, k5 > 0 will be determined later.
We prove estimates for each of these individually. For £} (¢, k) we combine (2.52)
with (Z48)) for |k| > 1 to obtain for a suitably small x5 > 0 that

0EL (8, k) + M Pwefl|Fa Ligs1 S 0.

Here we have used the fact that when [k| > 1 then 5 K>

+k[?
Furthermore, when |k| < 1 it holds that 1_‘5‘,@‘2 Z % In this case we combine

E52) with [ZF0) on |k| <1 to obtain for a small k4 > 0 that

1
5

0EL(t, k) + Akl Pwe flIFa Ligy<1 S 0.
Lastly we define &(t, k) & EY(t, k) + &} (t, k) and we notice that ([249) is satisfied.
Then (Z350) follows from adding the previous two differential inequalities. O

2.3. Proof of time-decay of linear solutions. Our proof of Theorem 2] is
based on Theorem 2.7 and the interpolation argument given below.

Proof of Theorem [Z1l We define p(k) &' A (1A |k|?) . By @E0) we have that
gé(tu k) S 8@(0, k)a

for any ¢ € R. Now we use the interpolation technique as in [43], but in a different
context. In particular, for j > 0, using (Z49) we have

St k) < EJ/(J+1)(t k) 81/(J+1)(t k) < Hyl/Zw f||2J/(J+1)(c;1/ Jj+1) (t, k).
We therefore conclude that

E7TVI (1, k) S WM Pwef 72 €058, k) S 10! PwefII7€,0(0, k).

Now we can rewrite (Z50), for any k € R3, as

0Ee(t, k) + Ap(k)ES TV (1, k)EL (0,k) < 0.

To prove ([2), one can bound (¢, k) as follows

0ot k)E, T (k) S —p(k)ES (0, k).

Integrating this over time, we obtain

GETMI0, k) — G (k) S —tp(k)EL (0, k).

For any £/ € R and j > 0, uniformly in k& € R, we have shown that

i) S o) (2 41)

We also just used the estimate &,(0,k) < Er+(0, k).
As before, we integrate over k and split into |k| < 1 and |k| > 1 to achieve

t _j
[ aviraen s (S41) [ aelEnen 0.
|k[>1 J [k|>1
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Alternatively, when |k| < 1 we choose j to be any number j = § > 20, ,,, and obtain

2m 2m t|k|2 -
dk [k[""Ee(t, k) < dk [k[*"Ep16(0, k) [ —— +1
k<1 k<1 o
S+ kuafoH%gL;-

For 1 <r <2, this uses the same Holder and Hausdorff-Young argument. O

3. LINEAR DECAY THEORY IN LgoLﬁ

Now we work on the linear LgoLi bounds and time decay. As is customary, we
express solutions, f(t,z,p), to (2 with the semigroup U(t) as

(3.1) [t p) ={U(#) fo}(x, p),
with initial data given by
Then we have the following result.

Theorem 3.1. Fiz { > 0,r € [1,2] and k € [0,0,0]. Suppose weiyfo € LPL2,
then under [[LI8) the semi-group satisfies the estimate

hee (W0 folugrz < O+ 0 (lwessdollzprz + Il follzas )
Above the positive constant C = Cyj, only depends on ¢ and k.

A key idea in the proof is that, instead of placing everything in the L>°L2° space
as in the proof of Theorem 4.1 in [46], we use the LgoLi space. The crucial new
element that we now use is Minkowski’s inequality in the following form

H | 1wty

< / 1)l v(dy), 1< p< oo,
L? Q

where € is any measure space with sigma-finite measure v. This allows for substan-
tial simplifications over previous work. Also since the inequalities used to deal with
the term H éow’z (which will be defined in the following discussion) in the proof of
[46, Theorem 4.1] do not work well in our setting, and we use a completely different
approach. The term Héow’z was estimated with a complicated change of variables
in the proof of [46] Theorem 4.1]. Our new approach does not need to use any such
change of variables as a result of our utilization of Minkowski’s inequality.

Now we first consider solutions to the linearization of (Z3]) with the compact
operator K removed from (Z3]). This equation is given by

(32) (at +]§'vm+y(p))f207 f(O,:C,p)Zfo(x,p).

Let the semigroup G(t) fo denote the solution to this system ([B.2]). Explicitly

G(t) folz,p) = e P fo(z — pt, p).



20 R. M. STRAIN AND K. ZHU

For the solution {U(t) fo} (x,p), by iterating twice (as did Vidav [50]) we have
00 (2:0) = Gfop) + [ dos Glt =50} (U)o} ()
(3.3) - sy Gl — ) KX (s) fo(aop)
[ s [ ds Gl =) KNG = ) K U)o} (0.)

t S1
+/ dsy / dsy G(t — s1)KXG(s1 — s2) KX {U(s2) fo} (z,p).
0 0
Equivalently

{U(t)fO} (l‘,p) d:ef Hl (tvxvp) + H2(t7 ,T,p) + HS(tv ,T,p) + H4(t,x,p) + H5(tu xup)a

where

Hi(t,z,p) < e W' fo(w — pt, p),
Hy(t,,p) = /Ot dsy e "W KLU (s1) fo} (y1.p).
Hs(t,z,p) < /Ot dsy eV )=o) /R3 dgy KX (p, 1) e fo(yr — Gus1, 1)
Just above and below we will be using the following short hand notation
i = z—pt—s),
(3.4) v2 oy —di(s1 — s2) = a2 — Pt — 1) — Gi(s1 — 52).

We are also using the notation ¢¥ = \/1+ |q1|? and ¢1 = (q11, 12, q13) € R?® with
41 = q1/q). Furthermore the next term is

t S1
Ha(t, 2,p) dch/ day kX(p,ql)/ dsl/ dsy €~V P)E52) g=v(@)(s1-92)
R3 0 0

x K'™X{U(s9) fo} (y2,q1).

Lastly, we may also expand out the fifth component as

t
(3.5) H5(t,x,p):/ dq1 KX (p,q1) / dgo k"(ql,qz)/ dsy e~ vP)(t=s1)
R3 R3 0

S1
x / dsy e V1 =92) 117 (59) fo} (y2, @2).
0

We have the following estimates for the H; terms above (1 <7 <5).
Lemma 3.2. Given £ > 0, for any k > 0 we have
lweHi || Lo £z + lweHs | peerz < Cop(l + ) |lwirefollpeerz-
Lemma 3.3. Fiz { > 0. For any smalln >0 and any k > 0 we have

leweHsll e 12 + llweHall 12 < 01+ )~ |opwe ]| e, 12
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Lemma 3.4. Fiz ¢ > 0, choose any (possibly large) j > 0. For any small n > 0
and any k > 0 we have the estimate

lweHs|| Lo rz < 0L+ )" |[wrwef |1z, 12
t
+Cy [ s Iyl ) + R (0]
0

By the L2L2 decay theory from Theorem [Z1) and Proposition (below), we can
choose j > max{20,0,6/b+ k} and take k € [0, 0,.0] to have

t
[ s e w0
0
< Cy(L+ ) Mlwar—j foll 2z + Cy(L+ )" foll L2 s
< Cy(1+ 07 (lwesnfolliz ez + 1 follzzas ) -

The above estimates hold for any k € [0,0,0] and £ > 0. On the other hand, for
the last term involving Ry (f) if we restrict k € [0, 1] then Vn > 0 we have

lweRy ()| gerz < n(1 +6)~*(|ewkwe f| Lo, 2 -
This term Ry is defined in (F13) during the course of proof.

Combining Lemma [3:2] Lemma 33 and Lemma 3.4 gives Theorem B.Il Actually,
Lemma B2l Lemma B3] and Lemma [B4] imply that for any n > 0 and k& € [0, 0, o]
we have

lwefll g2 (8) < Copm(1+ )" wernfoll Lo r2
+n(1+ t)7k||wszf||Lg‘ftL§ +Cp(1+ t)7k|\f0|\LgL;-
Equivalently
lwrw fll Lo, 2 < Copmllwer follgerz + Cyll follLary-

With this inequality, we have proved Theorem Bl subject to Lemmas [3:2} B3] and
341 We now prove those lemmas.

We will use the following known basic decay estimate, as in [46, Proposition 4.5]:

Proposition 3.5. Suppose without loss of generality that X > u > 0. Then

/t ds Cru(t)
o (T+t—s)M14s)*» = (1+1t)r’
where p = p(A\, p) = min{ A+ p — 1, u} and

1 A1,

0§C&Aﬂ—0{1%@+w fA=1

Furthermore, we will use the following basic estimate from the Calculus
(3.6) e"W(1 4 y)* <max{1,e* *k*a"*}, a,y,k>0.

We are now ready to prove the lemmas above.
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Proof of Lemmal[ZZ We first look at H;. The following result is shown in the
proof of Lemma 4.2 in [46]:

(3.7) e VP < Lt (1 4+ 1)7F < Crwr(p) (1 +£)7F, Vit k> 0.
So we have
|we(p) Hi(t,2,p)| = |we(p) e folw - ﬁt,p)‘
< C |lwe(p)wi(p)(1 + )" fo(x — pt, p)| .
So
|lweHi|| Lz < Ckllwewrw— foll Lz -
Thus
lweHi ||z < Cor(1+ f)_k||wk+efo||LgoLg-
Now we turn to H3. Since

e v@)t=s1)—v(a)s1 < g—v(max{[pllal}t
where v(max{|p|,|q|}) is v evaluated at max{|p|, |¢|}, we have
|1_Ug(p)H3(t, Iap)|

t
Swé(p)/ dsy G_V(p)t/ dqi |KX(p, q1)| | fo(x — p(t — 51) — qus1, q1)]
0 [pI>]q1]

t
+W(p)/ dsl/ day W0, q1)] e | fo — p(t — 51) — drsr, i)l
0 [pI<lq1]

So by Minkowski’s inequality, we have
t
|lweHs| 2 < wé(]ﬂ)/ dsy €7V(p)t/ dq |KX(p, q)| || foll 2 (q1)
0 [p[>la1l

t
+ we(p) / dsy / dgr KX, )] e foll 12 (ar)-
0 [pI<l|qu]

We will estimate the second term, and we remark that the first term can be handled
in exactly the same way. As in Lemma 4.2 in [46], and similar to ([B.7), we have

e foll 2 (1) < Cu(1+ )™ wper1 (q1) | foll 22 (ar)-

Next we use the estimate for kX(p, ¢) from Lemma When using this estimate
we may suppose |q1| < 2|p|. For otherwise, if say |q1| > 2|p|, then we have [p—q1| >
lg1]/2 which leads directly to

(3.8) Wit (q)we(p)e P02 < Cwpgrpo(qr)e 0V < €.

In this case we easily obtain the following estimate:

t
/ dsy wi(p) / dgs g2y X (0o00)] e foll 12 (@)
0 [pI<l|qu]

S+ w_jfollerz, V>0, j>0.
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Thus in the following we assume |p| < |q1| < 2|p|. On this region we have

t
(3.9) / dsy welp) / das [W¥(p.a1)] e O foll 2 (1)
0 Ipl<|q1|<2]p]
t
<t / day we(ar) wier (@1) K¥.a0)] I follzz (@)
L+ Jip < <2lp] :

< Cip(1 +t)_k||w€+kf0||L;°L§ wq (P)/ dqi |kK*(p,q1)!.
IpI<lq1|<2|p|

Then from Lemma 23] we clearly have the following bound
o) [ da [K¥(p.1)| < C.
Ipl<lq:|<2[p|

This completes the time decay estimate for Hs and our proof of the lemma. O

Proof of Lemma[Z-3. As in the proof of Lemma 4.3 in [46], we will use the following
lemma (Lemma 4.6 in [46]).

Lemma 3.6 ([46]). Fiz any £ > 0 and any j > 0. Then given any small n > 0,
which depends upon x in (20, the following estimate holds

we(p) KX (R)(p)| < me " [lw_gh] 1z
Above the constant ¢ > 0 is independent of n and i = 1,2.
From ([Z7) and Minkowski’s inequality, we have
1K X (h) )z < K ¥(1k] 22 ) ().
So with the lemma above, we have
(3.10) e @)K X (R D)z < ne=" w_shll e 2.

Notice that in the result above, we use |[w_;h[[rer2 instead of [|w—;h| rer2 to
avoid confusion, since p is a variable in the left-hand-side. From now on, we always
use ¢ to denote the momentum variable in the norm expression whenever p has
been used to denote a particular momentum value in an inequality. For Hs, with
the result above, for any small 7’ > 0 we have

¢
/ dsy e VP KX (0T (51) fo} (w1, p)
0

weHall (t:p) = welp) \
L2

<7 e*6p0||wkf||LgftLg /t dsy e7V@P)E=s1) (1 4 g)7F v > 0.
0
For any A > max{1, k} we have
lweHa|[ L2 (t, p)
<7 wA(p)67Cp0||wkf||L3‘,’tL§ /Ot ds (1+t—s) M1 +5)""

<n 1+ t)7k||wkf||Lg?tLg,
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which follows from Proposition 3.5l This is the desired estimate for Hy. For Hy we
once again use ([3.I0), for any small n” > 0, to obtain

t S1
ueHlla (9 < [ dar Bear) [ dsi [ dsg e
R3 0 0
x ¢y () | KX ({U(52) fo}) (92 ) 2

we(P) —eqf
<4 N dg: kKX(p, edf
<n'llowkfllrge, 12 /}R3 @ kX(p ql)wz(qﬂe

t s
X/ ds, / dsy eV (=50 g=v(a)(s=s2) (1 4 g )k
0 0

For the time decay, from Proposition B3] we notice that

t s
/ ds, / dsy eV P)t=) =w(@)(m=s) (] 4 g\ F
0 0

5 w/\(p)wA(Q1)/0 dsq (1 +t— Sl)_k ‘/OS1 dss (1 + 51 — 82)_>\(1 + 82)—k
Swa(p)wr(qr)(1+1)7".

Above we have taken A > max{1,k}. Combining these estimates yields

llwe(p)Hall L2

0

Sn'(1+ t)fk”wkwefHL;?tLi /3 dgi kX(p, q1)wesx(P)w—e(q1)e” M.
R

To estimate the remaining integral and weights we split into three cases. If either
2|lq1] < Ip|, or |q1| > 2|p|, then we bound all the weights and the remaining momen-
tum integral by a constant as in ([3.8). Alternatively if 3|q1| < |p| < 2|g1], then the
desired estimate is obvious since we have strong exponential decay in both p and
q1- In either of these cases we have the estimate for Hy. ]

Proof of Lemma[37]] We will utilize rather extensively the estimate for kX from
Lemma 23] We now further split Hs(t, z,p) as

(3.11) Hs(t,2,p) = Hy'" (t,2,p) + HE (¢, @, p),
and estimate each term on the right individually. For M >> 1 we define

def
(3.12) Lnigh = Ljpj>mdig<m + Ljg|>nr-

Notice 1pigh + Ljpj<mrliq|<m = 1. Now the first term in the expansion is

HY" (¢, 2, p) d:ef/s dq1 kX(p, q1) /
R

¢
dqz kX(q1,92) Lhign / ds; e~ VP (E=s1)
R3 0

S1
></ dsy e 1 =92) {17 (59) fo} (y2, @2).
0
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The proof of Lemma 4.4 in [40], and also ([B1), shows that for any A > 0 we have

t s1
/ dsy eV / dsy ¢~ Via(s1=52)
0 0

< Cvunpontan) [ sy [ dss (505 o1 - 2)
When either |p| > M or |gi| > M, by Lemma 23] we have the bound
KX (p,q1)| < CM =S (p° + ¢7) "% emclo=anl,
If either |p| > 2|q1| or |q1]| > 2|p| then as in [B.8) we have

weir(p)wr(qr)e Pl < C.

Thus by combining the last few estimates we have
we(p) /R g1 [kX(p, q1)] /R dgz [K*(q1,42)| Lnign (1|p|22\q1\ + 1|p|s%\q1|)
t S1
x / ds, 6_”(”)“_51)/ dsy e "2 (U (s2) fo} (y2, 02) 22
0 0

Ch ¢
—clp—aq1] —clg1—qz|
< MECHb/2 HwkwEfHL“’ L2 / dqi e ! /R?' dgo e e

(1+82)7k
/ dsl/ ds2 (T4 (t = s1) M1+ (51— s2))

With Proposition B for any & > 0 and A > max{k,1} the previous term is
bounded from above by

Cr.x

= MCHb/2 (1 +t)7k ||wkwff||Lg‘ftL§-

This is the desired estimate for M > 1 chosen sufficiently large. We now consider
the remaining part of H;} ih " As in the previous estimates and BX), if either
lg2] > 2|q1] or |q1] > 2|qz| then for any k > 0 we have

we(p)/w dqu [kX(p, q1)| /M dgz |k*(q1,q2)] (1\q2\zz|q1|+1|q2|s%|q1|)
t s1
x 1%\P\S\th|§2\p\1high/0 dsy e_V(p)(t_Sl)/o dsy e~ V(@) (s1752)
x [{U(s2) fo} (g2)ll 2
Choa —elgr—
< M2<+b||wkwfzf||L°° L?/ dg, e~“lP=] /R3 dgy e 10!

(1 + Sz)ik
/ s / (52 (T4 (t—s50) 1+ (51— s2))*

Chox )
< Jce (L+0)7" [[opwe S| pe, 2

Above we have used exactly the same estimates as in the prior case. Both of the
last two terms have a suitably small constant in front if M is sufficiently large.
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Thus the remaining part of Hg 9" to estimate is Ry (f)(t) which is defined by

def
Ra(£)() = /R3 dai KX(p, 1) /R3 daz k*(q1,92) 13 jpi<iani<aipl L ar|<lazl<2lan]

t S1
(3.13) X Lhigh /0 ds1 e_U(p)(t_51)/(3 dsy eV {U(s2) fo} (42, g2)-

Since all the momentum variables are comparable, we have

IR(Nlaz < [ da ¥l [ dos (@)

X Lijpi<igl<2ipl 1L 1a1 1<l az1<2lq1| Lhigh

t S1
% / dsy efcv(ql)(tfsl) / dss eicy(ql)(51752)” {U(SQ)fO} (y27 QQ)HLi
0 0

Next using similar techniques as in the previous two estimates, including [B.7), we
obtain the following upper bound for any k € [0, 1]:

Ch\ b/2—C —clp—
we(p)|[Ra(f)(t)]| L2 < M2<||wszf||Lg§L§/dQ1 (qf) "t/ Cemclpmal

¢ ds
d 0Y—=b/2—¢ ,—clq1—qz| / 1
></ % (q1) e way25(q1) o L+ (t—s1))tH

% /Sl dSQ
o (14 (51— 82))1H9(1 + s9)F
Cr _
< W(l +1) k||wkw2f||Lg<thg-
In this computation we have chosen § > 0 to satisfy § < ¢ where ¢ > 0 is defined in
the statement of Lemma [Z3] This choice guarantees that wa25(q1)(¢?)~02¢ < C.

We are ready to define the second term in our splitting of Hs. It must be

HY(t,2,p) d:Cf1|p|§M dq1 kKX(p, q1) / dqz kKX(q1,q2)
lg1|<M R3

t S1
X/ ds, efv<p><tfs1>/ dsy =M@= (17(50) fo} (42, 40).
0 0

For any small x > 0, we further split this term into two terms, one of which is

H (¢, 2, p) d:"f/ dgi K*(p, q1) / dgs k¥ (q1,q2) / dsy e~V P)I=s1)
lg1|<M R3 0
S1
X 1\p\§M/ dsy ™17 {U (s5) fo} (y2, g2)
0
t
+/ dg1 KX (p, q1) / dg2 k*(q1,q2) / dsy eV P)t=s1)
lq1|<M R3 K

s1
x 1|p|§M/ dsgy e V=2 (T (53) fo} (y2, 2).
S1—K

The other term in this latest splitting is defined just below as H.*%. Since p and
q1 are both bounded by M, from Lemma 2.2] we have

(314) l‘p‘SM1|Q1|§M e—u(P)(t—51)—u(Q1)(s1—52) < e—C(t—SZ)/Mbm'



DECAY OF THE SOFT POTENTIAL RELATIVISTIC BOLTZMANN EQUATION IN Ri 27

Then for the first term in HX**"" above multiplied by w(p) we have the bound

we(p) / dgi [kX(p,q1)] / dgz |k¥(q1,q2)] / dsy e/ P)I=s)
lq1|<M R3 0
S1
X Lipj<ns / dsy e =52 (U (s5) fo} (2)l| 2
0

K S1
< CMHwéf”Lg",L? / dsy / dso e_c(t—sz)/Mb/z
“ " Jo 0

< CMI<J2||wgf| |LZ°tL§ e—Ct/Mb/zecn/Mb/z

< COumr?(1+ ) 7*|[wpwe fl] Lo, 22 -

We obtain the desired estimate for the above terms by first choosing M large, and
second choosing k = k(M) > 0 sufficiently small.

low,k

For the second term in Hy multiplied by w¢(p) for any k& > 0 we have

t
we(p) / dg KX (p, @) / dgz (g1, q2)| / dsy e~ (t=s1)
1| <M R3 K

s1

X Lypj<m dsz e WD {U(s) fo} (¢2)]| 12

S1—K

< Cumllwrweflloge,r2

t s
></ ds; /1 dss e—C(t—s1)/Mb/26—0(51—82)/Mb/2(1+82)—k-
K S1—HK

Since sy € [s1 — K, 1] and £ € (0,1/2), we know (1 + s2) > (3 + s1). Then the
previous display is further bounded above as

t
< CMHHWkwéfHL;OtLg/ dsi e_c(t_sl)/Mb/z(l +s1) 7"

K

< Cur(l+ t)7k||wlgwef||LgftL§.

In the last step we have used Proposition We conclude the desired estimate
for H, éow’“ by first choosing M large, and then x > 0 sufficiently small.
The only remaining part of HL%(¢,x,p) to be estimated is given by

¢
Héow’Q(t,x,p) d:ef/ dq EX(p,q1) / dgz KX(q1,92) / ds; eV (t=s1)
lq1| <M R3 k

S1—K
“pjear [ dsa e O (Ulsa)fo} (2 02),
0
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Now for H, éow’Q(t, x,p), we notice using Cauchy-Schwartz that

‘/ dg1 kX (p, q1) / dgz k*(q1,42) [{U(s2)fo} Iz, (g2)
| <M R?

1/2
5/ dq1 kX(p, q1) <(/ dgo |wj(Q2)kX(Q17Q2)|2)
1| <M RS

x </]R3 dqz ‘wfj((J2)||{U(52)fO}”L§2 (q2)‘2) 1/2>

< Cullw—jfllzz, (s2).

These estimates hold Vj > 0. Above we used the splitting as in (BF). Then
furthermore, as in the previous estimates including ([B.I4]), we have

t S1—K
[weHE™ 2| e 2 < OM/ ds1 / dsg e~Ct=s1)/M"/2 ,=C(s1=s2)/M""?
K 0
X Jw—; {U(s2) fo} Iz,
t t
< CM/ dsy e S (t—s1)/M"2 / dsy e~ 5 (t=s0)/M"2 (=G (s1=s2)/M"/?
0 0
X [lw—; {U(s2) fo} llzz -
Notice that the first exponential controls the s; time integral, and the second and
third exponential control the remaining time integral as follows

t
_Cy_ b/2
e 2y < Co [ dsa e $ DA o (U(sahfo} sz,
0

t
_C(i—s /
< / dsy e 5§D My (U (s9) fo} Nz

This completes the proof of Lemma [B.4] by first choosing M large. O

4. LINEAR DECAY THEORY IN L;°LZ°

Now we work on the linear L7°LZ° bounds and decay. The argument that we
will use in this short section is not new. By Lemma 4.2, Lemma 4.3 and Lemma
4.4 from [46], for £ > 0,k > 0, small 1 and (possibly large) 7 > 0, we have

||wé{U(t)f0}||L;°Lgo
< C(L+ ) Mlwepnfollzzerze +n(1+8) " |lopwef|| s, Lo

t
+Cy [ ds eI gl (9)
0 s P

Note that even though the lemmas just cited from [46] were proven in the context
of T2, they generalize directly to R? without modification.

Using the same upper bound for fot ds e*”(t’s)||w,jf||Li’p (s) as in Lemma [34]
we then have the following result.
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Theorem 4.1. Given £ > 0, r € [1,2] and k € [0,0,0]. Suppose that initially we
have weyr fo € L (L2 N L), then under (LIR) the semi-group satisfies

lwelU® fo}legrz < CO+D7F (lwernfolligzznee + 1 foll ez ) -
Above the positive constant C' = Cy i, only depends on £ and k.

5. NONLINEAR DECAY THEORY AND GLOBAL EXISTENCE

Suppose f = f(t,x,p) solves (LI3]) with initial condition f(0,x,p) = fo(z,p).
We may express mild solutions to this problem (LI3) in the form
(5.1) [t 2,p) ={U@) fo}(x,p) + N[f, fI(t, z,p),

where we have used the notation

N{f1, f2](t; z, p) d=Cf/O ds {U(t = s)L[f1(s), f2(s)]} (2, p)-

Here as usual U(t) is the semi-group () which represents mild solutions to the
linear problem (Z.3)). The purpose of this section is to prove Theorem [T}
As a first step, we will use the following non-linear estimate.

Lemma 5.1. Considering the non-linear operator defined in (LI0) with (IJ)), we
have the following pointwise estimates

[wel'(ha, ko) llLinzee (P) S v(P)|lweba |l Lo (p2nnse) [wehel Lo (L2nrze).-
These hold for any £ > 0. Furthermore,

[weraD'(ha, ho)ll oo (zinrse) S llwehal s (p2nree) lwehell e (rznnge)-

Note that just as in the previous section, we use ¢ to denote the momentum
variable in [weha| L (r2nrnze) [lwehz|| e (L2nLse) to avoid possible confusion, since p
is a variable in this inequality. The lemma above combined with Proposition [3.5]
will be important tools in our proof of Theorem [T11

Proof of Lemmal5dl We recall (ILT5]), (L11), and (III). For £ > 0, it follows from
T3 that

we(p) < )7 < W) S wepywelq).
A proof of this estimate above was given in [24] Lemma 2.2]. Thus

we(p) |1 (P, h2)||L;mL;°

5/3 . dwdq vy (g,0) \/J(q) we(® )we(g)IhillL2nzee (P ) h2ll2ALe(q')
R3 x
+/3 . dwdq vy o(g,0) \/J(q) we(p)llhallL2ane ()| h2llL2aL (q)
R3x

S ||weh1||Lgo(Lgngo)||weh2||Lgo(Lgngo>/ dwdg vy o(g,0) J'*(q)
R

3><S2
SvP)llwehn || Lo (r2nree) |wehal e (L2nree).-

The last inequality above follows directly from Lemma since both the inte-
gral and v(p) have the same asymptotic behavior at infinity. That yields the first
estimate. For the second estimate we notice from the first estimate that

lwe1 T (R, ho)llLraree () S wi(p)v(p)[wehal oo (L2nrze) |wehell Lo (2 npse)-
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But w1 (p)v(p) < 1 from Lemma 2.2 and (LII)). This completes the proof. O

Proof of Theorem [ 1. We will prove Theorem [Tl in three steps. The first step
gives existence, uniqueness and time decay via the contraction mapping argument.
The second step will establish continuity, and the last step shows positivity.

Step 1. Existence and Uniqueness. When proving existence of mild solu-
tions to (B.IJ) it is natural to consider the mapping

def

MIf]=A{U(t) fo}(x,p) + N[f, fI(t, z,p).
We will show that this is a contraction mapping on the space
ME, = {f :]0,00) x RS x R - R| leokwe fl| Loz, (L2nL) < R}, R>0.

Here we recall the temporal weight (L12). We first estimate the non-linear term
N|f, f] defined in the equation display below (BIl). We apply Theorem Bl and
Theorem [l with £ > 0, and k € (1/2,0, ] to obtain

we(P)INf1; folll 2z (£, p)

¢
5/0 ds we(p)[{U (¢ = $)T'[f1(s), fa(s)]}|L2nLee (P)
< ¢ ds
S| Axi—sF (||w€+kF[f1(8)afz(s)]HL;o(Lgngo) + ||F[f1(5)=f2(5)]||LgL;)-
When ¢ > 3/b—1 (since k < 1), using interpolation the above is bounded by
K ds r
 OFi—s)F lwea D (f1(s), fo ()]l oo (r1mrze) -
Next Lemma [5.1] allows us to bound the above by
< K ds
~ )y Att—s)k ||w£f1(5)||L;o(LgmL;o) ||Wf2(5)||Lgo(Lgngo) ‘
From Proposition B5 and (IL12) we see that the last line is
ds
14+t —s)k(1+ )%k

S (L+8) 7 |lwrwe fill e, (2nee [|@rwe fo L, (L2 nLee)-

t
S ||wkw€fl||L§‘ft(L§ﬂLg°)||wkwlf2||L;‘ft(L§ﬂLg°)/ (
0

We have shown
||wkw€N[flvf2]||L;‘jt(L§ﬂL;°) S ||wkwlf1||L;‘jt(L§ﬂL;°)||wkw2f2||L;‘jt(L§ﬁLg°)-

To handle the linear semigroup, U(t), we again use Theorem [B.1] and Theorem [£.]]
to obtain

llwrwe M{f]l| L, (L2nLse)
<Cix (||we+kf0||L;o(Lgngo) + 1 foll 2y + HkafHQLm(L%LgO)) '

We conclude that M[-] maps M ,fé into itself for 0 < R chosen sufficiently small and

e.g. wernfollpse(z2nreey + 1 follpar: < %. To obtain a contraction, we consider
P x @ p-x )

the difference

M{f1] = M[f2] = N[f1 — fa, f1] + N[f2, f1 — fa].
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Then as in the previous estimates we have
llwrwe(M[f1] = M[f2])l|ee,(22n150)
< Cik (”wkwlleL;‘jt(LﬁﬁLgO) + ||wkw€f2||L§‘ft(L§ﬂL;°))

X ||wrwe(fr = f2)llpee, (z2nrz)-

With these estimates, the existence and uniqueness of solutions to (23] follows
from the contraction mapping principle on M ,fg when R > 0 is suitably small.
Step 2. Continuity. We perform the estimates from Step 1 on the space

M = C0((0,00) x RE x RE) N M, R>0.

As in Step 1, we have a uniform in time contraction mapping on M ,f 20 for suitable

R. Furthermore M[f] is continuous if f € M,f 1’30 and fy is continuous. Since the

convergence is uniform, the limit will be continuous globally in time. This argument
is standard and we refer for instance to [21,24131] for full details.
Step 3. Positivity. We use the standard alternative approximating formula

(615 +]5' vw) Fn+1 +R(Fn)Fn+1 _ Q.;,_(Fn,Fn).
with the same initial conditions F"H‘tzo = Fy = J+Jfy, for n > 1 and for

instance F1 & g +VJ fo. Here we have used the standard decomposition of the
collision operator Q@ = Q; — Q_ into gain and loss terms with

Q_ (P, F7) = / dg / do vy 0(g,0) F™ (p)F"(g) = R(F")F™,
]R3 Sz

def

and R(F™) = Q_(1,F™). If we consider F"*'(t,x,p) = J +/Jf*F1(t, x,p), then
related to Step 1 we may show that we(p) f*** (¢, z,p) is convergent in L% (L2NL5®)

on a local time interval [0,7] where T will generally depend upon the size of the

initial data. In particular f**1(¢,z,p) = an/lj*J satisfies the equation

O+ Vo +v(p) [T = K(f") + T (f" f") =T (f", 7).

Here again we use the standard definition I'y —I'_ =T" where

) = [ [ e ole.0)VT@ 0 @),
We rewrite this equation using the solution formula to the system ([B.2) as

et =G fo+ LU ).
This solution formula G(t) is defined just below ([B.2]). Furthermore

L(fm, gy ot / ds G(t — s)K (f™)

0
t
4 [ ds Gl = 9Pu () = Gl = (.
0
For given T > 0 and R > 0 we consider the space M, ([0,T1]) defined by

{f 0,7 < RS x RS = R [wywe f |z, 1 (z2nes) < R} .
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We can do something precisely similar to Step 1 to prove the existence of f"*! ¢
M,fg([O,T]). Instead of using Theorem Bl and Theorem Ml to deal with the
operator U, we use in particular Lemma in this paper and Lemma 4.2 in [46]
to deal with the operator G. Then we have estimates similar to those in Step
1 for our mapping in the space M,fe([O,T]). Now given f" € M,fe([O,T]) and
||wg+kfo||Lgo(Lingo) + ||f0||LgL; < TIL with R > 0 chosen sufficiently small, as in
Step 1, we can prove the existence of f**' e M,T,([0,T]).
With the estimates established in this paper, it is now not hard to show that

lwe(f"* = f) e

o.m L2 (L2NLg) < C’T||wg(f” - fnil)”Lfg,T]L;O(LgngO))-

Here T' > 0 is sufficiently small, and the constant C' > 0 can be chosen independent
of any small T'. Therefore there exists a T* > 0 such that wyf™ — wy f uniformly
in L*(L2 N L3°) on [0,T*]. This will be sufficient to prove the positivity globally
in time.

Indeed if F™ > 0, then so is Q4 (F™, F™) > 0. With the representation formula

Fn+1 (t, l’,p) — e f(f dsR(F™)(s,x—p(t—s),p) FO(x _ ﬁt,p)
t
+/ ds e~ fs drR(F™)(T,x—p(t—7),p) Q+(Fn, Fn)(S, z —ﬁ(f _ S),p)
0

Induction shows F™t1 (t,x,p) > 0 for all n > 0 if Fy > 0, which implies in the limit
n — oo that F(t,z,p) = J + VJf(t,z,p) > 0. Using our uniqueness, this is the
same I as the one from Step 1 on the time interval [0, T*]. We extend this positivity
for all time intervals [0,7*] + T*k for any k > 1 by repeating this procedure and
using the global uniform bound in M, ,fé from Step 1. O

REFERENCES

[1] Hakan Andréasson, Regularity of the gain term and strong L' convergence to equilibrium for
the relativistic Boltzmann equation, SIAM J. Math. Anal. 27 (1996), no. 5, 1386-1405.

[2] Russel E. Caflisch, The Boltzmann equation with a soft potential. I. Linear, spatially-
homogeneous, Comm. Math. Phys. 74 (1980), no. 1, 71-95.

, The Boltzmann equation with a soft potential. II. Nonlinear, spatially-periodic,
Comm. Math. Phys. 74 (1980), no. 2, 97-1009.

[4] Simone Calogero, The Newtonian limit of the relativistic Boltzmann equation, J. Math. Phys.
45 (2004), no. 11, 4042-4052.

[5] Carlo Cercignani and Gilberto Medeiros Kremer, The relativistic Boltzmann equation: theory
and applications, Progress in Mathematical Physics, vol. 22, Birkhauser Verlag, Basel, 2002.

[6] S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic kinetic theory,
North-Holland Publishing Co., Amsterdam, 1980.

[7] L. Desvillettes and C. Villani, On the trend to global equilibrium for spatially inhomogeneous
kinetic systems: the Boltzmann equation, Invent. Math. 159 (2005), no. 2, 245-316.

[8] R. J. DiPerna and P.-L. Lions, On the Cauchy problem for Boltzmann equations: global
existence and weak stability, Ann. of Math. (2) 130 (1989), no. 2, 321-366.

[9] Renjun Duan and Robert M. Strain, Optimal time decay of the Viasov-Poisson-Boltzmann
system in R3, Arch. Ration. Mech. Anal. 199 (2011), no. 1, 291-328, DOI 10.1007/s00205-
010-0318-6, available at larXiv:0912. 1742l

, Optimal Large-Time Behavior of the Vlasov-Mazwell-Boltzmann System in the
Whole Space, Commun. Pure Appl. Math (2011), in press, available at larXiv:1006.3605v1l

[11] Marek Dudyriski, On the linearized relativistic Boltzmann equation. II. Existence of hydro-
dynamics, J. Statist. Phys. 57 (1989), no. 1-2, 199-245.

[12] Marek Dudyriski and Maria L. Ekiel-Jezewska, The relativistic Boltzmann equation - math-
ematical and physical aspects, J. Tech. Phys. 48 (2007), 39-47.

(10]



arXiv:0912.1742
arXiv:1006.3605v1

[13]
[14]
[15]
[16]

(17]

(18]

(19]
20]
21]
(22]
23]
[24]
25]

[26]

27]

(28]

(29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37)

(38]

DECAY OF THE SOFT POTENTIAL RELATIVISTIC BOLTZMANN EQUATION IN Ri 33

, On the linearized relativistic Boltzmann equation. I. Existence of solutions, Comm.
Math. Phys. 115 (1988), no. 4, 607-629.

, Global existence proof for relativistic Boltzmann equation, J. Statist. Phys. 66 (1992),
no. 3-4, 991-1001.

, Causality of the linearized relativistic Boltzmann equation, Phys. Rev. Lett. 55
(1985), no. 26, 2831-2834.

, Errata: “Causality of the linearized relativistic Boltzmann equation”, Investigacion
Oper. 6 (1985), no. 1, 2228.

Seung-Yeal Ha, Yong Duck Kim, Ho Lee, and Se Eun Noh, Asymptotic completeness for
relativistic kinetic equations with short-range interaction forces, Methods Appl. Anal. 14
(2007), no. 3, 251-262.

Seung-Yeal Ha, Ho Lee, Xiongfeng Yang, and Seok-Bae Yun, Uniform LZ2-stability estimates
for the relativistic Boltzmann equation, J. Hyperbolic Differ. Equ. 6 (2009), no. 2, 295-312,
DOI 10.1142/50219891609001848.

Ling Hsiao and Hongjun Yu, Asymptotic stability of the relativistic Mazwellian, Math. Meth-
ods Appl. Sci. 29 (2006), no. 13, 1481-1499, DOI 10.1002/mma.736.

, Global classical solutions to the initial value problem for the relativistic Landau
equation, J. Differential Equations 228 (2006), no. 2, 641-660, DOI 10.1016/j.jde.2005.10.022.
Robert T. Glassey, The Cauchy problem in Kinetic theory, Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 1996.

, Global solutions to the Cauchy problem for the relativistic Boltzmann equation with
near-vacuum data, Comm. Math. Phys. 264 (2006), no. 3, 705-724.

Robert T. Glassey and Walter A. Strauss, On the derivatives of the collision map of rela-
tivistic particles, Transport Theory Statist. Phys. 20 (1991), no. 1, 55-68.

, Asymptotic stability of the relativistic Mazwellian, Publ. Res. Inst. Math. Sci. 29
(1993), no. 2, 301-347.

, Asymptotic stability of the relativistic Mazwellian via fourteen moments, Transport
Theory Statist. Phys. 24 (1995), no. 4-5, 657-678.

Philip T. Gressman and Robert M. Strain, Global Classical solutions of the Boltzmann equa-
tion with Long-Range interactions, Proc. Nat. Acad. Sci. U. S. A. 107 (March 30, 2010),
no. 13, 5744-5749, DOI 10.1073/pnas.1001185107.

, Global Classical Solutions of the Boltzmann Equation without Angular Cut-off, J.
Amer. Math. Soc. 24 (2011), no. 3, 771-847, DOI 10.1090/S0894-0347-2011-00697-8, available
at larXiv:1011.5441v1.

, Sharp anisotropic estimates for the Boltzmann collision operator and its entropy
production, Adv. Math. in press (2011), DOI 10.1016/j.aim.2011.05.005, available at
arXiv:1007.1276v1.

Yan Guo, The Viasov-Mazwell-Boltzmann system near Mazwellians, Invent. Math. 153
(2003), no. 3, 593-630.

, Classical solutions to the Boltzmann equation for molecules with an angular cutoff,
Arch. Ration. Mech. Anal. 169 (2003), no. 4, 305-353.

, Decay and continuity of the Boltzmann equation in bounded domains, Arch. Ration.
Mech. Anal. 197 (2010), no. 3, 713-809, DOI 10.1007/s00205-009-0285-y.

Yan Guo and Robert M. Strain, Momentum Regularity and Stability of the Relativistic
Vlasov-Mazwell- Boltzmann System preprint (2010), available at larXiv:1012.1158v1l

Yan Guo and Walter A. Strauss, Instability of periodic BGK equilibria, Comm. Pure Appl.
Math. 48 (1995), no. 8, 861-894.

Zhenglu Jiang, On the Cauchy problem for the relativistic Boltzmann equation in a periodic
box: global existence, Transport Theory Statist. Phys. 28 (1999), no. 6, 617-628.

, On the relativistic Boltzmann equation, Acta Math. Sci. (English Ed.) 18 (1998),
no. 3, 348-360.

Shuichi Kawashima, The Boltzmann equation and thirteen moments, Japan J. Appl. Math.
7 (1990), no. 2, 301-320.

P.-L. Lions, Compactness in Boltzmann’s equation via Fourier integral operators and appli-
cations. I, II, III, J. Math. Kyoto Univ. 34 (1994), no. 2,3, 391-427, 429-461,539-584.
Tai-Ping Liu and Shih-Hsien Yu, Initial-boundary value problem for one-dimensional wave
solutions of the Boltzmann equation, Comm. Pure Appl. Math. 60 (2007), no. 3, 295-356.



arXiv:1011.5441v1
arXiv:1007.1276v1
arXiv:1012.1158v1

34

(39]

R. M. STRAIN AND K. ZHU

, The Green’s function and large-time behavior of solutions for the one-dimensional
Boltzmann equation, Comm. Pure Appl. Math. 57 (2004), no. 12, 1543-1608.

[40] Clément Mouhot and Cédric Villani, On the Landau damping arXiv:0904.2760 (2009Apr).

Comments: 178 pages.

[41] Jared Speck and Robert M. Strain, Hilbert Ezpansion from the Boltzmann equation to rel-

ativistic Fluids, Comm. Math. Phys. 304 (2011), no. 1, 229-280, DOI 10.1007/s00220-011-
1207-z, available at [arXiv:1009.5033v1l

[42] Robert M. Strain and Yan Guo, Stability of the relativistic Mazwellian in a collisional plasma,

[43]

[44]

Comm. Math. Phys. 251 (2004), no. 2, 263-320.

, Almost exponential decay near Mazwellian, Comm. Partial Differential Equations
31 (2006), no. 1-3, 417-429, DOI 10.1080/03605300500361545.

, Exponential decay for soft potentials near Mazwellian, Arch. Ration. Mech. Anal.
187 (2008), no. 2, 287-339, DOI 10.1007/s00205-007-0067-3.

[45] Robert M. Strain, Global Newtonian limit for the relativistic Boltzmann equation near vac-

[46]

[47)

uum, STAM J. Math. Anal. 42 (2010), no. 4, 1568-1601, DOI 10.1137/090762695.

, Asymptotic Stability of the Relativistic Boltzmann Equation for the Soft-Potentials,
Comm. Math. Phys. 300 (2010), no. 2, 529-597, DOI 10.1007/s00220-010-1129-1, available
at larXiv:1003.4893v1.

, Coordinates in the relativistic Boltzmann theory, Kinetic and Related Models 4
(2011), no. 1, 345-359, DOI 10.3934/krm.2011.4.345, available at larXiv:1011.5093v1l

[48] Robert M. Strain, Optimal time decay of the non cut-off Boltzmann equation in the whole

space, preprint (2010), available at [arXiv:1011.5561v2l

[49] Seiji Ukai and Kiyoshi Asano, On the Cauchy problem of the Boltzmann equation with a soft

potential, Publ. Res. Inst. Math. Sci. 18 (1982), no. 2, 477-519 (57-99).

[50] Ivan Vidav, Spectra of perturbed semigroups with applications to transport theory., J. Math.

Anal. Appl. 30 (1970), 264-279.

[51] Bernt Wennberg, The geometry of binary collisions and generalized Radon transforms, Arch.

Rational Mech. Anal. 139 (1997), no. 3, 291-302.

[52] Tong Yang and Hongjun Yu, Hypocoercivity of the relativistic Boltzmann and Landau equa-

tions in the whole space, J. Differential Equations 248 (2010), no. 6, 1518-1560, DOI
10.1016/j.jde.2009.11.027.

[53] Hongjun Yu, Smoothing effects for classical solutions of the relativistic Landau-Mazwell sys-

tem, J. Differential Equations 246 (2009), no. 10, 3776-3817, DOI 10.1016/j.jde.2009.02.021.

UNIVERSITY OF PENNSYLVANIA, DEPARTMENT OF MATHEMATICS, DAVID RITTENHOUSE LAB, 209

SOUTH 33RD STREET, PHILADELPHIA, PA 19104-6395, USA

E-mail address: strain at math.upenn.edu & zhuk at math.upenn.edu
URL: http://wuw.math.upenn.edu/"strain/ & http://www.math.upenn.edu/~zhuk/


arXiv:1009.5033v1
arXiv:1003.4893v1
arXiv:1011.5093v1
arXiv:1011.5561v2

	1. Introduction and statement of the main results
	2. Linear decay theory in L2pL2x
	3. Linear decay theory in LpL2x
	4. Linear decay theory in LpLx
	5. Nonlinear decay theory and global existence
	References

